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‘PREFACE. 
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MS “THE opinions of the moderns concerning the author of the 
Elemente of Geometry, which go under Eucliad’s name, are 
very different and contrary to one another. Peter Ramus 
ascribes the propositions, as well as their demonstrations, to 
Theon; others think the propositions to be Luclia’s, but that 
the demonstrations are Theon’s ; and others maintain that all 
the propositions and their demonstrations are Euclid’s own. 
Fohn Buteo and Sir Henry Savile are the authors of greaicst 
note who assert this last, and the greater part of geometers 
have ever since been of this opinion, as they thought it the 

most probable. Sir Henry Savile, after the several arguments 
he brings to prove it, makes this conclusion (page 13 Prae- 
dect.’), * That, excepting avery few interpolations, explica- 
tions, and additions, Theon altered nothing in Euclid.” But, 
by often considering and comparing together the definitions 
and demonstrations as they are in the Greek editiona we now 
have, I found that Theon, or whoever was the editor of the 
- present Greek text, by adding some things, suppressing others, 
and mixing his own with Euclid’s demonstrations, had chang- . 
ed more things to the worse than is commonly supposed, and 
those not of small moment, especially in the fifth and eleventh — 
books of the Llements, which this editor has greatly vitiated 3 
for instance, by substituting a shorter, but insufficient deman- 
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as PREFACE. 


stration of the 18th prop. of the 5th book, in place of the le- 


gitimate one which Euclid had given; and by taking out of 


this book, besides other things, the good definition which Eu- 
doxus or Euclid had given of compound ratio, and giving an 
absurd onein place of tt in the 5th definition of the 6th book, 
which neither Euclid, Archimedes, Appolonius, nor any ge- 
ometer before Theon’s time, ever made use of, and of which 
there is not to be found the least appearance in any of their 
writings ; and, as this definition did much embarrass begin- 
ners, and is quite useless, it 1s now thrown out of the Ele- 
ments, and another, which, without doubt, Euclid had given, 
is put in its proper place among the definitions of the 5th book, 
by which the doctrine of compound ratios ts rendered plain 
and easy. Besides, among the definitions of the 11th book, 
there is this, which is the 10th, viz. Equal and similar solid 
“ figures are those which are contained by similar planes of 
“ the same number and magnitude.” Now this proposition is 
a theorem, not a definition; because the equality of figures of 
any kind must be demonstrated, and not assumed ; and, there- 
fore, though this were a true proposition, it ought to have been 
demonstrated. But, indeed, this proposition, which makes the 
10th definition of the 11th book, is not true universally, ex- 
cept in the case in'which each of the solid angles of the figures 
is contained by no more than three plane angles ; ; for, in other 


cases, two solid figures may be contained by similar planes of © 


the same number and: magnitude, and yet be unequal to one 


uother ; as shall be made evident in the notes subjoined to 


these Elements. Ii like manner, in the demonstration of the: 
26th prop. of the 11th book, it is taken for granted, that those 
solid angles aré equal to one another which are contained by 
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PREFACE. vii 


plane angles of the same number and magnitude, placed in 
the same order; but neither is this universally truce, except in 
the case in which the solid angles are contained by no more 
than three plane angles; nor of this case ts there any demon- 
stration in the Elements we now have, though it is quite ne- 
cessary there should be one. Now, upon the 10th. definition 
of this book depend the 25th and 28th propositions of it; 
and, upon the 25th and 26th depend other eight, viz. the 
27th, 31st, 32d, 33d, 34th, 36th, 37th, and 40th of the same 
book; and the 12th of the 12th book depends upon the 8tk 
of the same, and this 8th, and the corollary of proposition 17, 
and prop. 18¢h of the 12th book, depend upon the 9th defini- 
tion of the 11th book, which is not aright definition, because 
there may be solids contained by the same number of siimi- 
lar plane figures, which are not similar to one another, in the 
true sense of similarity received by all geometers ; and all 
these propositions have, for these reasons, been insufficiently 
demonstrated since Theon’s time hitherto. Besides, there are 
several other things which have nothing of Euclid’s accura- 
cy, and which plainly show, that his Elements have been 
much corrupted by unskilful geometers ; and, though these 
are not so gross as the others now mentioned, they ought 
by no means to remain uncorrected. 

Upon these accounts it appeared necessary, and I hope will 
prove acceptable to all lovers of accurate reasoning, and of 
mathematical learning, to remove such blemishes, and restore 
the principal books of the Elements to their original accura-. 
cy, as far as I was able; especially since these Elements 
are the foundation of a science by which the investigation 
and discovery of usefid truths, at least in mathematical learn- 


viii PREFACE. 
ing, is promoted as far as the limited powers of the mind 
allow ; and which likewise is of the greatest use in the arts 
both of peace and war, to many of which geometry is absolutes 
by elope? This I have endeavoured to do, by taking away 
the inaccurate and false reasonings which unskilful editors 
have put into the place of some of the genuine demonstrations 
of Euclid, who has ever been justly celebrated as the most 
accurate of geometers, and by restoring to him those things 
_ which Theon or others have suppressed, and which have 
these many ages been buried in oblivion. | ; 

In this edition, Ptolemy’s proposition concerning a propers 
ty of quadrilateral figures in a circle is added at the end of 
the sixth book, Also the note on the 29th prop. book 1st, zs 
altered, and made more explicit, and amore general demon- 
stration ts given, instead of that which was in the note on 
the 10th definition of book 11th; besides, the translation is 
much amended by the ps y assistance of a learned gens 
tleman. | 

Lo which are also added, the Elements of Plane and 
Spherical Trigonometr yy which are commonly caught after 
the Elements of Euclid. : 
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BOOK I. 


DEFINITIONS.: date nea 
; I. ae nh 1 ' 
A POIN T is that which hath no parts, or which hath r no BR See Notes. 
, nitude. 
| EI. 
A line is length without breadth. 
: ' It. 
The extremities of a line are points. 


IV. tes 
A straight line is that which lies evenly between its extreme 


points. ; 
es 


A superficies is that which hath only length and breadth. 
The extremities of a superfigics are lines. 
Vil. 
A plane superficies is that in which any two points being taken; See N, 
the straight line between them lies wholly in that superficies. 
Ba fe 
“A plane angle i is thé inclination of two fives to one another Sec N. 
“in a plane, which meet together, but are not in the same 
_ * direction... | 
TX. | 


_ A plane rectilineal angle is the inclination of two straight lines 
to one another, which meet together, but are not in Re samé 
straight line. - 

: B 


Book I. 


-~ other is called a Fagen ale to it. 
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~ N. B. ¢ When several angles are at one point B, any one of 
* them is expressed by three letters, of which the letter that is 
‘at the vertex of the angle, that is, at the point in which the 
* straight lines that céntajh the angle ‘meet one another, is put 
‘ between the other two letters, and one of these two is some- 
‘ where upon one of those straight lines, and the other upon 
‘ the other line: thus the angle which is contained by the straight 
‘ lines AB, CB, is named the angle ABC, or CBA; that which 
‘is contained by AB, DB is named the angle ABD, or DBA; 
“and that which is contained by D,B, CBis called the angie DBC, 
‘or CBD ; but if there be only one angle at a point, it may be | 
y expressed by the letter placed at that pom as the er at Mr id 
x, ge 


a Ys 


When a straight line standing on ano- 
ther straight line makes the adjacent | 
angles equal to one another, each of | 
the angles is called aright angle: and 
the straight line which stands on the 


ae 


- An obtuse angle is that which i is piseoae® sho a nee angle 


XII. 
An acute angle is that which is less than a night angen 
XII. 
“A term or boundary is the extremity of any thing.’? 
XIV. : 
A figure is that which is enclosed by one or more boundaries. 
eit | PE TOs OHO 
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XV. 
A circle i is a pte figure contained by one fine, ‘which is called 
the circumference, and is such that all straight lines drawn 


from a certain point within the figure to the circumference. 
are equal to one another: | 


a tin, Ob din ali a 


XVI. 
And this point | is called the centre of the circle. 
cpr ©. 4 aa 
A diameter of a circle is a straight line drawn through the. cene 
tre, and terminated both Raley by ‘the circumference. | 
AVI 
A semicircle is the figure contained by a diameter and the part 
of the circumference c cut off by that diameter. 
XIX. 
« A segment of a Feiecley is the- figure contained by a straight 
“ line, and the pitenietercire it cuts off.” 
nee XX. sons 
Reciilineal figures ¢ are those Wilich are Hcg bce by straight 
nes. OSES redmeget 


etree Lf 
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XXI. ; | 
Trilateral figures or triangles; -by- ‘three straight lines. 
Pb 8s lear dnd ies 
Quadrilateral, by four straight lines. 
XXIII 
‘Multilateral Sones or polygons, by more than four sieht 
lines. 
XXIV. 
, Of three sided figures, an equilateral triangle is that which 
aoe age shane ashi Ree ea Re ‘ 
OO MESS RXV: 


Ani isosceles triangle, is: that which. hos only two sides, eval 
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Book 1, 
ae 
KEV 
A scalene triangle, is that which’ has three unequal sides. 
ad ek, 
A right-angled triangle, is that which has a right angle. 
XXVIII. | 
An obtuse-angled triangle, 1 is that which has an obtuse angle. ~ 
\ ; 
\ 
XXIX.. | 
An acute-angled triangle, is that which has three acute angles. 
1 &X 
Of four sided figures, a square , is that’ which. has all its sides 
equal, and all its SnRter night ca e 
gt basta HDB yeh IO t Noiuoierme } 
\ Ho Su 4 
| An choi is ‘that which ee all its angles right angled but. has 


not all its Sides Peisasi | 
. XXXIL 
A rhombus, i is ‘that whith has all its sides ‘equal, bat’ its “angles 


are not right angles. 


Card ; . ee 3 igi # %, ; | ; godly epi 
; ot A rhomboid, is that which has“ its opposite sides equal to one | 
another, but all its: sides ¢ are not equal, nor: its angles tight 


angles. 


~ 


- XXXIV. Bc aiek ey 
All other four sided’ figures Regeey these, are salted trapeziums. ew 
x 
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Parallel straight lines, are such as are in the same plane, and 
which being produced ever so far both ways, do not meet. 


By ee fee epee Se “Etat oes Mapeers ce ee : ete 
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°° POSTULATES, 


Ei 
Let it be granted that a straight line may be drawn from any 
one point to any other seegkth 
That a terminated straight Jine may be produced to any length 
in a straight line. 
IIT. 
And that a circle may be described: from any centre, at any dis- 
tance from that centre. 


» 
AXIOMS... 
i dias 
- THINGS which are equal to the same are equal to one another. 
9 ae 


If equals be added to equals, the wholes are equal. 
Il, 


If equals be taken from equals, the remainders are equal. 

If equéle'tic added to indies ah wholes are unequal. 

If equals be taken from sieeital the remainders are unequal. 

Things which are double of ihewcige: are equal to one another. 

_ Things whit are halves of Salen are Seed to one another. 

Magnitudes which oe one another, hak is, which 
exactly fill the samespace, are equal to one another. 


The whole is greater than its part. | f 
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uM : THE ELEMENTS 
xX * 
‘Book I. Felt oo Mi 
Ly Tio straight lines cannot enclose a space. — 
fe eae aS la : 
All right angles arevequal to one another. FIM Bs ot Ag 


“XI peer Ne rt 
“TF 2 ‘straight line meet two straight lines, so as to maké the 
‘“‘ two interior angles on the same side of it taken together iess 
“ than two right angles, these straight lines being continually 
“ produced, shall at length meet upon that side on which are . 

“ the angles which are less than two right angles. See the 
s. notes on prop. 29. of Book 1." @0)*L 
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€ , PROPOSITION I. PROBLEM. Book I. 
“TO ¢ dade an ‘equilateral Epos Hees a given 
fuite straight lines); 


Let AB be the. eiven straight line ; it is requined to describe 
an iequanerl triangle upon it. _ Sieg. 
C 


eiebin he centre A, at the dis- 
tance AB, describe * the circle 23. Postue 
BCD, and from tle centre B, at late. 
the distance BA, describe the 
circle ACE; and from the poin: 
C, in which the circles cut one 
another, draw the straight lines > b 2. Post. 
CA, C3 tothe points A, B; ABC 
sbgll be an equilateral triangle. _ 


Because the point A is the centre of the circle BCD, AC is 

equal ¢to AB; 3 and because the point B is the centre of the cir- ¢ 15. Defi. 
cle ACE, BC is equal to BA: but it has been proved that CA isnition. 
equal to AB; therefore CA, CB are each of them equal to AB; 

but things which are equal to the same are equal to one another; 
* therefore CA is equal to CB; wherefore CA, AB, bC are gy ist Axi- 
equal to one another ; and the triangle ABC is therefore equila- om. 

teral, and it is described upon. the elven straight linc AB. 

Which was required to be done. : 


PROP. Il. PROB 


FROM a given point. to draw a straight line gotial 
to a given straight line. 


Let A be the given point; and BC the given straight line; it 
is required to draw from the point A a straight line equal to BC. 


From the point A to B draw * 21, Post. 
the straight line AB; and upon it 
describe » the equilateral trian-, Bite te 
gle DAB, atid produce © the © 2, Post. 
straight lines DA, DB, to E and 
fb; fromthe centre B, at the dis- 
tance BC, describe 4 the circle -d3, Post. 


CGH, and from the centre D, at 
the distance DG, describe the cir- 
cle GAL, AL shall be equal te 
BC. 


& 
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BookY./ Because the point B is the centre of the circle CGH, BC is 


equal © to BG; and because .D is the centre of the circle GKL, 


Cc 
¢ 15. Def. HT is equal to DG, and DA, DB, parts of them, are equal ; 


f:3.-Ax: 


°¢ Which was to be done. 


cut off a part equal tothe less. 


therefore the remainder AL is equal to the remainder * BG:'but 
it has been shown, that BC is equal to BG; wherefore AL and 
BC are eachof them: equal to BG; and things that ‘are equal to 
the same are equal to one another; therefore the straight line 
AL is equal to BC. Wherefore from the given point Aa straight 
line ALL has been drawn equal: to’ the ‘given straight’ line BC. 

: SFE a 4 SLE mores as 

: Ween re Plate (+ chou Bas Chee 

.SPROPSEI PROBE 26) Ses eae 


ae OMS 


FROM the greater of Awo given, straight, lines to 


Let AB and C be the two giv- 
en Straight lines, whereof AB is) 
the greater. It is required to cut 
eff'from AB, the greater, a part 
equal to C, the less. ia 

From the point A. draw 2 the, 
straight line AD equal to C; and 
from thecentre A, and at the dis- 
tance AD, describe ® the circle a 
DEF; and because A is the cen-: Bo oor 
tre of the circle DEF, AE shall be equal to AD; but the straight 


_ line C is likewise equal to'AD; whence AE and C are each of 


cl. Ax. 


them equal to AD; wherefore the straight line AE is equal to 
¢ ©, and from AB, the greater of two straight lines, a part AE 
has been cut off equal to C the less... Which was to be done’ 


PROP. IV. THEOREM. 


IF two triangles have two sides of, the one equal 
to two sides of the other, each'to each; and have like- 


wise the angles contained by those sides equal to one 
another; they shall likewise have their bases, or third. 


sides, equal; and the two triangles shall be equal; and 
their other angles shall be equal, each to each, viz. 
those to which the equal sides are opposite. | 


Let ABC, DEF be two triangles which have the two sides 
AB, AC equal te the two sides DE, DF, each to each, viz, 
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ABtoDE; and ACtoDF; A 
and the angle BAC equal to 
the angle EDF, the base BC 
shall be equal to the base 
EF ; and the triangle ABC | 
to the triangle DEF ; and 
the other angles, to which 
the equal sidesare opposite, 
shall be equal each to each, 
viz. the angle‘ABC tothe B.. . Cc 
angle DEF, and the angle 

ACB to DFE. BS it yet 

For, if the triangle ABC be applied to DEF, so that the-poi 

A may be on_D, and the straight line AB upon DE; the point 
_ B shall coincide with the point E, because AB is equal to DE.; 

and AB coinciding with DE, AC. shall coincide with DF, be- 
cause the angle BAC isiequal:to the angle EDF; wherefore 

also the point C shall coincide with the point F', because the 

straight line AC is equal.to DF: but the point B coincides with 

the point E ; wherefore the base BC shall coincide with the base 

EF, because the point B coinciding with E, and C; with F, if 

the base BC does not coincide with the base. EF, two straight 

lines would inclose a space, whichis impossible*. Therefore a 10. Ax. 
-the base BC shall coincide .with the base EF, and be equal to 

it. Wherefore the whole triangle ABC shall coincide with the 

whole triangle DEF, and be equal to it; and the other angles 

of the one shall coincide with the remaining angles of the other, 

and be equal to them, viz. the angle ABC to the angle DEF, 
and the angle ACB to DFE... Therefore, if two triangles have 
_ two sides of the one equal to two sides of the other, each to 

each, and have likewise the angles contained by those sides 

equal to one another, their bases shall likewise be equal, and 
the triangles be equal, and their other angles to which the equal 

sides are.opposite shall be equal, each to each, Which: was 

to be demonstrated. 


PROP. V. THEOR. 


The angles at the base of an isosceles triangle are 
equal to one another; and, if the equal sides be pro- 
duced, the angles upon the other side of the base 
shall be equal. | 


_ -Let ABC be an isosceles triangle, of which the side AB is, 


rn 
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equal to ACY and let the straight lines AB, AC be riedaged to 


—v—-~,_ Dand E, the angle ABC shall be eqnialto: the Mele ACB; and 


a 3.4. 


b 4. 1. 


© 3. Ax. 


‘to which the equal: sides iare Age 


angular. 


the angle CBD to the angle BCE. fay “43 

In BD take any point F, 4nd from AE the greater, cut baled 
AG equal* to AF’, the less, and join FC, GBatii 94) 

Because AF is equal to AG, and AB to AC, the two: witides 
FA, AC are equal to the two GA, sine “— to each;: ras spied 
contain the angle FAG common) ¢ ogo oA roe ou 
to the two triangles AF Cy AGB; 
therefore the base PC is equal > © 
to the basé GB, and the triangle 
AFC to the triangle AGB ; and 
the remainiig angles of the! one © 
areiequal > to the remaining ane foie 9: 
glés of the other, éach' to ‘each, ‘og ol 


w\ ier pS Seer eet 


posites viz. ‘the angle ACF «to! 9B) 


othe angle ABGyand the atigle =)io7joo fln< 
‘AFC to the angle AGB: and. 1a ee OA oth gd Rin 
‘Because the wholes AF is: equale’< D! fiw 2 a tehogeds 


to the whole’ AG, of which the». dosniog’ sd) seueasd ; iS 
parts AB; AC,'are-equal’; the ob: ff tooh Df 
remainder BF shall: be equal * to si Gn ies CGy aha ant 


‘Was ‘proved to: be equal’ to’ GBiy therefore the two! isides BF, 


FC aré equal to the two CG, GB, each to'each ¢ andthe angle 


‘BFC is equal to the angle CGB, and'the base BC is common 


to the two triangles. BFC, CGB ; ‘wherefore the triangles aré 


equal», and their’ remaining angles; each ‘to ¢ach; to’ which 

‘the equal sides are opposite 5 therefore the angle FBC is equal 

‘to the angle GCB, and the angle BCF to the angle CBG: and, 

‘Since it has been demonstrated, that the whole angle ABG is 

‘équal to the whole ACF, the parts of which, tle: angles CBG, 

BCF are also equal ; the remaining angle’ ie ‘is therefore 
he 


equal te the remaining ahgle ACB, which a angles at the 
base of the triangle ABC : and it has also been proved that the 
angle FBC is equal to the angle GCB, which are the angles 
upon the other side of the ‘base. - Therefore the angles at “the 
base, kc. Q. E. D. 

‘CornoLtLary. Hence every equilateral triangle is also equi- 


“PROP. VI. THEOR. 


IF two angles of a triangle be equal | to oné another, 
the sides also which subtend, or are opposite to, the 


equal — shall be equal to one ARONPET te 


angle ACD is equal* to the angle 
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oe ABC be a triangle haying the angle ABC equal to » the Boox k 
Gucle ACB ; the side AB is also equal to the side VY capers a) 

For if AB be not equal to AC, one of them,is greater than 
the other: let AB be the greater; and. from it cut * off DBa $213 
equal to AC, the less, and join DC; there- .- A 
fore, because in the triangles DBC, ACB, 
DB is equal to AC, and BC common to 
both, the two sides DB, BC are equal to. 
the two AC, CB, each to each;,.and the. ,;- 
angle DBC is equal to the angle ACB; 
therefore the base DC is equal to the, base | 
AB, and the triangle . DBC is equal to. 
the triangle » ACB, theless to the great- | 
era, which is absurd. ‘Therefore AB.is. not. 
unequal to AC, that is, it is equal to it. & non 
PT a if two angles, &c, Q. I... dhe eile 
_ Cor, Hence every equiangular trapele is also equilateral: 


Lit arst WII. THEOR: 


UPON the same base, and on the same sido of it, 
there cannot be two triangles that have their aides 
which are terminated in one extremity of the base See Note, 
equal to one another, and likewise those which are. 
certoinated a in the other extremity. 


If i it be possible, let there be two triangles ACB, ADB, : up+ 
on the same base AB, and upon the samé side: of it, which 
_ have their sides CA, DA, terminated in the extremity A of 

‘the base equal to one another, and Lo aee 8 

' likewise theit sides CB, Bt that 

are terminated. in B. # 
Join CD then, in the case in 
which the vertex of eath of the tri- 
angles is without the other triangle, 
because AC is equal to AD, the 


ADC: but the angle ACD is greater; a Naek 

than the angle BCD; therefore the A tae Deen 

angle ADCis greateralso than BCD; i 

- fuch more then is the angle BDC greater ‘than the angle 
BCD. Again, because CB is equal to D&, the angle BDC is | 

equal 4 to the angle BCD ; but it has been dormodstrated to be leet y 

sR arenes than it; W MENS is impossible. : : 


ae ae 
a 
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But if one of the vertices, as D, be within the other triangte 
ACB; produce AC, AD to E, F; there ~ E 

fore, because AC is equal to AD inthe 
triangle ACD, the angles ECD, FDC 
upon the other side of the base CD are" 
equal * to one another, but the angle 
ECD is greater than the angle BCD; 
wherefore the angle FDC is likewise 
greater than BCD ; much more than is 
the angle BDC greater then the angle 
BCD. Again, because CB is equal to 
DB, the angle BDC is equal ® to the: ot aan 
angle BCD; but BDC has been provedA  - B 
to be greater than the same BCD ; which is impossible. The 
case in which the vertex of one triangle j is upon a side of the 
other, needs no demonstration. 

Therefore upon the same base, and on the same side of it, 
there cannot be two triangles that have their sides which are 
terminated in one extremity of the base equal to one another, 
and piewite those which are terminated in the other extremity. 
Q. E. D. ; 


PROP. VIII. THEOR. 


IF two tenes have two sides of the one equal to 
two sides of the other, each to each, and have like- 
wise their bases equal; the angle which is contained 
by the two sides of the one shall be equal to the angle 
eontained by the two sides equal to them, of the other. 


Let ABC, DEF be two triangles, evies the two sides AB, 
AC equal to the two sides DE, DF, each to each, viz. AB to 
DE. and AC to A DG 
DF ; and also the 
base ‘BC equal to 
the base EF. The 
angle BAC is e- 
qual to the angle 
EDF. ; 

For, if the tri- } Y 
angle ABC be ap- : : Tak 
plied to DEF, so 2B CE F 
that the point B be on E, and the straight line BC upon EF; 
the point C shall also coincide with the peint F. Because 


OF EUCLID. - oi 


BC is equal to EF; therefore BC coinciding with EF, BA and Book h 
AC shall coincide with ED and DF ; for, if the base BC coin- w-y—_/ 
cides with the base EF, but the sides BA, CA do not coincide 

with the sides ED, FD, but have adifferent situation, as EG, 

FG ; then, upon the same base EF, and upon the same side of 

it, there can be two triangles that have their sides which are 
terminated in one extremity of the base equal to one another, 

and likewise their sides terminated in the other extremity; but 

this is impossible ; * therefore, if the base BC coincides witha 7. 1. 
the base EF, the sides BA, AC canaot but coincide with the 

sides ED, DF ; wherefore likewise the angle BAC coincides 

with the angle EDF, and is equal» to it, Therefore if twobs Ax 
triangles, kc. Q. E. D. : 


PROP. IX. PROB. 


TO bisect a given rectilineal angle, that is, to di- 
vide it into two equal angles. , 


Let BAC be the-given rectilineal angle, it is required to bi- 
sect it. ; 

Take any point D in AB, and from AC cut * off AE equal to 2 3. 1. 
AD; join DE and upon it describe» A OPES 
an equilateraltriangle DEF; then join 
AF ; the straight line AF bisects the 
angle BAC. 

Because AD is equal to AE, and — D E 
AF is common to the two triangles eRe 
DAF, EAF; the two sides DA, AF, 
are equal to the two sides EA, AF, 
each to each; and the base DF is 
equal to the base EF; therefore the F 
angle DAF is equal to the angle B’ | CcS.h 
EAF ; wherefore the given rectilineal atigle BAC is bisected by : 


the straight line AF, which was to be done. 


PROP. X. PROB. 


_TO bisect a given finite straight line, that is, to di- 
vide it into two equal parts. : mo 


Let AB be the given straight line 3 it is required to divide it 


into two equal parts. 


_ Describe * upon it an equilateral triangle ABC, and bisect al.1 
6 the angle ACB by the straight line CD. AB is cut into twob 9.1. 


equal parts in the point D, 
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Book I.  ekalnds AC is equal to CB, and CD © 
Ley? common to ‘the two’ triangles ‘ACD, — a 
BCD; the two sides AC, CD are equal © 
to- BC, CD, ‘each to each; andthe angle — 
ACD is equal to'the angle BCD; there- 
c4.1. fore the base AD'is equal to the base ¢ -— 
DB, and the straight line AB is divided 
into two equal parts in ‘the point Di 
Which ' was to se setae . 
vb 


PROP. XI. PROB. : 


TO dni a straight line at right angles to a given 
straight line, from a given point in 1 sane. 


eee N tes Let AB be a given straight line, and C a point given in it: 
ee NO it is required to draw a straight line from: the a C at right 
angles to AB, r 
Take any point D in AG, and a lhe Cf equal to. cD, se < 
ree DE describe > th ‘ F 
. 14. ee describe € equi: 
lateral triangle DFE, and join 
FC; the straight line FC drawn 
from the given point C is at 
right angles to, the given 
straight line AB. | 
Because DC isequal to CE, | Ratti 
and FC common to the two | = TE anenaet ER 28 
triangles DCF, ECF; the two A D ae 3 = iB 
sides DC, CF, are equal to the two EG, CF, each to each; and 
the base DF is. equal to the base. EF; therefore the angle DCF 
og 1, 38 equal © to the angle ECF; and they are adjacent angles. But, 
| when the adjacent angles which one straight line makes with 
another straight line are equal to one another, each of them is 
.., called a right ¢ angle; therefore each of the angles DCF, ECE, 
410. Def. is a right angle. . Wherefore, from the given point C, in the 
given straight line AB, FC has been drawn at right angles to. 
AB. Which was to be done. 
Cor. By help of this problem, it may be demonstrated, that 
two straight lines cannot have a common segment.. 
Tf it be possible, let the two straight lines ABC, ABD have 
_ the segment AB common to both of them.” From the poirt B 


draw BE at Tight angles to AB; and pecanee ABC 3 is a straighé 
‘ t 


’ 


- 


* 
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PEE ENE © RY (Aicogit Wbaketie oct }4 Bookl.. 
‘the. ee BA; inthe same 1 FRAT dais oe] 
manner; because ABD is a TA in Mehr hy easier? akg SOO eS 
straight line, the angle DBE is PRED sthee Say Hoke’ 1, 


equal to the angle EBA; where- 
fore the angle DBE is equal to ; 
the angle CBE, the less to the : 
greater; which is. impossible; ; D 
therefore twostraightlines can- 4 ee a flags 
not have a commoh segment. 


r HOE. XH. PROB.......- 


FO. diate: a Atraight tite. perpendicul’ ir to a piven 
straight, dine. of sani: walmiee J dspeth, 2m, a. giNen nich o 
penbwithontas ao wks dp xiotytons sD or 


2 AB. he, ite given eatraight, lines whie ho nay be aprpiinned to 


any length , both. ways,'and let C.be.a bitten wine) ite. It, 1A: re-' 2 ALo 
quired, to | ‘draw a straight line» | iBaihke Qa s 
Bepesngeriae to: -AB. from, the HG 


point Cy ip oo 
% Take, any ret eit D upon the. 
other side of AB, and, from 
the centre C,. atthe, distance. ‘J 5p: 
CDs, describe > the circle FDG) Pe GB b 3. Post, 
meeting AB in. Fy, G; and,,. bi- | “opie 
sect¢ FG,.in Hy, and join CF, ~ © 101, 
CH, CG; the straight line CH, drawn from the siven. point C, 
‘is perpendicular to the given straight line AB. 

Because FH is equal to HG, and HC common to the two tri- 
angles FHC, GHG, the two sides FH, HC are equalto thertwo 
GH, HC, each to each; and the base CF is equal? to the base q 15, Def 
CG; therefore the angle CHF is equal to the angle CHG; and 1. | 
they are adjacent angles; but when a straight line standing on ae 81. 
straight line makes the adjacent'angles equal to one another, 
each of them isa right angle, and the straight line which stands 
' upon the other ‘is called a perpendicular to it; therefore from 
the given point C a perpendicular OH has’ been drawn td the 
given straight line AB. Which was'to be done) 

Pn 


- PROP. XI THEOR. Sina “ 


“@( thks angie which one: straight" Ninel: makes with 
‘another upon the one side of it, are either two right 
_ angles, or are together equal t to. two right ; angles. 


24 
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a def. 10. 
b 11,1. 


c 2 Ax. 


di Ax. 
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Let the straight line AB make with CD, upon one side of it, 
the angles CBA, ABD; these are either two right angles, or 
are together equal to two right angles. ag "2 lant 

For, if the angle CBA be equal to ABD, each of them is a> 
f A E aE: A i Gb ee 


Bo Ba, CO ee ee 


right 2 angle; but, if not, from the point B draw BE at: right 
angles > to CD; therefore the angles CBE, EBD are’ two ‘Tight 
angles’; and because CBE is equal to the twoangles CBA, ABE 
together, add the angle EBD to each of these ‘equals; therefore 


the angles CBE, EBD are © equal tothe three angles CBA, 


ABE, EBD. Again, because the angle DBA is équal to the two 
angles OBE, EBA, add to these equals the angle ABC; there- 
fore the angles DBA, ABC are equal to the three angles DBE, 
EBA, ABC; but the angles CBE, EBD have been demonstrated 
to:be equal to the same three angles; and things that are equal to 
the same are equal4 toone another; therefore the angles CBE, 
EBD are equal to the angles DBA, ABC; but CBE, EBD are 
two right angles; therefore DBA, ABC are together equal to. 
two rigat angles. Wherefore, when a straight line, &c. Q. E. D. 


PROP. XIV. THEOR. 


IF, at a point in a straight line, two other straight 
lines, upon the opposite sides of it, make the adjacent 
angles together. equal. to two right angles, these two 
straight lines shall be in one and the sa straight line. 


. At the point B in the straight 
line AB, letthetwo straight lines og 
BC, BD upon the opposite sides 
of AB, make the adjacent angles; 
ABC, ABD equal together to 
two-right angles. BD isin the. 
same straight line with CB. | 
For, if BD be not in the same ———— rae ; 
straight line with CB, let BEbe@ BO » 
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in-the same straight line Sah it; therefore, because the straight 
line AB makes angles with the straight line CBE, upon one side 
of it, the angles ABC, ABE are together equal® to two right 


angles; but the angles "ABC, ABD are likewise together equal 


to two right aueclon | therefore the angles CBA, ABE are equal 
to the angles CBA, ABD : take away the common angle ABC, 
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Neen petinened 
a13.1. 


the remaining angle ABE is equal to the remaining angle S. Ax 


ABD, the less to the greater, which is impossible ; therefore 
_ BE is not in the same straight line with BC. And, in like man- 
ner, it may be demonstrated, that no other can be in the same 
straight-line with it but BD, which. therefore is in the same 
straight line with CB. Wherefore, if at a point, &c. Q. E. D. 


1 


- PROP. XV. THEOR. 


- IF two straight Hines ' cut one another, the vertical or 


opposite, angles. shall be equal. - 


Let the two straight lines AB, CD cut one another in the 
point F, ; the angle AEC shall be asia to the angle casks and 
CEB to AED. 


| ernie the SHeiahe line AE 


makes with CD theangles CEA, C ke Bas 
AED, these angles are together. | 
equal * to two right angles. —— 


Again, because the straight line A EE B 
DE makes with AB the angles > Byes 
~AED, DEB, these also are to- . 
* gether equal* to tworight angles ; swag | % D 


and CEA, AED have been de- . 

- Monstrated to be equal to two right angles ; wherefore the angles 
CEA, AED are equal to the angles AED, DEB. Take away 
the common angle’ AED, and the: remaining angle CEA is 
- equal tothe remaining ani DEB. Inthe same manner it can 


Y a 13. 1. 


b3. Ax. 


be demonstrated that the angles CEB, AED are equal. There- . 


fore, if two straight lines; &c. Q. E. D... 

Cor. 1. From this. it is nianitest, that, if two straight lines 

+ cut one-another, the angles they make at the point where they 
ent, are together equal to four right angles. 

; Cor. 2. And consequently that all the angles made by any 

number of lines nee in one point; are together equal to four 

Sh Abgine 


oy 


ef 
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_' °* s PROP. XVI. THEOR. 


a 


-IF one side of a triangle be produced, the exterior 


angle is greater than either of the Bitenior opposite 


210. 1. 


415.1. / 
: : Therefore, if one side, &c. Q.°E. pis j 


oe BAG ALS. 


.make EF equal to BE; join | 
also FC, and produce | AC to. 
eh. 


‘EC,, and. BE to EF; “AE, 


two of its angles towether are less” 
‘than two right t angles. 


- rn 


angles. | a ; 


Let ABC be a Santen: and let its side BC be pide to D, 
the exterior angle ACD is cramer then, either of the interior 


opposite angles: CBA, BAC, | Bes 


Bisect* AC in E, join BE . 
and produce it to F, and 


Beisniss AE is equal to 


EB are equal to CE, EF, 
each to each; and the angle 


AEB is equal » to the angle iN iid 
CEF, because they are oppo-. > pid ae 


site vertical angles ; therefore AN Ok 

the base AB is equal © to the ; G 

base CF, and the triangle- , ‘ | 

AEB to the triangle CEF, and the remaining angles to there 
maining angles, each to each, to which the*equal sides are op- 
posite; wherefore the angle BAE is equal to the angle ECF ; 
but the angle ECD is greater than the angle ECF ; therefore 
the angle ACD is greater than BAE.: in the same manner, if 
the side BC be bisected, it may be demonstrated that the angle. 
BCG, that is 4, the angle ACD, is ae than the angle ABC.. 


i _{PROP. XVII. THEOR. 
_ ANY two oe of a fangle: are a he less than 


- two right angles. 


Let ABC be any triangle; any 


Produce BC to D; and be-« 
cause ACD is the exterior a ae 
of the triangle ABC, ACD is 
, greater * than the interior ee 
SPponie ‘angie ABC ; to each oe ‘ 


"a 


= we 2 Z z he ae ase’ } 
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these add the ents ACB ; sheréfore the ‘angles ACD, ACB Book I. 
‘are greater than the angles ABC,- ACB; but ACD, ACB Gy 
are together equal » to two right vip ; therefore the angles p 13, 1, 

. ABC, BCA are less than two right angles. In like manner, it a 
may be demonstrated, that BAC, ACB, as also CAB, ABC, are 
less than two right angles, © Therefore any two angles, &c. : 


» gies ts 


t 


PROP. xVIK THEOR. 


THE setae side of every triangle is opposite to 
the greater angle. ; 


Let ABC be a triangle, of which A 
‘ the side AC is greater that” the 

side AB; the angle ABC, is also 
greater than the angle BCA. weet 

Because AC is greater than AB, me 
make ® AD equal to AB, and join Lr 
-BD; 3 and because ADB is*the ex- : 
terfor angle of the triangle BpC;B gids Cc 
it is greater > than the interior and opposite angle DCB; butp 16. 1. 
ADB is equal ¢ to ABD, because the side AB is equal to thec 5.1. 
side AD’; therefore the angle ABD is likewise greater than the 
angle ACB ; wherefore much more is the angle ABC ee 
than BAR Therefore the greater side, &c. Q. E. D. 


4 


PROP. baa THEOR. 


The greater angle. of (eer triangle is subtended 
by. the ereater side, or has the greater side opposite. to . 
‘aa Ae ; 3 
Let ABC be a novel, ar which the ieaic ABC i is greater 
‘than the angle BCA ; the side AC is likewise eereter than the 
side ABy 3: ae AS 
Fos; if it be not ipieiter: AC mises ey Ce. 
“either be equal to AB, or less than 
it; itis not equai, because then the 
- angte ABC would be equal ® to the; 
» angle ACB; but it is not; therefore 
AC is not equal to AB ; neither i is tgs 
less ;; because then the angle anc Z NE sige 
would be less >than theangie ACB; B . OE Ch 18.1 


4 


eo 7. THE ELEMENTS 


Book I. but it isnot; therefore Gig side AC is not less than AB ; and it 
i-+y—_ has been shown that it is not equal to AB; therefore AC is 
: greater than AB. Wherefore'the greater angle, &c. Q. E. D. - 


" PROP. XX, THEOR: 
See Sa ANY two sides of a triangle are ar taeette® greater 
| than the third ‘side. 7 


Let ABC a a triangle + any two sides of it topether are 
. greater than the third side, viz. the sides BA, AC greater than 
the side BC; and AB, BC greater than AC; and wih CA) 
greater than AB.” 


Leama Produce BA to the point D, and pains Hee a 
a3.-1. make * AD equal to AC; and join Rig 
. DC. ks aoa 


: Because DA is equal to AC, ‘the 
b5.1. © angle ADC is likewise equal > to 
ACD ; but the angle BCD is great- WA rt le erate 
er than the angle ACD; therefore : 
the angle BCD is greater'than the B C 
Ae angle ADC ; and because the angle BCD of the triangle DCB 
~¢19,1. is greater than its‘angle BDC, and that the greater side is op- 
'_- posite to the greater angle; therefore the side DB is greater than 
the side BC; but DB is equal to BA and AC;; therefore the sides 
Ae BA, AC are greater than BC. In the same manner it may be 
demonstrated, that the sides AB, BC are greater than CA, and 
BC, CA are greater than Ae Therefore any two sides, :&c. 
i. ‘ . i> Se 


Q ejoncide ‘XXI. THEOR. 
.§ e, 
chee IF, ‘bom the ends of the side ofa ‘triangle, there be 
drawn two stral ight lines to a point within the triangle, 
these shall be Jess than the other two sides of the tri- 
angle, but shall contain a greater angle. We 


Let the two straight Imes BD, CD ee drawn Sul B, GC. the 
ends of the side BC of the triangle ABC, to the point D within 
it; BD and DC are less than the other two sides ‘BA, AC of 
sed aes but contain an angle BDC greater than the angle - 

Produce BD to E ; and because two sides of a triangle are . 
greater than the third side, the two sides BA’, AE of the tri- 
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, angie ABE are greater than BE. To each of eset add’ EC; Book I. 
therefore the sides BA, AC are er? Wee a) 
greater than BE, EC: again, ed rs lar 

- because the two sides CE, ED 

of the triangle CED are great- ~ 

~ er than CD,add DB to each of | 
these ; therefore the sides CE, 
EB are greater than CD, D8 ; 
but it has been shown that BA, © 
AC are greater than BE, EC ; 7 
much more then are BA, AC B | eat 
greater than BD, DC. . E 
Again, because the exterior angle of a triangle is greater 
than the interior and opposite angle, the exterior angle BDC of 

': the triangle CDE is greater than CED; for the same reason, 
the exterior angle CEB of the triangle ABE is. greater than 
BAC; and it has been demonstrated that the angle BDC is 
greater than the angle CEB; much more then is the angle 
BDC greater than the angle BAC. Wg shag if from the 
ends of, &c.Q. E. D. . 


PROP. XXII. PROB. 


TO make a tidarigle of which the sides shall be 
equal to three given straight lines, but any two what- 
ever of- these must be greater thai the third *.. ° 320.1 


Le hs B, C be the three given straight ee of which any 
two whatever are. greater than the third, viz. A and B greater 
than C ; A and © greater than B ; and B and C than A. It is 
required to make a triangle of which the sides shail be equal to . 
A, D, C, each to’each. 

Take. a straight line DE terminated at the point D, but un- 
limited towards E, and 
make 2 DF equal to A, 
FG to B. and GH equal 
to C ; and from the centre ed 

nt fat tha distance FD, de- D ee 
‘Scribe > the circle DKL; | 7 
and from the centre G, at 
the distance GH, describe 

~ banother circle HLK ; and 
join KF, KG ; the triangle 
KPG has’ its sides equal to 7 , 
the three-straicht lines A, B, C.. z 

Be cause the hi F is the centre of the circle DEL, ED is” 


2 


y 


See Note: « 


‘So 7 5) s *SHE‘ELEMENTS> 
»- Book I. equal * to FK ; but FD>is equal to the straight line’ A; there. 
_ Seye~e’ fore FK is equal to A: again, because G is the centre of the = | 
~©15. Def. circle LKH, GH is. equal ¢ to GK; but GH is equal to C; 

therefore also GK is equal to C ; and FG is equal to B ; there- 
fore the threé straight lines KF, FG, GK, -are equal to the 
three A, B, C; and therefore the triangle KFG has its three 
sides KF, FG, GK equal to-the three given straight lines 
A, B,C.© “Which wasto be dones se ee 


PROP. XXIII. PROB. 


AT a given point to a given straight line, to make 
- arectilineal angle equal to a given rectilineal angle. © 
= Let, AB be the given straight line, and A the giver point in 
it, and DCE the given rectilineal angle ; it is required to make 
an angle at the given c 5 Rye 
point A: in the given 
straight line AB, that 
shall be equal to the, 
given’ rectilineal ane 
| ele DUB Pent 
oe) no ee alee in ID | Rae 


“ t whe 
mo . ' 4 
F A "4 


- any points-D, E, and 
a22. 1. join DE ; and. make ® 
the triangle AFG the 
sides of which shall coe 
beequalto the three’. eR oe ee site 
straight lines CD, DE, CE, se that CD be equal to AF, CE, 
7 "to AG; and DE to F G; and because DC, CE are equalto FA, 
AG, each to each, and the base DE to the base F@; the ancle 
DCE is equal » to the :angle FAG. Therefore, at the given — 
point A in the given straight line AB, the angle FAG is made « 
equal to the given rectilineal angle DCE. Which vas tobe — 
Bk done. eS alia | eye a 


f 


PROP. XXIV. THEOR. 


See Note: . If two triangles have two sides of the one equal to 
twa sides of the other, each to each, but the angle 
contained by the two sides of one of them greater — 

than theangle contained by ‘the two sides equal to 
them, of the other; the base of that which has the 
greater angle shali be greater than the base of the other. — 


2 


¥. 
b 


" > 
: - \ > 
city 


Oe Ce en OF EUCLID. Pay es tae ae be i 5 ey 
~ . Set aac, “DEF be: two eviongles ‘which have the two shies Book 1. 
- AB, AC equal to the two DE; DF, each to each, viz. AB equal een: 
to DE, and AC to DE; but the angle BAC greater than the ‘ 
angle EDF; the base BC is ‘also greater than the base EF. é | 
Of the two sides DE, DF, let DE be the side which is not 
greater than the other, aud at the point D, in the straiglit line 
DE, make the angle EDG equal to the angle BAC ; and make #23. 1. 
DG equal» to AC or DF, and join EG, Gi... b 3. 1. 
Because AB is equal to DE, and AC to ‘De, the two sides 
BA, AC are. equal to the two ED, DG, each to oh and 
the angle BAC is equal A eBay 


to the angle EDG ;° 
therefore the-base BC 
is equal ¢ to the base 
EG ; and because DG ~ 
is equal to DF, the 
angle DFG is eqtal 4 © 
to the angle DGF; 
but the angle DGF is 
. greater than the angle B ; C 
EGF; therefore the 
angle DFG is greater than EGF ; and much more is the angle 
EFG greater than the angle EGF ; and because the angle EFG 
of the triangle EPG is greater than its angle IGF, and that 5 
the greater © side is opposite to the greater angle ; the side EG ¢ 19 4. 
is therefore greater than the side EF ; but EG i is equal to BC; Fie 
and therefore also BC is greater. then EF. Therefore, if two 
Heianglen &e. Q: E. D. 


- 


E 


PROP. XKV. “THEOR. tite 


IF two Gionples bave two. sides of the one equal te’ 
two sides of the other, each to each, but the base of 
the one greater than the base of the other ; | Mie ster 

also contained by thie sides of that which has the great- 
ver base, shall he greater than the angle contained by | 
the sides equal to them, of the other, / 


* Let "ABC, DEF ‘be two aieubie? which. have the two site’ 
AB, AC equal to the twa sides DE, DF, each to each, viz. AB- 
equal to DE, and AC to DF; but the base CB is greater tham 
the base EF; the angle BAC i is likewise greater, than the ane 
bs RRR. : ‘ : ~ xf 


cr 


+ 
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For, if it be not greater, it must either be equal to it, or sie: : 


“1— but the angle BAC is not equal to the angle EDF, because ther 


a4 1. 


b 24.1, 


_ equal to. the. angle 
EDF ; ‘neither. is it 
‘less ; because then the 


. the base BC. would | 


be equal*toEKF;but A. ~ D 
it is.not; dhe refors | . 
the angle BAC is nat 


base BC would be less . 
b than the base EF; E 
but it is not; there- 
fore the angle BAC 
is not less than the angle EDF ; and it was hewn that it is net 
equal to it; therefore the angle BAC is Aner than the angle. 
LDF. “Wherefore, if two ne it &e. Q. E. D 
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PROP. XXVI. THEOR. 


IF two tr iangles hove: two angles of c one equal to: 
two angles of the other, each to each; and one side 
equal ‘to one side, viz. either the side adjacent to 
the equal angles, or the sides opposite to equal angles _ 
in each ; then shall the other sides be equal, each to 
each ; and also the third angle of the one to the third 
angle of the other. | 


Let ABC, DEF be two fiat pies, which have the pees: ABC, 


BCA equal to the angles DEF, EFD, viz. ABC to DEF, and 


BCA to EFD; also one side equal to one side ; and first let 
those sides be equal which are adjacent to the angles that are 
equalinthetwotri- A i 
angles, viz. BC to 
EF; the other sides 
shall be equal, each 
to each, viz. AB to © 
DE, and ACtoD?F: 
and the thirdangle 
BAC to the third. » : 
angle EDF. L. \ te: pn Meete 
For, if ABbe not. B es ee F 


equal to DE, one of them must be the greater. Let AB be the 


greater of the two, and make BG equal to DE and join GC; 
therefore, because GB is equal to DE, and BC to EF, the two 


? ’ a 
’ € 
- ' 


* > 
A 


». 
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sides GB, BC are equal to the two DE, EF, each to each; Book L 
and the angle GBC is equal to the angle DEF; therefore the ae met 
base GC is equal* to the base DF, and the triangle GBC toa 1. 
the triangle DEF, and the other angles to the other angics, 

each to each, to which the equal sides are opposite ; therefore 

the angle GCB is equal to the angle DFE; but DFE is, by 

the hypothesis, equal to the angle BCA; wherefore also the 

angle BCG is equal to the angle BCA, the less to the greater, 

which is impossible; therefore AB is not unequal to DE, that 

is, it is equal to it; and BC is equal to EF; therefore the two 

AB, BC are equal to the two DE, EF, each to each; and the 

angle ABC is equal to the angle DEF; the base therefore AC 

~ is equal*to the base Di’, and the third angle BAC to the third 

_ angle EDE, 

Next, let the sides A - 
which are opposite to 
_. equal angles in each 
triangle be equal to | 
one another, viz. AB 
to DE; likewise in 
this case, the other 
sides shall be equal, . : 
AC to DF, and BC B.. ELS E F 
to EF: and also the | 
third angle BAC to the third EDF. 

For, if BC be not equal to EF, let BC be the greater of them, 
and made BH equal to EF, nel} join AH; and because BH is 
equal to EF, and AB to DE; the two AB, BH are equal to the 
. two DE, EF, each to each; and they contain equal angles ; 

therefore the base AH is equal to the base DF, and the tri- 
angle ABH to the triangle DEF, and the other angles shadi be 
equal, each to each, to which the equal sides are opposite ; 
therefore the angle BHA is equal to the angle EFD; but EFD 
~is equal to the angle BCA; therefore also the angle BHA is 
equal to the angle BCA, that is, the exterior angle BHA of 
the triangle AHC is equal to its interior and opposite angle 
BCA; which is impossible > ; wherefore BC is not unequal top 16 1, 
EF, that i is, it is equal to it; and. AB is equal to DE; there- 
fine the two AB, BC are equal to the two DE, EF, pach to 
each; and they contain equal angles ; wherefore the base AC: 
Is equal to the base DF, and the third angle BAC to the third 
nhos EDF. Therefore, if two arele &e,:Q: Be Di 


] 


‘a 16, 1. 


b 35. def. 


towards A, C; but those 
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PROP. XXVII..THEOR. 


IF a straight line falling upon two other straight’ 


lines make the alternate ungles equal to one another, 
these two straight lines shail be perailel. 

Let the straight line EF, which falls upon the two straight 
lines AB, CD make the alternate angles AEF, EFD equal to 
one another; AB is parallel to CD. 24 | x8 

For, if it be not parallel, AB and CD being’ produced shall 
tmeet either towards B, D, or towards A, C; iet them be pro- 
duced and meet towards B, D,in’the point’G; therefore GEF 
is a triangle, and its exteriorangle AEF is greater *than the in- 
terior and opposite angle. : 
EFG; butit isalsoequal — 
to it, which isimpossible ; A__ 


ner it may be demonstrat- 
ed that they do not meet 


Cae: 
therefore AB and CD be- ‘REGS 3 Ges 
ing produced do not meet Te G 
towards B, D. Inlikeman- C- 7* — 


ae 


straight lines which meet neither way, though peat ever 
so far, are parallel» to one another. AB therefore is parallel 
to CD. Wherefore, if a straight line, &c. Q. E. D. 


PROP. XXVIII. THEOR. 


_IF a straight line falling upon two other straight 


lines make the exterior angle equal to the interior and. 


. opposite upon the same side of the line; or makes the 


interior angles upon the same side together equal to 


_ two right angles ; the two straight lines shall be paral- 
lel to one another,, Gis ) 


‘Let the straight line EF, which E 


‘falls upon the two straight lines 


x 
AB, CD, make the exterior angle G 
EGB equal to the interior and op- A 
posite angle GHD uponthe same ~~ ee 
side ; or make the interior angles rhe | 
on the same side BGH, GHD to- C-—~< — Yn 
gether equal te two right angles; H we 


_ AB is parallel to CD. 


Because the angle EGB is equal eee 
to the angle GHD, and the angle. - 


OF EUCLID.- k 3h 
EGB equal® to the angle AGH, the angle AGH is equal to the Book T. 
angle GHD; and they are alternate angles; therefore AB is UY 
_ parallel» to CD. Again, because the angles BGH, GHD area ls. & 
equal‘ to two right angles; and that AGH, BGH, are also > 27.1. 
equal ¢ to two right angles; the angles AGH, BGH are equal) re rk | 
to theangles BGH, GHD: take awaythe common angle BGH; 
therefore the remaining angle AGH is equal to the remaining 
angle GHD; and they are alternate angles; therefore AB is 
parallel to CD. Wherefare, ifa straight line, &c. Q. E. D. 


PROP. XXIX. THEOR. 


IF a straight line fall upon two parallel straight See the 
_ lines, it makes the alternate angles equal to one ano. ea la 
ther; and the exterior angle equal to the interior and 

opposite upon. the same side; and likewise the two 

interior angles upon the same side together equal to 

two right angles. | voarit ies bic 


Let the straight line EF fall upon the parallel straight lines 

_ AB, CD; the alkkernate angles, AGH, GHD are equal to one 
another; and the exterior angle EGB is equal to the interior 

and opposite, upon the same i : 
side GHD; and the two inte- 

rior angles BGH, GHD upon rie Wie 4 


‘the same side are together‘ 
equal to two right angles. “ 
For if AGH be notequalto — ‘) 


- GHD, one of them must be C ~ 
greater than the other; let. . AS . 
AGH be the greater; and be- : F 
cause the angle AGH is great-» 3 
er than the angle GHD, add to each of them the angle BGH; 
therefore the angles AGH, BGH are treater than the ang!es 
BGH, GHD; but the angles AGH, BGH are equal to twoa 13.1. 
right angles; therefore the angles BGH, GHD are less than 

two right angles ; but those straight lines which, with anothef* 
straight line falling upon them, make the interior angles on * 19 ax. 
the same side less than two right angles, do meet* together ifSee the 
continually produced ; therefore the straight lines AB, CD, ifpotes on > * 
_ produced far enough, shall mect; but they never meet, since this Prope: 
they are parallel by the hypothesis ; therefore the angle AGH oo 

is not unequal to the angle GHD, that is, it is €qual to it; but, 45.1 
the angle AGH is equal» to the angle EGB; therefore like- 9 


B 


—A 


me RE 4 ? WA see Were “5 
ss nba . he 4 ~~. 


rau 
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Book 7,. wise EGB i is equal to GHD; add to each of these re angie 
i. BGH; therefore the angles EG 3, BGH are equal to the anzles 
CEST ky BGH, GHD; but EGB, BGH are equal to two right angles ; 
therefore also BGH, GHD are equal to two right angles. 
Wherefore, ifa straight line, &c. Q. E. D. 


4 


PROP. XXX. THEOR. 


STRAIGHT lines which are parallel to wha same 


straight line are paralle: to one another. - 


Let AB, CD, be each of them Sarita) to EF; AB is also 
parallel to CD. 
Let the straight line GHK cut AB, EF, CD; and because 


GHK cuts the parallel straight | 
lines, AB, EF, the angle AGH is A ‘ / 
equal* to the angle GHF. Again, re we B 
because the straight line GK cuts, : 

the parallel straight lines EF, CD, H ‘ 


a2% ty the angle GHF is equal to* the oR F 
| angle GKD; andit was shown that # 


K : 
the angle AGK’is equal to the an- ye -D. 


gle GHF; therefore also AGK is 

equal to GKD ; and they are alter- 

es nate angles; therefore AB is paral- 
 be7.1 — jelb to CD. Wherefore straight pia We &e. Q. E. D. 


» 


PROP. XXXI. PROB. 


leo | & dev a straight line throug a given “point pa- 
dee ‘tallel to a given straight line. 


_. Let A be the siven point, and BC we given str raight 0 
sy Jt is;required. to draw.a straight. 
EG iad line through the point A, parailel E - we 


om the straight line BC. Aas BBE Td es Owe 
»in BC take any point D, and ale me. Hew 


a qpin AD; and at the point A,inthe ~ 


£23. straight line AD make @ the anele tic ti nee io Sas 
os “DAE equal tothe angle ADC; Boo) Days. © 
‘and produce the attaight line EA BOM yh Tae Lae 2 
PEs MMe 80 3 . 


Because the straight line AD, widl ankle ‘He two. straight: 
lines BC, EF, makes the alternate angles EAD, ADC equal to 


b 27. 1. one another, EF i is pafallel» to BC. SELES the se” line 


OF EUCLID. 


_ EAF is drawn ehbouigh the given point A parallel to the giv en he 1; 


oF 


str — nije BC. “Which was to be mone: : Nuns 


PROP. XXXII. THEOR. 


IF a side of a any triangle be produced, the exterior 

_ angle is equal to the two interior and opposite angles; 

and the three interior angles of ey triangle are ¢ equal 
to two right angles. 


~ Let ABC bea triangle, and Ict one of its sides BC be produ- ‘2 
- ced to D; thé exterior angle ACD is equal to the two interior 
and opposite angles CAB, ABC; and the three interior angles 
of the triangle, viz.- ABC, BCA, CAB, are eee equal to 
two right angles. 
Through the point C A 
draw CE parallel* to the 
straight line AB; and be- 
cause AB is parallel to 
CE and AC meets them, 
thealternateanglesBAC, : oe 
ACE are equalb, Again; 3 ost Db 29.1. 
because AB is parallel to CE, and BD falls upon them, the ex- 
terior angle ECD is equal to the interior and opposite angle 
ABC; but the angle ACE was shown tobe equal to the angle 
BAC; therefore the whole exterior angle ACD is eqaal to the 
‘two interior and opposité angles CAB, ABC; to these equals 
add the angle ACB, and the angles ACD, ACB are equal to 
the three angles CBA, BAC, ACB; but the angles ACD, ACB 
are equal* to two right angles: therefore also the angles 1S. 1. 
CBA, BAC, ACB are equal to two right melee a 
if a side ‘of a triangle, &e. Q. E..D. 
Cor. 1, All the interic? angles ~ 
of any rectilineal figure, together. 
with four right angles, are equal © 
to twice as many right angles | as 
‘the figure has ‘sides. >. ball f 
For any rectilineal figure ABCDE,_ - 
can be’ divided -into as many trian- | ¢ 
gles as! the figure! has. sides, nae pos 
drawing straight lines from a point” 
F within the figure to dach of its | wes 
"angles. ‘And, by the neeeennn pale 


E, 345-1. 


$6 THE: EREMENTS. 


Book I. proposition, ail the angles of these’ triangles are equal to 
+p twice as many right angles as there are triangles, that is, as 
there are sides of the figure; and the same angles are equal 
to the angles of the figure, together with the angles at the 
Cor, point F, which is the common vertex of the triangles: that isa, 
1 together with four right angles.~ Therefore all “the angles of 
the figure, together w ith four right angles are equal to twice 
as many right angles as the figure has’ sides. 
* Cor. 2. All the exterior angles of any rectilineal figure, are 
together equal to four right angles. ; 
Because every interior angle 
ABC, with its adjacent exterior 
b 13,1. ABD, is equal» to two right an- 
gles; thercfore all the interior, 
together with all the exterior 
angles of the figure, are equal to 
twice as many r fais angles as 
there are sides of the figure;D 
that is, by the foregoing corol- 
lary, they are equal to all the 
interior angles of the figure, to- 
gether with four right angles; therefore all the exterior an- 
gles are equal to four right angles. 


PROP. XXXUI. THEOR. 


/* 


THE straight lines ow hich join the extremities. oP 
two équal-and parallel straight iines, towards the same 
parts, are also. themselves equal Ang. parallel. 


Let. AB, CD be equal and pas. Be ar isis 
rallel straight lines, and joined’to- {> » gon: Ee 
wards the same parts bythe straight . 
G dines AC, BD; AC, BD are alse 
equal and parallel. i 
Join BC; and because, AB_ ‘18: Nene 
parallel to CD,and BC meets them, © C) > § sa 60) Do. 


a 99-7. the alternate angles. ABC, BCD are equal?; and because AB: 
vase is equal to. CD, and BC common‘to the two triangles ABC, 
DCB, the two. sides AB, BC are equal to the two DCyCB; 

and the poe Sis equal ‘to the angle BCD ; therefore the 

5 ‘ t base AC is ec to the base BD, and the: triangle ABC to ther 


: _ triangle BC 2 ne other angles to the other angles”, cach’ 
/ . + to each, to which the equal sides. are opposite : therefore the 


9 


3 


) OF EUCLID. , ak ge ae 
angle “ACB is equal to the angle CBD; and’ Gecause the Book I. 
str aight line BC meets the two straight lines AC, BD, and Cy 


makes the alternate angles ACB, CBD equal to one another, 
AC is parallel to BD; and it was shown to be eon to it. ¢ 27.4 


“Therefore straight lines, &e. QUE AD: 


; 


» PROP. XXXIV. THEOR. 


THE opposite sides and angles of oni blelnsialbie 


are equal to one another, and the diameter bisects 
them, that is, divides them into. two eau parks 


N. BoA parallelogram i is a four sided figure, of 
which the opposite sides are parallel ; and the diameter 
is the straight line Jontags two of its opposite angles. 


Let ACDB bea eraliclogrant, of w hich BC isa diameter ; ; 
the opposite sides and angles of the figure are equal to one 
another ; and the diameter BC bisects it. 

Becatise: AB is parallel toCD, A 
and BC meets them, the gieek 
nate angles ABC, BCD are equal 
ato one another; and because 
AC is parallel to BD, and BC 
meets them, the alternate angles = \_L 
ACB, CBD are equal to one C ; D 


anoiiees ; wherefore the two triangles ABC, CBD have two 


angles ABC, BCA in one, equal to two angles BCD, CBD in 

the other, cack to each, and one side BC common to the two 
triangles, which is adjacent to their equal angles; therefore 

their other sides shall be equal, each to each, and the third 

angle of the one to the third angle of the other, viz. the b 26. 1. 
side AB to the side CD, and AC to BD, and the angle BAC 
equal to the angle BDC ; and because the angle ABC isequal | 

to the angle BCD, and the angle CBD to the angle ACB, the | 
whole angle ABD is equal to the whole angle ACD: and the | 
angle BAC. has been shown to be equal to'the angle BDC ; ‘ 
therefore the opposite sides and angles of parallelograms are ¥, 
equal to one another ; also, their diameter bisects them; for AB 
being equal to CD, and BC common, the two AB, BC are. 
equal reais, two DC, patel hell to.each ; andthe angle ABC is 


er 


- ¥ ey : ; ; y : . 7 ; 
ag ‘ : Oe : : ' a 
: 8 te ; ‘ 
ib ~ hp ; 


See Note. | 
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equal to the angle BCD ; therefore the triangle ABC is equal 
¢ to. the triangle BCD, and the diameter BC divides the PAH: 
lelogram ACDB into two equal parts. \Q. E. D. 


PROP. XXXV. THEOR. 
Py \RALLELOGRAMS upon the same base, nd 


~ between the same parallels, are equal to one another. 


‘See the 2d 
and $d fi- 
gures.- 


b1iAx. 


¢ 2.or 3/Ax. 


d 19.1. 
e4, 1. 


f3. Ax 


- Let the parallelograms ABCD, EBCF be upon the same 
base BC, and between the same parallels AF, BC ; the paral- . 
lelogram ABCD shall be equal to the parallelogram: EBCF. 
If the sides AD, DF of the paral- i D F 
lelograms ABCD, DBCF opposite to . | 
the base BC be terminated in the same 
point D; it is plain that each of the 
parallelograms is double? of thetrtan- 
gle BDC; and they are therefore 
equal to one another. : fe’ 
But, ifthe sides AD, EF, opposite By C 
to the base BC of the par allelograms 
ABCD, EBCF ) be not terminated in the same point; theli; be-— 
cause ABCD i is a parallelogram, AD is equal to BC; for 
the same reason EF is equal to BC; wherefore AD is equal» 
to EF ; and DE is common; therefore the whole, or the re- 
mudinder AE, is equal © to the whole, or the remainder DF; 
AB also is equal to DC; and the two EA, AB are therefore 


A DE BP OA Se cor D aa 


(3 c 8 eC 


equal to the two FD, DC, each to thei and the exterior an- 


. gle FDC is equal‘ to ier interior EAB; therefore the base 


‘EB is equal to the base FC, and the triangle EAB equal® to. 
the triangle FDC; take the triangle FDC from the trapezium 
ABCF, and from the same trapezium take the triangle EAB ; 
the remainders therefore are equal ¢, that is, the parallelogram 
ABCD is equal tothe parallelogram EBCF. Therefore, par 
rallelograms apo the same bas¢, &c. Q. E. D. 
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PROP. XXXVI THEOR. asic 


- PARALLELOGRAMS upon equal bases, and 


between the same aoa are equal to one another. 


} Let ABCD, EFGH be A D E H 
parallelograms upon equal 
bases BC, FG, and _ be- 
tween the same parallels 
AH, BG; the parallelo- 
gram ABCD is equal to | 
EFGH. 7 ee 

Join BE, CH; andbe- B ' oktagaale G 
cause BC is equal to FG, and FG to# EH, BC is equal to EH; a 34. Si 
and they are parallels, and joined towards the same. parts by 
the straight lines BE,CH; but straight lines which join equal 
and parallel straight lines towards the same. parts, are them- 
selves equal and parallel»; therefore EB, CH are both equal > 33. he 
and parallel, and EBCH is a parallelogram ; and it is equal ¢ to ° 35:1. 
ABCD, because it Is upon the same base BC, and between the 
same parallels BC, AD: for the like reason, the parallelogram 
EFGH is equal to the same EBCH : therefore also the paral- 
lelogram ABCD is equal to EFGH. Wherefore parallelo- 
grams, &c. Q. E. D. 


PROP. XXXVII. THEOR. f 


TRIANGLES upon the same base, and between 
the same parallels, are equal to one anptiier, 


Let the triangles ABC, DBC be upon the same base BC, and 
between the same parallels 
AD, BC: the triangle ABC E AD Cae. 
is equal to the triangle DBC. acai “ia 

Produce AD both ways to \ 
the points E, F, and through 
5B draw* BE parallel to CA; 
and through C draw CF pa- 
rallel to BD: therefore each 
of the figures EBCA,DBCF <B i 
is a parallelogram ; and EBCA is equal b to , DBCF, bee b 35. 1, 
they are upon the same base BC, and between the same «arallels 
BC, EF ; and the triangle ABC is the half of the peal 

F 


a 31. I, 


= 


b 36, 1. 


c 34.1, 


a7. Ax 


a St hi 


are equal b to one 
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La eg therefore the thet ABC is aaa to the ane 
DBC. Wherefore. etriahg les, ke. Q. ED.) ey ~ 


PROP. XXXVIII. THEOR. 


_ TRIANGLES upon equal bases, and Beene the 
same parallels, are equal to one another. 


Let the triangles ABC, DEF be upon equal bases BC, FF, : 


and between the same parallels BF, aie : the triangle ABC: is 


- equal to the triangle DEF. 


Produce AD both ways to the points G, H, and through B 
draw BG parallel* to CA, and through F draw PH pera? to 
ED: then each of G ye! 
the figures GBCA,. A D H 
DEFH is a parallel- 
egram; and they 


ahother, because they 
are upon equal bases 
BC, EF, . and ‘be- _— 
tween the same pa- B naa ° F 

rallels BF, GH; and the triangle ABC is the half ¢ of the pa- 
rallelogram GBCA, because the diameter AB bisects it ; and 
the triangle DEF is the half ¢ of the parallelogram DEFH, be- 
cause the diameter DF bisects it: but the halves of equal 
things are equal"; therefore the triangle ABC is equal to the 
triangle DEF. Valle Ati man eee ke. Q, B.D 


PROP, simran 


EQUAL triangles upon the same base, and upon 
the same side of 1 thy are beomean oe same ic 


oe the igetal tr reateles: ABC, DBC ei upon thet ‘same ‘base 
BC, and upan the same side of i a5 bey are beta the: Save 


parallels. 


Join AD; AD i is bafbilel to BC: es if it is: not; ihtough the 


be ees ‘3 draw 3 VAR, aes nape “BE, and j sue ance ; ‘the triangle 


> Piles 
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ABC is equal » b > the triangle EBC, because it is snipes ee same Book k i 


base BC, and between the same paral- A 

lels BC, AE: but the triangle ABC is Ts i ae EY 
equal to the triangle BDC; therefore 

also the triangle BDC is equal to the vA 
triangle EBC, the greater to the | 

- which is impossible: therefore AE is — 
not parallel to BC, In the same man- 
‘ner, it can be demonstrated that no other 
line but AD is parallel to BC; AD is 
} therefore sae to it. Wherefore, equal triangles upon, &c. 


Qi 


PROP. XL. TH BOK. 


EQUAL tranptes upon equal bases, in the same 
straight line, and towards the same parts, are between 
the same parallels. 


Let the equal tr iangles ABC, DEF be upon equal bases BC, 
EF, in the same straight A D 
line BF, and towards the 
same parts; they are be- 
tween the same parallels. 
Join AD; AD is paral- 
lel to BC; for if it is not, 
through A draw 2 AG pa- £ 
rallel to BF, and join GF: 
the triangle ABC is equal > 
to the triangle GEF, because they are upon equal bases BC, EF, 
and between the same parallels BF, AG : but the triangle ABC 
is equal to the triangle DEF ; therefore also the triangle DEF 


is equal to the triangle GEF, the greater to the less, which is. 


impossible : therefore AG is not parallel to BI’: and in the 
sare manner it can be demonstrated that there is no other pa- 
rallel to it but AD; AD is eee ea as to BI’. - Where- 
fore, on tr iangles, Re: Q. E 


PROP. XLI. THEOR. ae 


IF 5 a par alesis” bil erable be upon the same 
hice and between the same parallels; the par allel- 
gram shall be double of the se 0 


Ss 


44 
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a 37.1. 


b 34.1. 


a 10. 1. 
b 23. 1. 
¢ 31.1, 


d 38. 1. 


@ 41. 1> 
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Let the parallelogram ABCD and the triangle EBC be upon 
the same base BC, and between the same parallels BC, AE; 
the parallelogram ABCD is double of aut , 
the triangle EBC. Res Sey 8 & 

Join AC; then the triangle ABC YO 7 
is equal * to the triangle EBC, because 
they are upon the same base BC, and 
between the same parallels BC, AE. 
But the parallelogram ABCD isdouble> 
of the triangle ABC, because the dia- 
meter AC divides it into two equal 
parts; wherefore ABCD is also dou- © 
ble of the triangle EBC. Therefore, 
ifa parallelogram, &c, Q. E. D. 


PROP. XLII. PROB: 


TO describe a parallelogram that shall be equal toa 
given triangle, and have one of its angles equal toa 
given rectilineal angle. 


Let ABC be the given triangle, and D the given rectilineal 
angle. It is required to describe a parallelogram that shall be 
equal to the given triangle ABC, and have one of its angles 
equal to D. 

Bisect * BC in E, join AE, and at the point E in the straight 
line EC make’ the angle CEF equal to D; and through A draw 
¢ AG parallel to EC, andthrough 


C draw CG © parallel to EF: ASF ioe 
therefore FECG is a parallelo- I ee. 
gram: and because BE is equal | 


to EC, the triangle ABE is like- 
wise equal 4 to the triangle AEC, 
since they are upon equal bases 
BE, EC, and between the same 
parallels BC, AG ; therefore the 
triangle ABC is double of the / 
triangle AEC: and the paral- B 
lelogram FECG is likewise double ¢ of the triangle AEC, be- 
cause it is upon the same base, and between the same parallels : 
therefore the parallelogram FECG is equal to the triangle 
ABC, and it has one of its angles CEF equal to the given 


Ip 


angle D. Wherefore there has been described a parallelogram 
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FECG equals a given triangle ABC, having one of its angles 
CEF equal to the given angle D. Which was to be done. 


PROP. XLII. THEOR. 


THE complements of the parallelograms which are 


about the diameter of any parallelogram, are equal to 


one another. ee 


Let ABCD bea parallelorram, of which the diameter is AC, 
and EH, FG the parallelo- <A H D 


grams about AC, that is, thro’ ‘a aes 
which AC passes, and BK, j re E i 
KD the other parallelograms E ; < ws 2 


which make up the whole fi- | 
gure ABCD, which are there- 


fore called the complements : ’ 

the complement BK ‘is equal. 

to the complement KD. as : 
Because ABCD is a paral- B G c 


lelogram, and AC its diame- 

ter, the triangle ABC is equal* to the triangle ADC: and 
because EKHA is a parallelogram, the diameter of which is 
AK, the triangle AEK is equal to the triangle AHK: by the 
same reason, the triangle KGC is equal to the triangle KFC : 
then, because the triangle AEK is equal to the triangle AHK, 
and the triangle KGC to KFC ;. the triangle AEK, together 
with the triangle KGC, is equal to the triangle AHK together 
with the triangle KFC: but the whole triangle ABC is equal 
to the whole ADC; therefore the remaining complement BK 


is equal to the remaining complement KD. Wherefore the 
complements, &c. Q.E. D. 


PROP. XLIV. PROB. 


TO a given straight line to apply a parallelogram, 
which shall be equal to a given triangle, and have one 
of its angles equal to a given rectilineal angle. 


Let AB be the given straight line, and C the given triangle, 
and D the given rectilineal angle. It is required to apply to 


45 


Book L 
Kaen mete! 


a $4.1. } 


the straight line AB a parallelogram equal to the triangle C, . 


and having an angle equal to D. 


46 
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<v— parallelogram 


a 42.1 


; 


e 43. 1. 


f 15.1, 


See Note. 


a 42.1: 


b 44. 1. 
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Make # the 


BEFG equal 
to the triangle 
C, and having 
the angleEBG 
equal to the 
angle D, ‘so 
that BE be 
in the: same 
straight line 
with AB, and produce FG to H; and sirdugh A dua » AH pa- 
rallel to BG or EF; and join HB. T hen, because the straight 
line HF falls upon the parallels AH, EF, the angles AHF, HFE 
are together equal © to two right angles ; wherefore the angles 
BHF, HFE are less than two right angles: but straight lines 


_ which with another straight line make the interior angles upon 


the same side less than two right angles, do meet * if produced 
far enough: therefore HB, FE shall meet, if produced ; let them 
meet in ye and through K draw KL parallel to LA or FH, and 
produce HA, GB to the points L, M: then HUKF is a paral- 
lelogram, of which the diameter is HK, and AG, ME are the 
parallelograms about HK ; and LB, BF are the camplements ; 
therefore LB is equal eto BF ; but BE is equal to the triangle 
C; wherefore LB is equal to the triangle C: and because the 
angle GBE is equal ‘to the angle ABM, and likewise to the 
angle D; the angle ABM is equal to the angle D: therefore 


the parallelogram LB is applicd to the straight line AB, is 


equal to the triangle C, and has the angle ABM Eig to the 
angle D, Which was to be done. 


“PROP. XLV. PROB. 


TO deséribe a parallelogram equal to a given recti- 
lineal figure, and having an angle equal to. a given rec- 
tilineal angle. 


Let ABCD be the given rectilineal figure, and E the given 
rectiiineal angle. It is required to describe a parallelogram 
equal to ABCD, and having an angle equal to E. 

Join DB, and describe * the parallelogram FH equal to the 
triangle ADB, and having the angle HKF equal to the angle E ; 
and to the straight me GH anny » the ine GM “equal 


OF EUC LID. 


: : the acfeheslé DBC, having the angie GHM equal to the angle Book I. 


-E ; and because the angle E is equal to each of the angles FKH, “wm | 


-GHM, the angle FKH i is equal to GHM: add to each of these 
the angle KHG ; therefore he angles ee KHG, are equal to 
the angles KHG, r ; 
GHM; but FKH, A a, 
KHG are equal ws 
*to two right an- 

gles; therefore 
also EHG, GHM 
are equal ‘to two 
right angles; and 
because at the | ; | 
point H in the | 7 : 
straight line GH a Bag ad 
the two straight lines KH, HM, upon the opposite sides of it, 
make the adjacent angles equal to two right angles, KH is in 


i G L 


the same straight line ¢ with HM; and because the straight line 4 14. 3. 


HG mects the parallels KM, FG, the alternate angles. MHG - 
HGF are equal ¢: add to each of these the angele HGL : there- 
fore the angles. MHG, HGL. are equal to the angles HGF, 

_ HGL: butthe angles MGH, HGH are equal® to two right an- 
gles; wherefore also the angles HGP, HGL are cqual to two 
right angles, and FG is therefore in the same straight line with 
GL: and because KF is parallel to HG, and HG to ML; KF 
is parallele to ML; and KM, FL are parallels ; wher efore 
KFLM isa parallelogram ; ; and because the triangle ABD is 
equal to the parallelogram HF, and the triangle ‘DBC to the 
parallelogram GM; the whole rectilineal ficure ABCD is 
equal to the whole ‘parallelocram KFLM ; therefore the pa- 

rallelogram KFLM has been described equal to the given rec- 
tilineal figure ABCD, having the angle FAM equal to the gi. 

ven angle I. Which was to be done. 

Cor. From this it is manifest how to a given straight line to 
apply a parallelogram, which shall have an angle equal to a gi 


_~ ven rectilineal angle, and shall be equal to a given rectilineal fi- 


gure, viz. by applying > to the given straight line a parallelo- 
gram equal to the first triangle Bend 8 end haying an angle 
equal to the Bes angle. 


~~ 
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a 11, 1. 

b 3.1. 

e3l. 1. 
234.1. 


e 29.1. 


a 46. 1. 


line AD meeting the_ parallels AB, 


THE ELEMENTS 
PROP. XLVI. PROB. _ 


TO describe a square upon a given straight line. 


Let AB be the given straight line ; it is required to describe 
a square upon AB. 

Frem the point A draw AC at right angles. to AB; and 
make ’ AD equal to AB, and through the point D draw DE 
parallel¢ to AB, and through B draw BE parallel to AD; there- 
fore ADEB is a parallelogram : whence AB is equal ¢ to DE, 
and AD to BE: but BA is equal to ¢ 
AD; therefore the four straight lines 
BA, AD, DE, EB are equal to one 
another, and the parallelogram ADEB 
is equilateral, likewise all its angles : 
are right angles; because the straight D} ab OF 


DE, the angles BAD, ADE are equal 
© to two right angles: but BAD is a 
right angle; therefore also ADE isa 
right angle ; ; but the opposite angles 
of parallelograms are equal; there- 
fore each of the opposite angles ABE, A B 
BED is a right angle ; wherefore the figure ADEB is rectan- 
gular, and it has been demonstrated that it is equilateral ; it is 
therefore a square, and it is described upon the given straight 
line AB. Which was to be done. 


Cor. Hence every parallelogram that has one right angle 
has all its angles right angles.. ' 


PROP. XLVII. THEOR. 


IN any right angled triangle, the square which is 
described upon the side subtending the right angle, is 
equal to the squares described oy the sides which 
contain the right angle. 


Let ABC be a right angled triangle, having the right angle 
BAC ; the square described upon the side BC1 is equal to the 


_ squares described upon BA, AC. 


On BC describe® the square BDEC, and on BA, AC the 
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squares GB, HC ;and through A draw® ihe scaled to BD or sBbok. 
CE, and join AD, FC; brn pagpuse each of sete a BAC, “teamaymats 
BAG, i is a right. angles, the, G oe b 31.1. 
two Straight lines AC, AG aN Gea © 30, dets 
aipon the opposite sides! of sl aha 
AB, make with it atthe point 
A the adjacent angles équal 
to tworight angles; therefore © 
CA is in the same straights». ° 
line? with AG; forthe same’ |’ 
reason, AB and AH are in 
the same straight line; and 
becatise the angle. DBC is 
équal tothe angle BA,each — 
of them being a right angle, 
add to each the angle ABC, \ a 
and the whole angle DBA‘is) RIK 
equal® tothe whole FBC ; and | e 2. Ax, 
because the two sides AB, BD: are » equal to iie-e two FB, BC, 
each to each, and the angle DBA e¢qual to the angle FBC ; 
therefore the base AD is equal *to the base FC, and the tri- £4. 1. 
angle ABD to the triangle FBC : now the parallelogram Blvis 
doubles of the triangle ABD, because they are upon the same g 41. 1. 
base BD, and between the same parallels BD, AL; and the 
square GB is double of the triangle FBC, because these also 
are upon the same base FB, and between the same parallels 
FB, GC. But the doubles of equals are equal» to one another: h 6. Xx. 
therefore the parallelogram BL is equal to the square GB: 
and inthe same manner, by joining AE, BK, it is demonstrated 
that the parallelogram CL is equal to the square HC: there- 
fore the whole square BDEC is equal to the two squares GB, 
HC; and the square BDEC is described upon the straight 
line BC, and the squares GB, HC upon BA, AC: wherefore 
the square upon the side BC is equal to the squares upon the 
sides BA, AC. Therefore, i in any right angicd triangle, &c: 
Q. E. D. te 


On 


_ PROP. XLVI. THEOR. 


IF the square described upon one of the sides of 
a triangle be equal to the squares described upon the 
other two siles of it; the angle contained by these 
two sides is a right angle. _ 


A 


50 


— 
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THE ELEMEN TS, &e. 
oof ak square described upon: BC, one of the sides of the 


oat aol triangle, ABC, be equal to the’ squares upon the sare sides 


4a 11,1. ey 


b 47. 1. 


 ¢ 8. 1. 


‘is a right angle; and the square of BC, by — 


BA, AC, the angle BAC is sa right angle. 
From the point A draw* AD at right angles to AC, and 
make AD equal to BA, and join DC: ene view ee DA is 


_-equal to AB, the square of DA is equal to Be 


the square of AB: to “each of these add 
thé square of AC: therefore the squares. 
of DA, AC are equal to the squares of 
BA, AC: but the square of DC 1s equal> 
to the squares of DA, AC, because DAC 


hypothesis, is equal to the squares of BA, 
AC; therefore the square of DC is equal | 

to the square of BC; and therefore also B | c 
the side DC is ‘equal to the side BC. And because the side 
DA is equal to AB, and AC common to the two triangles 


DAC, BAC, the two DA, AC are equal to the two BA, AC; 


and the base DC is equal to the base BC; therefore the an- 
gle DAC is equale to the angle BAC: but DAC is a right 
angle; therefore also BAC is a right angle. ie eine if 
the aqua e &c. a... E. D. 


Jere 


DEFINITIONS, | 
A | pee Aad mah EOL GS: 
Every right Spent par eigen is said’ to be Sontdtied Book II. 
by any two of the straight lings which contain one of the em 
es angles. 


2 as 


SUI A “aT. Yo ae 
In every parallelogram, any of the parallelograms about a dia- 
meter, together with the. 4 E 3 
two complements, is called Af D 
a gnomon. ‘Thus the pa- ute Sas 
‘rallelogram HG, together 
‘withthe complementsAF, | yp : ? 
‘PC, isthe gnomon, which 47] _ K 
4is more briefly expressed 
‘by the letters AGK, or 9 ee 
‘EHC, which are at the B Ni Piet sek Be 
“opposite_angles of the pa- 
‘rallelograms bisa ie make the ghomon.’ 


PROP. I. THEOR, eG 
fF there be two ‘straight facie one. Om sau is 
divided into any number of parts; the rectangle con- 
- tained by the two straight lines, is equal to the: rect- 
angles contained by the undivided line, and the, 
several parts of the divided line. | 
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Book li. © Let Aand BC be two straight lines; and let BC be divided 
Au ped} into any parts in the points D, E; the rectangle contained by. 
the straight lines A, BC isequali (B ie a 
to the rectangle contained by A, 7 
BD, together with that contain- . | 
ed by A, DEgagd-thatreontaine aegviy paying ats 
| ed by A, nel a oy q HCD @ RWG OL ANG awe fb 
eka From the point B draw *> BF ) 
at right angles to BC, and make G-— sags 28 
b31. BG equal» to A; and.through | 0. Hee BE 
© 311 G draw* GH parallel to BC; |. | phe: A 
'“* and through D, E, C draws DK, 
peg EL, CH parallel to BG g them yj 37 
the rectangle BH is equal to the rectangles BK, DL, EH and 
BH is contained by A, BC, for it is contained by GB, BC, and 
GB is equal to A; ‘and BK is contained by A, BD, for it is 
contained by GB, BD, of which GB is equal to A ; and DI, is 
d 34,1, contained by A, DE, because DK, that is4, BG, is equal to 
| A; and jin like manner the rectangle EH is contained by A, 
EC: therefore the rectangle contained ‘by A, BC is equal to 
the several rectangles contained. by A, BD, and by A, DE; 
and also by A, EC. Wherefore;if there be two straight lines, 
vot &s- Qy By Dior bing etigeitol feig botaad AM eget 


2 


PBINOSD TONS Qe Ws 
PROP. Il. THEOR. 
IE a straight line be. divided int6 any two «parts, 
ihe rectangles contained! by ‘the whole and’ each of 
the parts are togetler equal. to the square, of the 
whole line, | Aad tuioieraigured eh GR 
_ Let the straight line AB-be divided intoA a “B 
any two parts in the point C; the, rect- ———— 4" 
angle contained by AB, BC, together with} ~ Kies OF 4G Dre 
the rectangle * AB,.AC, shall be equal top 9 || 
the square of AB. ed: bee et i ee 
a 46. i. Upon AB describe * the square ADEB, 
bod and through C draw? CF, parallel to AD 
it or BE; then AE is equalto‘the rectanifles 
AF, CE; and AE is the square of AB;\____ 
and AF isthe rectangle containedby BA,Q FUE 


Tapes te ant hae EF uth sa tae 


Pee 


No Be To avoid repeating the word! contained too frequently, the "aS 


rectangle contained by two straight lines AB, AC issometimes simply © 
called ilieitectangle AB AER T OOT Ge AIG RIOD: Agr ie 
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AC ; forjit 1s, contained, by DA, AC, of which AD is equal to Book 41. 
AB; and CE, is contained by AB, BC, for BE’ is equalto AB; Coys 
; therefore the rectangle contained by AB, AC, together with 

the rectangle AB, BG, is equal to the square of AB. If there- 

sn ingens id is Q. E. al i 


F vows 
4 % : 3 
A #% 


obedient po 


‘Ce shd hy ane PROP. YF. -THEOR: , 
: ad wt ye 


f 


sp a straight line be. divided into any two parts, 
the rectangle contained). by the whole and one of the — 
parts, is equal to the rectangle’ con oe by the two 
parts, tpewther with the’ seats of the foresaid’ part. 


Let ‘thé strait fine AB be ‘divided te two parts in. the 
point C; the rectangle AB, BC is equal to the Rar SEG AC, 
CB, together with the square of BC, 


Upon. BC describes the square AC fy ste B.. 46 
CDEB, : and produce EDO Pant tT : ied 
through “A draw» AF ‘parallel to. | — ) b 31, 1. 


CD or BE; then the rectangle AE 
_ is equal to the rectangles AD,CE; |...” 
and AE is the rectangle Contained ey 
a AB, BC, for it is contained by pape We | 

, BE, OF which BE is equal oO.) ee EN RE Le nae 
BC; and AD is contained by'AC, fT 
CB, for CD is €qual to. BC; and sya ae © th a 
DB is the square of BC ; thé fore the rectangle, AB, BC is 
equal to the Ot AC, Pare together with the lsat of 
BC. | If therefor a ‘straight Has locks E. Th 


. y 
Tie oosy 1 he af Sia pe 
; af Cyt MegVAL 2 i Vag hyee a4 


| as Iv. ‘THEOR | 


IF a Ee toe te aivided into any two parts, the 
square of the whole line is equal to the squares of the 
two parts, together wih twice the eetangle contained 
by the parts. ; 

Let the straight line AB be divided into any two parts in C; 

the square of AB is equal to the squares of AC, CB, and to 
- twice the ee comained by AC, CB. 


Book If.. 
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Upon AB describe? the square “ADEB, and join BD}; and: 
through C draw» CGF parallelto AD or BE, and through G > 
draw HK parallel to AB or DE: and because CFi is parallel to ” 
AD, and BD falls ‘upon them, the exterior angle BGC is equal’! 
°to the interior and opposite angle ADB; but ADB is equal 
‘to the angle ABD, because BA is equal to AD), being sides of 
a square; wherefore the angle CGB A > Cc B 
is equal to the angle GBC; and there- : 
fore the side BC is equal®-to the side — spp 
CG: but CB is equalf also to GKy et K 
and CG to BK; wherefore the figure | 
CGKB is equilateral ; it is likewise |_ ay 
rectangutar ; for CG is parallel teBR, OT! 7 e'? jee 
and CB meets them; the angles KBE, ) | A? 
GCB are ther efore equal to two. sigcht a is uighlg | ARE > 
angles; and; KBC is a right angle ;) Bras  f bray? 
wherefore GCB isa right angle : and ther efore lee the sages 


_£CGK, GKB opposite to these, are right anglés, and CGKB 


is rectangular : : but it is alsa equilateral, as was demonstrated ; , 
wherefore it is a square, and. it is” upon the side, CB: for. the 
same reason HF also is a square, and i it is upon..t the ‘side | G, 
which isequal to AC: therefore: Air, © are the s janes ¢ 
AC, CB; and because the complement | -is equa & to in 
complement GE, and that AG is the. ‘rectan le contained b a 
AC, CB, fof GC 3s equal to CB; 1erefore Ag is also. equal 
to the rectangle AC, CB; wherefo ore AG, are equal 0.0 
twice the rectangle AC, CB: and HF, CK a are the squares. of» 
AC, CB: wherefore the four. figures HE, CK, AG, GE. are. ‘ 
equal to the squarés of AC, CB, and to. twice. the rectangle, 
AC; CB; but HF, CK; AG, GE>make up the whole figure 
ADEB, which i is the square ‘or Ane cieretire the square of 
AB is equal to the squares of , CB, yand twice ‘the pectang) fi 
AC, CB. Wherefore, ifa strai; ht line, kG -E. Dy 4; a 
Cor. From the demonstration it is manifest, that the pais 
Yelograms about the diameter of a a aS, are likewise SQUARESs: 
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ep ks it 
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pe PROP. V. THEOR. 


‘ {f astraight line be divided into. two equal parts, 
| and also into two unequal parts ; the rectangle con- 
tained by the unequal parts, together with the square 
of the line between the points of section, is equal to 
the square of half the line. 


Let thé straight line AB be divided into two equal parts in 
the point C, and into two. unequal parts at the point D; the 
rectangle AD, DB, together with the square of CD, is equal 
_ to the square of CB... | ) | 
“Upon CB describe2 the square CEFB, join BE, anda 46. f. 
through D draw» DHG parallel to CE or BF; and through b 31. 1. 
H draw KLM parallel to CB or EF; and also through A 
draw AK parallel to CL or BM: and because the comple- 
ment CH is equal¢ to the complement HF, to each of these e 45. 1 
add DM; therefore the — 


whole CM is equal to the A Cc D 

whole DF; but CMis equal? © ~~~ ‘ A a 36. }- 
to AL, because AC is equal K om © | Hi . 

to CB; therefore also AL is 


; M 
equal to DF. To each of : 
these, add CH, and the ~ 
whole AH is equal to DF } . | : 
and. CH: but AH is the: .... ® tite 
rectangle contained by AD, DB, for DH is equal® to DB; e Cor. 4. 2. 
and DF together with CH is the gnomon CMG; therefore _ 
the gnomon CMG is equal to the rectangle AD, DB: to 
~ each of these add LG, which is equah* to the square of CD; 
therefore the gnomon CMG, toggther with LG, is equal to 
the rectangle AD, DB, together with the square of CD: but 
the gnomon CMG and LG makes up the whole figure CEFB, 
which is the square of CB: therefore therectangle AD, DB, 
together with the square of CD, is equal to the square of 
CB. Wherefore, ifa straight line, &c. Q. &. D. a 
From this proposition it is manifest, that the difference of 
two unequal lines AC, CD, is equal to the rectangle ogm- 
tained by thetk sum and difference, | ass 
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THE ELEMENTS 
PROP. VI. THEOR. 


If a straight line be bisected, ‘and aaeiaad to any 
point; the rectangle contained by the whole line thus 
produced, and the part of it produced, together with 
the square of half the line bisected, is equal to the 
ea of the straizht line which is made. up of the 

half and the part produced. 


Let the straight line AB be Ase in C, and produced 
to the point D; the rectangle AD, DB, together with the 
square of CB, is equal to the square of CD. . 

Upon CD describe ® the square CEFD, join DE, ee 
through B draw» BHG parallel to CE or DF, and through 
H draw KLM parallel to AD or EF, ahd also through A 


draw AK parallel to CL or : ne 
, DM? and: because AC is “Asc 81" Bie 


equal to CB, the rectangle 
AL is equal¢ to CH; but |. A aloe 
CH is equal4 to HF; there- Ke Fre M 
fore also AL is equal to ear ge» 

HF: to each of these add 
CM; therefore the whole 
AM is equal tothe-gnomon 
CMG: and DMisthe rect- _ igi no | 
angle contained by AD, , | 

DB, for DM is equal to DB: therefore the gnomon CMG 
is equal to the rectangle AD, DB: add to each of these LG, 
which is equal to the square of CB; therefore the rectangle 
AD, DB, together with the square of CB, is équal to the 
gnomon CMG and the figure LG: but the gnomon CMG and 
LG make up the whole'figure CEFD, which is the square of 
CD; therefore the rectangle AD, DB, together with the 
square of CB, is equal to the square of cD. hos eebiec it if @ 


straight lines &c, *Q. E. D, 
PROP. VII. THEOR. 


yf) 


IF a straivht line be aividat into any two parts, tl the 


| square of the whole line, and of one of the parts, are 
equal to twice the rectangle contained by the whole 


and that part, together — the square of the other — 


part. . 


Let the straight lme AB be divided into any two parts ip 


i 
; 
4 
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the point C ; ‘the squares of AB, BC are equal to twice the 
Tenet AB, BC, together with the square of AC. 


id 


Book 11. 
an aie 


Upon AB describe the square ADEB, and construct the a 46. 1. 


figure as in the preceding propositions: and because AG is 
equal to GE, add to each of them CK; the whole AK isb 43.1. 


therefore equal to the whole CE; 


therefore AK, CE are double of y Shy eee B 
AK: but AK, CE are the gnomon mee 
AKF together with the square CK; . , ff 
therefore the gnomon AKI’, toge- G 

ther with the square CK, is dosibhe st K 


of AK : but twice the rectangle AB, 
BC is double of AK, for BK is equal 
cto BC : therefore the gnomon AKF, 
together with the square CK, is equal | 
to twice the rectangle AB, BC: to D Hs 8 
each of these equals add HF, which 

is equal to the square of AC; therefore the gnomon AKF, to- 
gether with the squares CK, HI’, is equal to. twice the rect- 
angle AB, BC, and the square of AC: but the gnomon AKF, 


together with the squares CK, HF, make up the whole figure 
ADEB and CK, which are the squares of AB and BC: there-, 


fore the squares of AB and BC are equal to twice the recte 
angle AB, BC, together with the square of AC. Wherefore, if 
a sugges &c. —Q. BoD. 


~y 
PROP. VII. THEOR. 


Tf a pce nae be dibiteds into any two parts, four 
times the rectangle contained by the whole line, and 


cone of the parts, together with the square of the other 


part, is equal to the square of the straight line which 
is made up of the Ww hole and that part. 


Let the straight line AB be divided into any two parts in 


c Cor. 4, 2e 


the point C; four times the rectangle AB, BC, together with ~ 


the square of AC, is equal to the square pt the sip mae 
made up of AB and BC together. 
Produce AB to D, so that BD be esha to CB, and upon 


AD describe the square AEFD; and construct two figures 


~ such as in the preceding. Because CB is equal to BD, and 


that: CB i is Bac at to GK, and BD to KN; therefore GE is a 64. i. 
H 


d Cor. 4, 2. 


e 43.1. 


d Cor. 4. 2. 


THE ELEMENTS 


equal KN; for the same reason, PR is equal to RO; and 
because CB is equal to BD, and GK to KN, the rectangle 
CK is equal to BN, and GR to RN: but CK is equal* to 
RN, because they are the complements of the parallelogram 
CO; therefore also BN is equal to GR; and the four rect- 
angles BN, CK, GR, RN are therefore equal to one another, 
and so are quadruple of one of them CK: again, becayse CB 
is equal to BD, and that BD is 


equal¢ to BK, that is, to CG; C B. 

and CB equal to GK, that4 is, to A 

GP; therefore CG is equal to GI kK 

GP: and because CG is equal to M i 
GP, and PR to RO, the rectangle P, R 


AG is equal to MP, and PL to X : 0 
RF: but MP. is equale to PL, , : 

because they are the complements 
of the parallelogram ML; where- 
fore AG is equal algo to RF: HL 
therefore the four rectangles 

AG, MP, PL, RI are equal to. 

one another, and so are quadruple of one of them AG. And it 
was demonstrated, that the four CK, BN, GR, and RN are 
quadruple of CK: therefore the eight rectangles which con- 
tain the gnomon AOH are quadruple of AK: and because 
AK is the rectangle contained by AB, BC, for BK is equal to 
BC, four times the rectangle AB, BC is quadrupleofAK : but 
the gnomon AOH was demonstrated to be quadruple of AK ; 
therefore four times the rectangle AB, BC is equal to the 
gnomon AOH. To-each of these add XH, which is equal 4 
to the square of AC: therefore four times the rectangle AB, 
BC, together with the square of AC, is equal to the gnomon 
AOH and the square XH: but the gnomon AOH and XH 
make up the figure AEFD, whichis the square of AD: there- 
fore four times the rectangle AB, BC, together with the 
square of AC, is equal to the square of AD, that is, of AB 
and BC added together in one straight line. Wherefore, if 
a straight line, &c. Q. E. D. : | 


\ 
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PROP. IX. THEOR. 


- TF a straight line be divided into two’ equal, and 

also into two unequal parts; the squares of the two 

unequal parts are together double of the square of 
half the line, and of the square of the line between the 
~ points of section. | 


Let the straight line AB be divided at the point C into two 
equal, and at D into two unequal parts: the squares of AD, 
DB are together double of the sqnares of AC, CD. 


$ 


Book II. 


From the point C draw*® CE at right angles to AB, and4 U1. 1. 


make it equal to AC or CB, and join EA, EB; through D draw 


» DF parallel to CE, and through F draw FG parallel to AB ; b 31. 1. 


and join AF’: then, because AC is equal to CE, the angle 


EAC is equals to the angle AEC; and because the anglec 5. 1. 


ACE is a right angle, the two others, AEC, EAC together 


make one right angle"; and they are equal to one another; d 32, 1. 


- €ach of them therefore is half E 
of a right angle. For the same 
reason each of the angles CEB, 


EBC is halfa right angle; and F 
therefore the whole AEB is a : 
right angle: and because the an- — a 
gle GEF is half a right angle, ; . . 
and EGF a right angle, for it is A CD B 


equal¢ to the interior and oppo- 


site angle ECB, the remaining angle EFG is halfa right angle ; . 


therefore the angle GEF is equal to the angle EFG, and the 
side EG equal‘ to the side GF: again, because the angle at 
Bis halfa right angle,and FDB halfa right angle, for it is equal 
€ to the interior and opposite angle ECB, the remaining angle 
BFD is half a right angle; therefore the angle at B is equal. 
to the angle BFD, and the side DF tof the side DB: and be- 
cause AC is equal to CE, the square of AC is equal to the 
square of CE; therefore the squares of AC, CE are double of 
the square of AC: but the square of EA is equalg to the 
squares of AC, CE, because ACE isa right angle ; therefore 
the square of EA is double of the square of AC: again, be- 
cause EG is equal to GF, the square of EG is equal to the 


square of GF ; therefore the squares of FG, GF are double of : 


29, 1. 


f 6. 1. 


g 47.1. 
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the square of GF; but the square of EF is equal to the squares 
of EG, GF; therefore the square of EF is double.of the square 
GF; and GF is equalh to CD; therefore the square of EF is 
double of the square of CD: but the square of AE is likewise 
double of the square of AC; therefore the squares of AK, EP 
are double of the squares of AC, CD: and the square of AF 
is equalito the squares of AE, EF, because AEF is a right 
angle ; therefore the square of AF is double of the squares of 
AC, CD: but the squares of AD, DF are equal to the square , 
of AF’, because the angle ADF is a right angle; therefore the 
squares of AD, DI are double of the squares of AC, CD: and 
DF is equal to DB; therefore the squares of AD, DB are 


double of the squares of AC, CD. If therefore a straight line, 
&c.. Q. E. D. ? 


PROP. X. THEOR. 


{fa straight line be bisected, and produced to any ~ 
point, the square of the whole line thus produced and 
the square of the part of it produced, are together 
double of the square of half.the line bisected, and of 


the square of the line made up of the half and the part 
produced. Sie 


Let the straight line AB be bisected in C, and produced to 
the point D ; the squares of AD, DB are double of the squares 
of AC, CD. — By 

From the point C draw CE at right angles to AB: and make ~ 
it equal to AC or CB, and join AE, EB; through E draw> EF 
parallel to AB, and through D draw DF’ parallel to CE: and 
because the straight line EF meets the parallels EC, FD, the an- 
gles CEF, EF D cre equal*to two right angles ; and thereforethe 


angles BEF, EPD are less than two right angles: but straight _ 


lines which with another straight line make the interior angles 
upon the same side less than two right angles, do meet 4 if pro- 


‘duced far enough: therefore EB, FD shall meet, if produced 
“towards B, D: let them meet in G, and join AG: then, because 


AC is equal to CE, the angle CEA is equale to the angle 
EAC; and the angle ACE is aright angle; therefore each of the 
angles CEA, EAC is half a right angle ¢: for the same reason, 


* 
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each of the angles CEB, EBC is halfia right angle; therefore Book II. 
AEB is aright anele: and because EBC is halfa rightangle, Cw— 
DBG is also fhalf a right angle, for they are vertically oppo- f 15. 1. 
site ; but BDG is a right angle, because it is equal ¢ to the al-¢ 99. 1. 
ternate angle DCE; therefore the remaining angle DGB is 
half a right angle, and is therefore equal to the angle DBG; 
wherefore also the side BD is equal & to the side DG: again, ¢ 6, 1, 
because EGF is half a oe E F 

ight angle, and that the — x Ey: 
angle atF is arightangle, 
because it is equal to the 
opposite angle ECD, the 
remaining angle FEG is 


half a right angle, and A‘ % D- 
equal to the angle EGF; | 
wherefore also the side G 


GF is equalé to the side 
FE. And because EC is equal to CA, the square of EC is 
equal to the square of CA ; therefore the squares of EC, CA 
are double of the square of CA: but the square of EA is 
equal ‘to the squares of EC, CA; therefore the square of LA j 47, 3, 
is double of the square of AC: again, because GF is equal to 
FE, the square of GF is equal to the square of FE; and 
therefore the squares of GF, FE are double of the square of 
EF : but the square of EG is equali to the squares of GF, 
FE; therefore the square of EG is double of the square of 
EF : and EF is equal to CD; wherefore the square of EG is 
double of the square of CD: but it was demonstrated, that 
the square of EA is double of the square of AC; therefore the 
squares of AE, EG are double of the squares of AC, CD: 
and the square of AG is equali to the squares of Ali, EG; | 
therefore the square of AG is double of the squares of AC, 
CD: but the squares of AD, GD are equal ‘ to the square of | 
AG; therefore the squares of AD, DG are double of the 
squares of AC, CD: but DG is equal to DB; therefore the 
_ . squares of AD, DB are double of the squares of AC, CD. 

_ Wherefore, ifa straight line, &c. Q. E. D. | 
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T O divide & given straight line into two parts, so 


that the rectangle contained by the whole and one of 


the other parts ‘shall. be equal to the square of the other 
part. | 


Let AB be the given straight line; it is required to divide it 
into two parts, so that the rectangle contained by the whole 
and one of the parts shall be equal to the square of the other 
part. 

Upon AB describe # the square ABDC; bisect> AC in ER 
and join BE; produce CA to F,and make ¢ EF equal to EB; 
and upon AF describe the square FGHA; AB is divided in 
'H, so that the rectangle AB, BH is equal to the square of AH. 

Produce GH to K ; because the straight line AC is bisected 
in E, and produced to the point F, the rectangle CF, FA, to- 
gether with the square of AE, is equal? to the square of EF: 
but EF is equal to EB ; therefore the rectangle CF, FA, toge- 
ther with the square of AE, i is equal to the square of EB: and 
the squares of BA, AE are equale to — F 
the square of EB, because the angle j= — 
EAB is a right angle; therefore the |. 
rectangle CF; FA, together with the | 
square of AK, is equal to the squares | 
of BA, AE: take away the square of H B 
AE, which is common to both, there- Af— 
fore the remaining rectangle CF, FA _ 
is equal to the square of AB: and the 
figure FK is ther ectangle contained by 
CF, PA, for AF is equal to FG; and 
AD is the square of AB; therefore 
FK is equal to AD: take away the. — 
common part AK, and the remainder a 2 | 
FH is equal to the remainder HD: C R22 
and HD is the rectangle contained “i AB, BH, for AB is 
equal to BD; and FH is the square of AH: therefore the 
rectangle AB, BH is equal to the square of AH: wherefore 
the str aight fine AB is divided in H so, that the rectangle 
AB, BH is eqyal to the square of AH. Which was to be” 
done. : 
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__IN obtuse angled triangles, if a perpendicular be 
drawn from any of the acute angles to the opposite 
side produced, the square of the side subtending the 
obtuse angle is greater than the squares of the sides 
containing the obtuse angle, by twice the rectangle 
contained by the side upon which, when produced, 
the perpendicular falls, and the straight line intercepted 
without the triangle between the perpendicular and the 
obtuse angle. — 


. Let ABC be an obtuse angled triangle, having the obtuse, 
angle ACB, and from the point A let AD be drawn perpen- a 12, 1. 
dicular to BC produced: the square of AB is greater than 
the squares of AC, CB by twice the rectangle BC, CD. 

Because the straight line BD is divided into two parts in the 
point C, the square of BD is equal 
®to the squares of BC, CD, and 
twice the rectangle BC, CD: to 
each of these equals add the 
square of DA; and the squares of 
BD, DA are equal to the squares 
of BC, CD, DA, and twice the 
rectangle BC, CD: but the square 
of BA is equal ® to the squares of 
BD, DA, because the angle atD B C D 
is a right angle; and the square _ 
of CA is equal¢ to the squares of CD, DA: therefore the 
square of BA is equal to the squares of BC, CA, and twice 
the rectangle BC, CD ; that is, the square of BA is greater 
‘than the squares of BC, CA, by twice the rectangle BC, CD. 
Therefore, in obtuse angled triangles, kc. Q. E. D. 


Ab42 | 


See Note. 


ie 4 om » # 


bz. 12. 


e 47. 1, 


016. 1. 
6.12 2. 


to each of these equals add the 


THE ELEMEN'S 


f 


- PROP. XIII. THEOR. 


IN every triangle, the square of the side subtend- 


ing any of the acute angles'is less than the squares of 


the sides containing that angle, by twice the rectangle 
contained by either of these sides, and the straight 
line intercepted between the perpendicular let fall up- 
on it from the oppose angle, and the acute angle. 


Let ABC be any Hexion and the angle at B one of its 
acute angles, and upon BC, one of the sides containing it, let 
fall the perpendicular® AD from the opposite angle: the 


“square of AC, opposite to the angle B, is less than the squares” 


of CB, BA, by twice the rectangle CB, BD. 

First, Let AD fali.within the triangle ABC; and because 
the straight line CB is divided in- | "A 
to two parts in the point D, the 
squares of CB, BD are equal’ to 
twice the rectangle contained by 
CB, BD, and the square of DC: 


square of AD; therefore the squares 
of CB, BD, DA are equal to twice 
the rectangle CB, BD, and the 
squares of AD, DC: but the square 
of AB is equal¢ to thei squares of 
BD, DA, because the angle BDA is a right angle, and the 
square of AC is equal to the squares of AD, DC: therefore 
the squares of CB, BA are equal to the square of AC, and 


twice the rectangle CB, BD, that is, the square of AC alone 


is less than the squares of CB, BA by” twice the rectangle 
CB, BD. , : AY 
Secondly, Let AD fall with-. | : | | 
out the triangle ABC: then, be- 
cause the angle at D is a right 
angle, the angle ACB is greater 
dthan a right angle ; and there- 
fore the square of AB is equal® to. 
the squares of AC, CB, and twice 
the rectangle BC, CD: to these e- orcs 
qualsadd the square of BC, and the B os D 


ie Cees i 


‘squares of AB, BC are equal to the square of AC, and twice Book It. 
the. square of BC, and twice the rectangle BC, CD: but be= Senne 
cause BD is divided into two parts in.C, the rectangle DB, BC 

is. equal f to the rectangle BC, CD and the square of BC: andf3. % 


the doubles of these are, equal: therefore the squares of AB, 
| BC are equal to the square of AC, and twice the rectangle | 


.DB, BC: therefore the square of AC alone is less than the 


3 squares of AB, BC by twice the rectangle DB, BC. A 


| ‘BC; then is BC the straight. line between the 


_ Therefore, in every triangle, ke. Q. E. D 


‘butiftheyare not 


Lastly, Let the side AC be. perpendicular to 


‘perpendicular and the acute angle at B; and it 
is manifest that the square of AB, BC are equal 
£ to the square of AC and twice the square of BC. g 47.1, 


PROP. XIV. PROB. 


TO describe a square that shall be equal to a gi- See Note, 
ven rectilineal figure. 


‘Let A be the given rectilineal figure ; itis required to describe 


a square that shall be equal to A. 
~ Describe * the rectangular parallelogram BCDE equal to the a 45. 1. 


_rectilineal figure A. If then the sides of it BE, ED are equal 


to one another, it 
is a square, and 
what was requir-. 
ed is now done: 


equal,produceone 
of them BE to F, 
and make EF e- 
qual to ED, and 


‘bisect BF in G; € D 
and from the centre G, at the distance GB, or GF, describe the 


semicircle BHF, and produce DE to H, and j join GH; therefore, 
because the straight line BF is divided into two equal parts in 
the point G, and into two unequal at E, the tectangle BE, 
EF, topetlier with the square of EG, is equal » to the square ofb 5. 2. 


GE; ‘but GF is equal to GH; therefore the rectangle BE, EF Pat 
| I 


~ 
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Book Ii. together with the square ‘of EG, i is equal to the square of GH; 
——~—/ but the squares of HE, EG are equal © to the square of GH: 
© 47-1. therefore the rectangle BE, EF together with the square of 
I EG,is equal to the squares of HE, EG: take away the square 
“of EG, which is common to both; and the remaining rect-_ 
angle BE, EF is equal to the square of EH: but the rectangle 
“contained by BE, EF is the parallelogram BD, because EF is 
“equal to ED ; ‘therefore BD is equal to the square of EH ; but 
- {BD is equal to the rectilineal figure A ; therefore the rectilineal 
“figure A is equal to the square of EH: wherefore ‘a square has 
“been made equal to the given rectilineal figure A, viz. the sayerr 
‘described upon EH. ‘Which was to be done. 
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DEFINITIONS.” 


I. 


E QUAL circles are those of which the diameters are auhar OF Book. TIT 
trom the centres of which the straight lines to the circumfer- ,. r 
ences are equal. eG MRE 
‘ This not a definition but a theorem, the truth of which is 

‘evident; for, if the circles be applied to one another, so that 

‘their centres coincide, the circles must likewise coincide, since 

‘the straight lines from the centers are equal.’ 

Creek II. 

A straight line is said to touch 

- a circle when it meets the 
circle, and being produced 
does not cut it. 

III. 

Circles are said to touch one 
another, which meet, but do 
ngt cut one another. Cn 

IV. 

Straight linesare said tobe equally disiant 
from the centre of a circle, when the 
perpendiculars drawn to them from the 
centre are equal. . 


‘And the straight line on hia the greater 
perpendicular falls, is said tobe farther _ 
~ from. the centre. — 
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Book Ill. VI. 
tey—/ A seoment of acircle is the figure con- 
tained by a straight line and the cir- 
cumference it cuts off. 
VII. Bet 
“ The angle of a segment is that which is contained by the 
“straight line and the circumference.” 
- Vill. is 4 
An angle in a segment is the angle con- 
tained by two. straight lines drawn 
from any point in the circumference 
of the segment, to the extremities of 
the straight line which Is the’base of 
the segment. 


IX 
And an angle is said to insist or stand 
upon the circumference intercepted 
between the straight lines that contain: 
the angle. $s 
X 


The sector of acircle is the figure contain- 


ed by two straight lines drawn from the / 
centre, and the circumference between 


them. | | a ‘s 
Ai ys SE aia ar 


Similar segments of a’circle, © : 
are those in which the an- 3 : 
gles are equal, or which s fl 
contain equal angles, ———— on 7 


PROP, I. PROB. 


~ 


See Note, 1O find the centre of a given circle. 


te: Beet ABC be the given circle; it is required to find its centre. 
210.1, Draw within it any straight line AB, and bisect *it in-D; 
b 11. 1. from the point D draw > DC at right angles to AB, and pro- 
duce it to E, and bisect CE in F: the point F is the centre of the 

». circle ABC, | See aa | 
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For, if. it be. not, let, if possible, G be ae centre, and join 
GA, GD, GB; then, because DA is equal to DB, and DG 
common to the two triengles ADG, 
BDG, the two sides AD DG are e- ¢ 
qual to the two BD, DG, each to | | 
each ; ; andthe base GA is equal to 
the base GB, because they are drawn 
from the centre G*: therefore the 
angle ADG is équal® to the angle 
GDB : but when a straight line stand- 
ing upon another straight line makes 
the adjacent angies, equal to one ano- 
ther, each of the angles isa right an- 
gle 4: therefore the angle GDB isa 
right angle ; but FDB is likewise a 
rizht angle; wherefore the angle FDB is equal to the angle 
GDB, the greater to the less, which is impossible : therefore G 
is not the centre of the circle ABC : in the same manner it can 
be shown, that no other point but F is the centre; that is, F is 
the centre of the circle ABC. Which was to be found. 

Cor. From this it is manifest, that if in a circle a straight 
line bisect another at right angles, the centre of the circle is in 
the line which bisects the other. | 


A 


PROP. I. THEOR. : 


IF any two points be taken in the circumference of 
a circle, the straight line which joins them shail fall 
within the circle. 


Let ABC bea Sie: and A, B any two points in the circum- 
ference ; the straight line drawn from | 
A to B shall fall within the circle. 

For, if it.do not, let it fall, if possi- 
ble, without, as AEB ; find D the cen« 
tre of the circle ABC, and join AD, 
DB, and produce DF, any straight lite 
meeting the circumference AB, to Ey 
then because DA is equal to DB, the 
_ angle DAB isequal*tothe angle DBA; — 
and because AE; a a side of the tiabele Oy ae a 


*N.B, Whenever the expression “ straight dines from the. centre, * or 
«drawn from the centre,” occurs, it is. to be understood. that SHER, are 
drawn to the circumference, 
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Book 11. DAE, is pro vetea to By the. angle DEB i is greater ¢ than the : 
“~~~ angle DAE: but DAE is equal to the angle DBE: therefore 


Bo as 
d 19. 1, 


a1, 3. 


b 8, le 


c 10. def. 
ike 


da 5.1, 


the angle DEB is vreater thai the angle DBE: but to the great- 
er angle the greater. side is opposite 4; DB is therefore greater 
than DE: but DB is equal to DF; ‘wherefore Di is greater 
than Di‘, the less than the greater, which't is impossible : there- 
fore the straight line drawn from A to B does not fall without 
the circic. Inthe same manner it may be demonstrated that it 
does not fall upon the circumference; it falls therefore within it. © 
Wherefore, it any two points, &e. Q.E.D. ee 


PROP. III. THEOR ty 


IF a straight line drawn through the centre of a 
circle bisect a straight line in it which does not pass 
through the centre, it shall cut it at right angles; and, 
if it cuts it at right angles, it shall bisect it. . 

Ss 4 

Let ABC be a circle; and let €D,a straight line drawn _ 
through the centre, bisect any straight line AB, whichdoes not 
pass through the centre, in the point F : it cuts it also at right 
angles. 

Take * E the centre of the tircle, aay join EA, EB. Then, ~ 
because AF is equal to FB, and FE common to the two tri- 
angles AFE, BFE, there are two sides in the one equal to two 
sides in the other, and the base EA is 
equal to the base EB; therefore the angle 
AFE is equal » to the angle BFE: but 
when a straight line standing upon ano- 
ther makes the adjacent angles equal to 
one another, each of them isa right ¢ an-/. 
gle: therefore each of the angles AFE,\ _ 
BFE is a right angle; wherefore the \ - 
straight line CD, drawn through the cen- 4 
tre bisecting another AB that does not ; 
pass through the centre, cuts the same at - Dy gathe 
right angles. vail a 
zi But let CD cut AB at right: angles; CD also bisects it, that... 
is, AF is equal to FB. | 

The same construction being made, because EA, EB from 
the centre are equal to one another, the angle EAF is equal 
to the angle EBF; and the right angle AFE is equal to the 
right angle BFE ; mere iney in the two rina EAF, EBF, 
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eal 


: there are two angles in one equal to two angles. in the other, Book IIL 
“and the side EF, which is opposite to.one of the equal angles “Ww 


in each, is common to both; therefore the other sides are equale; €26 1. 


AF therefore is equal to FB. Wherefore, if a straight line, &c. 
QED. — re | 7 


» 


PROP. IV. THEOR. 
_ IF in a circle two straight lines cut one another 
which do not both pass through the centre, they_ do 
not bisect each other. | Ce eee 3 


Let ABCD be a circle, and AC, BD two straight lines in it 
which cut one another in the point E, and donotboth pass through 
the centre: AC, BD do not bisect one another. weber 

_ For, if it is possible, let AE be equal to EC, and BE to ED: 
_if one of the lines pass through the centre, it is plain that it 
- cannot be bisected by the other which 
does not pass through the centre ; but, 
if neither of them pass through the 
centre, take * F the centre of the circle, 
and. join EF: and because FE, a 
straight linethrough the centre, bisects 
another AC which doesnot passA 
through the centre, it shall cut it at 
right > angles; wherefore FEA is a 
right angle; again,because the straight 
line FE bisects the straight line BD which does not pags throuch 
the centre, it shall cut itat right» angles: wherefore FEB isa righ 
angle : and FEA was shown to be a right angle ; therefore FEA 
is equal to the angle FEB, the less to the greater, which is im- 
possible : therefore AC, BD do not bisect one another, Wheres 
fore, if ina circle, &. Q.E.D. | 


a 


PROP. V. ,THEOR. Lae 


_ IF two circles cut one another, they shall not have” 


the same centre. ae 
pa : 


B, C; they have not theysame centre, 


\ 


\ 


- Let the two circles ABC, CDG cut one another in the points 


2 
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For, if it Bal ‘possible, let E be their. centre : a: EE, and 
LG. 


“V— draw any straight line EFG meet- 


- Tess to the greater, which is impos- 


CDG, CE is equal to EG: but 


circle ABC, CF is equal to FB; 


ing them in F and G ; and because — 
E is the centre of he circle ABC, 
CE is equal to EF: again, be-— 
cause E is the centre of the circle 


CE was shown to be equal to EF; A 
therefore EF is equal to EG, the 


sible : therefore E is not the centre. 
of the circles ABC, CDG. Where- 
fore, if two circles, &c. Q. E. D. 


PROP. VI.. THEOR: 


IF two circles touch one another internally, they 
shall not have the same centre. 


Let the two circles AUC, CDE touch one another ingerca ty 
in the point C: they have not the same centre. 

For, if they can, let it be F ; join FC, and draw any straight 
line FEB meeting them in E and Rs Cc 
and because F is the centre of the 


also, because F is the centre of the 
circle CDE, CF is equal to FB: 
and CF was shown equal ta FB; A 
therefore FE is equal to FB, the less 
to the greater, which is impossible : ” 
wherefore F is not the centre of the 
circles ABC, CDE. ‘Therefore, if 
two circles, kc. Q.E.D. 


\ "2 ee DOL AD 9 
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geet PROP. VIL THEOR. oat ci 

AR: any ‘point be taken in the dirniiter af a circle, 
which is not the centre, of all the straight lines which 
can be drawn from itto the circumference, the greatest 
is that im which the centre is, and the other part of 
that diameter 1s the least; and, of any others, that 
which is nearer to the line which passes through the 
centre is always greater than one more remote; and 
trom the same point there can be drawn only two 
straight lines that are equal to one another, one upon 
each side of the shortest line. 


Let ABCD be a circle, and AD its diameter, in which. let 
any point F be taken which is hot the centre ; let the centre. 
be E; of all the straight lines FB, FC, FG, Mec) that can be 
dpaawin from F to the sc a at FAI is the greatest, and 
FD the other part of the diameter AD, is the least and of the 
others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE; and because tio sides of a tr langle are 


Book III. 


greater than the thifd, -BE, EF are greater than pie but AX, a 20. }. 


is equal to EB; therefore AE, ‘EF, » 
that is, AF, is greater than. BF: 

again, because BE is equal to CE, 
and FE common to the triangles 
BEF, CEF, the two sides BE, EF 
are equal to the two CE, EF: but 
the angle BEF is greater than the 
angle CEF ; therefore the base BF is _ 
ereater > than the base FC: for the . 

same reason, CF is greater than GF: 

again, because GF, FE are greater 
than EG, and EG is equal to ED; 

GF, FE are greater than ED: ‘take away the common part 
FE, ,and the reniainder GF js greater than the remainder 
PFDs therefore FA is the greatest, and F'D the least of all the 


straight lines from F to the circumference ; and BF is greater 


than CF, and CF than GF. 
_Also there can be drawn only two equal straight lines from 


; the point I to the circumfer ence, one upon each side of the 


A 
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Book: ut shortest ine FD: at the point E, in the iexihe line EF, 


cae A. 


d 4.1. 


make ¢the angle FEH equal tothe angle GEF, and join FH: 
then because GE is equal to EH, and EF common to the two 


triangles GEF, HEF; the two sides GE, EF are equal to the | 


two HE, EF ; and the angle GEF is equal to the angle HEF; 
therefore the Bake FG is equal to the base FH: but, besides 
FH, no other straight line can be drawn from F to the cir- 
cultiferetice equal to FG: for, ifthere can, let itbe FK; and 
because FK is equal to FG, and FG to FH, FK is equal to 
FH; that is, a line nearer to that which passes through the 
centre, is equal to one which is more remote ; which is impos- 
sible, Therefore, if any point be taken, &c. Q. E. D, 


PROP. VIN. THEOR, 


IF any point i taken without a Arai and straight 
lines be drawn from it to the circumference, where- 
of one passes through the centre, of those which fall 
upon the concave circumference, the greatest is that 
which passes through the centre, and, of the rest, that 
which is nearer to that through the centre 1s always 
greater than the more remote: but of those which fall 
upon the convex circumference, the least is that be- 
tween the point without the circle and the diameter ; 
and, of the rest, that which is nearer to the least is al- 
ways less than the more remote: and only two equal 


straight lines can be drawn from the point unto the 


circumference, one upon, each side of the least. 


Let ABC be a dite. and D ang point without it, pert wich p 
let the straight lines DA, DE, DF, DC be drawn to the cir- 


cumference, whereof DA passes thr ough the centre. Of those 
which fall upon the concave part of the. circumfer ence “AEFC, 
the greatest is AD which passes through the centre ; and the 
nearer to it is always greater than the more remote, ‘viz. DE 
than DF, and DF than DC; but of those which fall upon the 
convex circumference HLKG, the least is DG between the 


MLD from .M, D, the extremi- 


point D and the diameter AG’; and the nearer toit is always Book tT) 
less than the more Remotes viz. DK than he and DL than wewabe 
2 eae 
-Take®* M the centre of te cirele ABC; and join ME, MF,2a1.3 

MC, MK, ML, MH: and because AM is equal to ME, add 

MD to each therefore AD is equal to EM, MD; butEM, MD / 
are greater> than ED; therefore also AD is greater than ED : 20. 4, 
again, because ME is equal to MF, and MD common to the 

triangles EMD, FMD; EM, MD D 

are equal to I'M, MD; but the 
- angle EMD is greater ‘than ‘the 
angele FMD; therefore the base 
‘ED is greater ¢ than the base FD: 
in like manner it may be shown, 
that FD is greater that CD: 
therefore DA is the greatest : and 
DE greater than DF’, and DF than 
DC: and because MK, KD are 
greater’ than MD, and MK ‘is 
equal to MG, the remainder KD 
is greater? than the remainder C._— 
GD, that is, GD is less than KD: 
and because MK, DK are drawn 
to the poiut K. within the triangle’: 


ties of its side MD; MK, KD are i 
less¢ than ML, LD; whereof MK > e 21. 1. 
is equal to ML; therefore the remainder DK is less than the 
remainder DL: in like manner it may be’shown, that DLis less 
than DH: therefore DG is the least, and DK less than DL, 
and DL than DH: also there can be drawn only two equal 
straight lines from the point D to the citcumference, one upon 
each side of the least: at the point M, in the straight line MD, 
make the angle DMB equal to the angle DMK, and join DB: 
and because MK is equal to MB, : and MD common to the tri- 
angles KMI), BMD, the two sides KM, MD are equal to the 
two BM, MD; and the angle KMDis equal to the angle BMD; £4, 1. 
therefore the base DK is equal to the base DB : but, besides 
DB, theré can be no straight line drawn from D to the cir- 
cumference equal to. DK: for if there ‘can, let it be DN; and 
| be¢ause DK is equal to DN, and also to DB; therefore DB i is 
equal to DN, that i is, the nearer to ‘the least equal tothe more 
| ie which is “sspaarareree If, therefor e, any pein &c. 


Q. ED: 


is 
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PROP. IX. THEOR. » te 


“ | ie a Foti be taken within a cy oad which there 
ti fall more than two equal straight lines to the circumfer- 
ence, that point is the centre of the circle. 


Let the point D be taken w ithin the circle ‘ABC, from 
which to the circumference there fall more than two equal 
straight lines, viz. DA, DB, DG; the Ain tice is the centre of 
the circle. 

) For, if not, es E be the centre, 
jo DE, and produce it to the cir- 
cumference in-F, G; then FG is. 
a diameter of the circle ABC: and ” 
because in FG, the diameter of the ry 
circle ABC, there is taken. the 
point D which is net the centre, DG 3 

%% shall be the greatest line from it to - : CALA 
the circumference, and DC greater “ef 

a7.3. “athan DB, and DB than DA;-but . Bove 22k Brice 

they are ‘kewise equal, which is | 

impossible: therefore E is not the centre of the circle ABC: 

in like manner it may be demonstrated, that no other point 

but D is the centre; D therefore is the centre. Wihepelores if 

a — be taken, kc. ae Ave ai | 


PROP. a THEOR. 
lind 
ONE Sarcutiterenee of a circle cainiot ert another 
ey in more than two points. 


If it be seit lee let thecircumfer- 

ence FAB cut the circumference. 

, DEF in more than two points, viz. R- 

-  inB, G,F; take the centre K of the 
circle ABC, and join KB, KG, KF; 

and because within the circle DEF 

there is taken the’ point K, from 

which to the circumference DEF 

. fall more than two equal straight 
29,3, lines mt, KG, KF, the point K is® 


~ 
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“the centre: of the circle DEF: but K is also tie centre of the Book TIT. 
cirele ABC ; therefore the same point is the centrevef two cir- Pasi 
cles that cut one another, which is impossible >. Therefore b 5.8 
one cirqumference of a circle cannot cut another 1 in more than 
two pointer, 2: E. D, ; 


+ PROP. XI. THEOR. 


IE two. circles touch each. other int ternally, ‘the - 
straight line which j joins their centres being produced 
shall pass through the point of contact. 


Let the two circles ABC, ADE touch each other internally . 
in the point A, and let F be the centre of the circle ABC, and 
-G the centre of the circle ADE: the 
straight line which joins the centres ' Fes ¥ 
F, G, being produced, passes thr ough 
the point A. © 
For, if not, letit fall otherwise, if pos- 
sible, as FGDH, and join AF, AG: 
and because AG, GF are greater ® than 
F A, that is, than FH, for FA is equal 
to FH, both being. from: the: same 
‘centre; take away the common part 
FG; therefore the remainder AG. is 
greater than the remainder GH: but : si 
AG is equal to GD; therefore GD is greater than GH, the ~ 
less than the greater, which is impossible... Therefore the 
straight liné which joins the points F, G cannot fall otherwise 
than upon the point A, that is, it must pass through it. 
. Therefore, if two circles, &c. Q. E. D. 4 


7 


PROP. XI. THEOR, 


IF two. circles touch each other externally, the 


straight line which joins their centres shall pass through 
the et of contact. . | 


P a AE &. J « 
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fore FA, AG are equal — 
to FC, DG; wherefore 
the whole FG is greater 


[Bi QOey. 


See Note. 


% 10. 11.1, ° 


also less2; which is im- 


/ 
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AF is equal'to FC: also, ;. ;- j-> CLA ae 
because G isthecentre. . p prt ys Te 
of the circle ADE, AG ./ . 
is equal to GD: there- / 


join FA, AG: and because F is the centre of the circle ABC, 


than FA, AG: but it is 


SERRE 
possible: therefore the straight line which joins the points F, 
G shall not pass otherwise than through the, point of contact 
A, that is, it must passthrough it. Therefore, if two circles, 
&e, Q. EE. D. ; | | 


PROP. XIUIL THEOR. 9 


ONE circle cannot touch another in more points 
than one, whether it touches it on the inside or ont- 
side. s (er hie: Dees 

Forifit be possible, let the circle EBF touchthe circle A BC 
in more points than one, and first on the inside, in the points 
B, D; join BD, and draw GH bisecting BD at right angles: 
Therefore, because the points B, D are in the circumference 


of éach of the circles, the straight line BD falls within each » 
of them: and their centres are ¢in. the straight line GH which — 
bisects BD at right angles; therefore GH passes through the 
point of contact#; but it doe’ not pass through it, because the. 


- points B, D are without the straight line GH, whichis absurd « 


_ therefore one circle cannot touch another on the inside in more 


points than one. 
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“Nor. can, two circles touch one saab, on the outside in Book Wl. 
‘more than one point: for, if it be possible, let the circle ACK “Gey 
touch the circle ABC in the points oy eda and Join “AC: there-— : 
fore, because the two points A, C are in 
the circumfefence of the circle ACK, _ 
the straight line AC which joins them f be K 
shall fall within» the circle ACK: and 
the circle ACK is without the circle 
ABC; and therefore the straight line 
AC is without this last circle; but, be- 
cause the points A, C are in the cir- 
cumference of the circle ABC, the 
_ straight line AC must be within» the 
same circle, whichis absurd: therefore 
one circle cannot touch another on the 
outside in more thanone point: and it 
has been shown that they cannot touch 
- on the inside in more. points ‘than: one. 
Therefore one circle, &c. Q. E. D. 


PROP. XIV. THEOR. 


EQUAL straight lines if a circle are equally distant 
from the centre ; and those which are equally distant 
_ from the centre are equal to one another. 


Let the straight lines AB, CD, in the curb ABDC, be 
equal to one another : they are equally distant from the centre. 

Take Ethe centre of the circle ABDC, and from it draw EF, 
EG perpendiculars to AB, CD: then, because the straight 
line EF, passing through the centre, cuts the prarehe line AB, 
which does not pass through the centre, 
at right angles, it also bisects* it: 
wherefore AF is equal to FB, and AB 
double of AF., For the same reason, 
CD is double of CG: and AB is equal 
to CD; therefore AF is equal to CG: 
and because AE is equal to EC, the \ 
square of AE is equal to the square of. \, 
EC; but the squares of AF, FE, are. - 
equal > to the square of AE, because | fs ae 
_ the angle AFE isa right angle; and, ; b 47.1, 
for the like reason,;CD. is double of - . 
CG: the like reason, the squares of EG, GC are equal to the 
square of EC: therefore the squares of 'AF, FE are equal to 
the squares of CG, GE, of which the square of AF is sar to 


} 
t 


a 
b 
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o 4, def, 3. 


Sée Note. | 


a 20.1. 


~ the centre, that is, if FE. be equal to EG, AB is equal to CD: 
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the. square of CG; because AF is equal to CG; therefore the 
ning square of, FE is equal to the remaining square af 
EG, and the straight line EF is: therefore equal to EG: but 
straight lines in a circle are said-to be equally distant from 
the centre, when the perpendiculars dfawn to them from the 
centre are equal¢: theretate AB, cD are equally distant from 
the centre. 
Next, if the straight Sita AB, CD be equally distant fell 


for, the same construction being made, it ‘may, as before, be 
derunnbprateth: that AB is double of AF, and CD double of 
CG, and that the squares of EF, FA are equal to the squares 
of EG, GC; of which the square of FE is equal to the square — 
of EG, because FE is equal to EG; therefore the remaining: 
square of AF is” equal to the remaining square of CG; and 
the straight line AF is therefore equalto CG : and AB is dou- 
ble of AF, and CD double of CG; wherefore AB is equal to 
CD. Therefore equal str aight Hines, &e. Q. E. D 


@ ’ * 


s 


PROP. XV. THEOR. 


™~ 
\ 


"THE diameter is the greatest straight line in a cir. 
cle ; and, of all others, that which is nearer to the cen- 
tre is alw ays greater than one more. remote ;. and the 
‘greater is nearer to the centre than the less. 


Let ABCD tie a éitole, of which the Sareea: 
diameter is AD,.and the centre Ey and) _ 
let BC be nearer to the centrethan FG; 
AD is greater than any straight line BC : 
whichis nota diameter, and BC sea ; 
than FG. 
From the centre draw EH; EK per- 
pendiculars to BC, FG, and join EB, © ' 
EC, EF; and because AE is equal to ~G 
EB, and ED to EC, AD isequaltoEB; — 
EC: but EB, EC are greater than BC; thie 
wherefore also AD is greater than BC. ue 
And, because ee? is nearer to Aue centre than FG, _ Ts 


r ‘ a, Be : See ; 
¢ tall ; Be 
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hess b than’ EK; but, as it was demonstrated in the preceding, Book Il. 
'. BC is double of BH, and FG double of FK, and the squares of | ert, 
EH, HB are equal the squares of EK, KI’, of which the square b 5. def, 3 
of EH is less than the square of EK, because EH isless than - : 
‘EK; therefore the square of BH is greater than the squareof 

PK; and the straight line BH greater than ah and therefore 

BC is greater than FG. 

Next,‘ let BC be greater than FG ; BC is nearer to thie cen- 4 

tre than FG, that is, the same éondteuction being made, EH is 

less than EK: because BC is greater than FG, BH likewise _ 

is greater than KF: andthe squares of BH, HE are equal to . 
the squares of FK, KE, of which the square of BH is greater 

than the square of FK, becduse BH is greater than 7K ; there- 
fore the square of EH is less than the square of EK, atid the 

straight line EH less than EK. Wherefore the diameter, kc. 


QeEWD. 


%,, 
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PROB. XVI. THEOR. 


> ; ih 


THE straight ihe drawn-at right angles to the Date Se See Note. 

meter Of a circle, from the extremity of it, falls with. 

out the circle ; and no straight line can be drawn be-- 

tween that straight line and the-eircumference from the 
extremity, so as not to cut the circle ; or which is the 

same thing, no straight line can make so great anacute, 
angle with the diameter at its extremity, or so small 

an angle with the straight line which is at right angles. 

to it, as hot to cut the circle, 


Lot ABC be a circle, the: centre 2 which is D, and the ris 
meter AB ; the straight line drawn at right angles to AB from 
its extremity A, shall fall without the, circle. 

For, if it do not, let it fall, if 
possible, within the circle, as AC, 
and draw DC tothe point C where’ 
it meets the circumference: and 
- because DA is equal to DC, the 

angle DAC is equals to the angle 
ACD; but DAC isarightangle, 

therefore ACD is aright angle, 
and the angles DAC, ACD are 
‘therefore equal to two right an- 
gles ; which is impossible®: therefore the straight line drawn Soe 
L Ay § 


he 
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Book Ii., fr om A at right angles to, BA does not fall within the circle: 


¢12.%. 


d 19.1, 


e 2. 3.” 


} same manner, it may be demonstrated, that it does not 
fall upon the circumference ; therefore it must fall without 
the circle, as AK. | 

And between the straight line: ‘AE and thé circumference 
no straight line can be drawn from the point A which does not © 


~ cut the circle: for, if possible, let FA be between them, and 
» from the point D drawe DG perpendicularto FA, and Jet it 


meet the circumference in H: and because AGD isa right 


angle, and EAG less# than aright phat DA is greater ?¢ than 
DG: but DA is equal to DH; 


therefore DH is greaterthan DG, Ae ' * gins’ 
the less than the greater, which C \ 
is impossible: therefore ‘no 3 

straight line can be drawn from 
the point A between AE and the 
circumference, which does not 
cut the circle ; or, which amounts 
to the same thing, however great 
‘an acute: angle a straight line 
makes with the diameter at the 
» point A, or however small an an- 
gle it makes with AE, the cir- | 
cumference passes between that straight line and the perpen- 
dicular AE. ‘ And this is all that is to be understood, when, 
«in the Greek text and translations from it, the angle of the 


4 semicircle is said to be greater than any acute rectilineal an- 


* gle, and the remaining angle less than any rectilineal angle.’ 
Cor. From this it is manifest, that the straight line which is 
_ drawn at right angles to the diameter of a circle from the ex- 


| tremity of it, touches the circle; and that it toucheg it only in 


one point, because, if it did meet the circle in two, it would 
fall within ite, ¢ Also it is evident that there can be but one 
2 ‘straight line which touches the circle inthe same point.’ 


PROP. XVII. PROB. 


TO aia a sight line bans a given oink: either 


without or in the circumference, which ? ‘shall touch a 
_ given circle. | 


First, Let A bea given point without the given circle BCD: 


“oF EUCLID. rs | 8¢ 
it is required ¢ to draw a Straight line from A which shall tonch | Book ILL. p 
the circle. 

Find# the centre E of the circle, and j join AE ; and from the 41,3, 
centre E, at the distance EA, describe the eirelé AFG ; from . 
the point D draw DF at right angles: to EA, and join EBF, bil. & 
AB. AB touches the circle BCD. 

Because E is the centre 
of the circles BCD, AFG, 
EA is equal to EF: and’ 
ED-to EB; therefore the two 
sides AE, EB are equal to | 

the two FE, ED, and they G», 
contain the angle at E com- 
mon to the two triangles 
AEB, FED; therefore the 
base DF is equal to the base 
AB, and the triangle FED 

_ © to the triangle AEB, and the other angles to the other angles *: ¢ 4. 1. 

therefore the angle EBA, is equal tothe angle EDF: but EDF 

is a right angle, wherefore EBA is a right angle : and EB is 

drawir from the ceiftre: but a straight line drawn from the ex- 

tremity of a diameter, at right angles to it;touches the circle? : d cor. 1%. 8, 

therefore AB touches the circle; and it is drawn from the given 
point A. Which was to be done. 

But, if the given point be in the circumference of the circle, 
as the point D, draw DE to the centre E and EF at right ag 

gles to DE; DF touches the circle 4. 


: 


\ 
PROP. XVII. THEOR. 


IF a straight line touch a circle, the straight line’ 
drawn from the centre to the point of contact, shall. 
be perpendicular to the. line touching the circle. 


Let the straight line DE touch the eitite ABCi in the point 
€; take the centre F, and draw the Seerens line FC: FC is 
per pendicular toDE. | 
For, if it be not, from the point F draw FBG perpendicular 
to DE; and because FGC is a right angle, GCF is® an acute, We 
anes and to the sivas nes the greatest © side is opposite; ¢ 19, 7. 


i 
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-her.it may be shown, that no other 
is perpendicular to it. besides FC, 
that is FC is perpendicular to DE. 


fore FCE is a right angle: but 


‘THE ELEMENTS | 


therefore F Cw greater than FG; 
but FC is equal.to FB; therefore 
FB is greater than. FG, the less _/ 
than the greater, which is impos- 
sible ; wherefore FG is not per- 
pendicular to DE: in the same man- 


Therefore, if a Streep Tine, &c. 
Q. E. De 


‘ e , 


PROP. XIX. THEOR, te ale ae 


IF a straight line touch a circle, and from the 
point of contact a straight line be drawn at right angles 
to the touching line, the centre of the circle sl bei in 
that ine. 


* 
we. 


Let the atAdebe Bie DE touch the birole ‘ABC in) C, and 
from C let CA be drawn at right ee to DE; the centre of 
the circles is in CA‘ 


beeause DE touches the circle 
ABC, and FC is drawn from the 
centre to the point of contact, FC 
is perpendicular 4 to DE; there- 


* For, if not, let F be the centre, if possible, and join CF : ‘ 
A 


ACE isalsoaright angle ; there- Br; 
fore the angle FCE is equal to 
the angle ACE, the less to the © 
greater, which is impossible: 
wherefore F is not the centre of 
the circle ABC: in the same fj 
manner it may be shown, that 
no other point which is not in CA, is the centre ; that. ffs t the 


centre is in CA. ‘Therefore, if a straight line, &c. ha E.D 


See Note, 


"PROP. XX. THEOR. 


THE angi at the-centre of a rireled 1S double of hee 


_ angle at the circumference, upon the same base, that 


iS, uporr igi same part of the cirogmference. 


- 
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S Ket ABC be a cirele, and BEC. an angie at the centre, and Book If: 
B AC. an angle at the cir. ccumference, which have the same clr Spar 
cumference “BC for their base; the angle, 
BEC is double of the angle BAC. 
First, Let E the centre of tht circle be » 
within the angle BAC, and j join AE, and 
produce it to F: because EA is equal to 
EB, the angle EAB is equal® to the 
angle EBA; therefore the angles LAB, 
_EBA are double of the angle EAB; but \ 
the angle BEF is equal” to. the angles = 
EAB, EBA; therefore also theangle BEF 
is double of the angle EAB : for the same ze 
_ reason, the angle FEC is double of the angle EAC: therefore 
the whole angle BEC is double of the whole angle BAC. 
Again, Let E the centre of the a SEM? a eRe, 
‘circle be without the angle BDC, and: | 
join DE and produce it to G. It 
may be demonstrated, as in the first 
case, that the angle GEC is double 
of the angle GDC, and that GEB a. 
part of the first is double of GDB a’ 
part of the other; therefore the re-G 
maining angle BEC is double of the 
remaining angle BDC. Therefore 
the angle at the centre, kc. Q. E. D. 


“ae ay 
oy PROP. RXI. THEOR. 


THE angles in the ‘same segment of .a circle are see Note. 
equal to one another. ia 


Let ABCD be a circle, and BAD, 
BED angles in the same segment 
BAED: the angles BAD, BED are y 
equal to one another. 

Take F the centre of the eindter: 
ABCD: and, first, let the segment - 
-BAED be greater than a semicircle, - 

and join - BF, FD: and because the B 
angle BFD is at the centre, and the 

oangle BAD at the. circumference, | 
and that wency have the. same aay of — 


Be 


{ 


Book It. 


# SUS 


; \ 
also are equal to one another: draw 


‘circle; and the angles ‘in it, BAC, 


greater than a semicircle, the angeles 
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the circumference,'s viz. BCD; for their! base; therefore the an- , 
gle BFD is double# of the angle BAD: for the same reason, 
the angle BED is double of the angle BED: therefore the an- 


_gle BAD is equal to the angle BED. © 


But, if the segment BAED benot Sener than asemicircle, 
let BAD, BED. beanglesinit; these en Be 


AF to the centre, and produce it to’. — 
C, and join CE: therefore the seg- B 
ment BADC is greater than 4 semi- 


BEC are equal, by the first case : for: 
the same reason, because CBED is 


CAD, CED are equal : therefore the © 
whofé angle BAD is equal to the — | 
whole angle BED. Wherefore the angles in the same seg- 


‘ment, &c. Q. E. D. 


PROP. XXII, THEOR. 


v HE« opposite angles of any quadrilateral dune de~ 
scribed in a circle, are together i aay to two right 
ane les. - ‘ 


Let ABCD be a quadrilateral figure in the circle ABCD; 
any two of its upposite angles are together equal to two right 
angles. 

Join AC, BD; and because the three angles of every tri- 
angle are equal® to two right angles, the three angles* of the 
triangle CAB, viz. the angles CAB, ABC, BCA are equal to 
two right angles: but the ‘angle CAB. <2 ge 
is equal b tor the angle CDB, because 
they are in the same’ segment BADC, 
and the angle ACB is equal to’ the 
angle ADB, because they are in the: 
same seement ADCB: therefore the , 
whole dngle ADE iis equal to: the A 
angles CAB, ACB: to. cach of these 
equals add the angle. ABC; therefore . 
the angles ABC, CAB, BCA are. ! 
equal to the angles ABC, ADC: but ABC, CAB; te are . 
equal to two right angles; therefore also the angles ABC, ADC 
are equal to two right angles : re same manner, the angles 


Oger ane, 6! i, ae 
BAD, DEB may hi shown to ‘be wigion’ to. ‘twa eid gt ans oles, Book lig. 
iE herefore the apponite ele’ &o. Qi. De 4.4% : Soper 
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- PROP. XXIN. THEOR. 


{ ¢ 
UPON the same straight line, a ane the same See Nate 
side of -it, there cannot be two similar Segments af 
shied not coinciding with one another. 


Tf it be possible, let the two similar seements of circles, viz: 

- ACB, ABD be upon the same side of the same straight line 
AB, not coinciding with one another : then, DEmALse the cir- 
cle ACB cuts the circle. ADB in the two 

points A, B, they cannot cut one another 
in any other point*: one of the segments 
must therefore fall within the other; let 
ACB fall within AD B,and draw the straight 
line BCD, amd join CA, DA: and because 
the segment ACBis similar tothe segment A B 

ADB, and that similar seements of circles contain > equal an-4 47, det 9. 
gles; the angle ACB is equal to the angle ADB, the exterior 

to the interior, which is impossiblec. Therefore, there can-, 36 1. 

not be two similar segments of a circle 4 the same side of 

the same line, which do not coincide. Q. E. D. 


PROP. XXIV- “vanes 


SIMILAR segments of circles upon equa) Sipaight ote 
lines, are equal to one another, 


Let AEB, CFD he sirailar segments ofcbiedias upon the 


equal straight lines AB, CD: se segment AEB is foulave te 
the segmentCFD. . 


For, ifthe seg- Ey Ry ay) P 
ment AEB be ap- ba Gk 

plied to the seg- — 
‘ment CFD, 80 Ae Fe ba. Neenah 

the point A beon A er B 7G, I) 
C, andthe straight | 
line AB pot ais the point: B shall coincide with the point D, 


; 


$8" 


See Note, 
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because AB is dijind to CD: therefore the straight ris AB ; 
coinciding with CD, the segment AEB must# coincide with 
the segment CFD, and therefore is equal to it. Wherefore, 


stmifar fe jowion. Ke. Et E. D. 
Fo 


PROP. XXV. PROB. te \\. 


* 


A SEGMENT of a circle being given, to describe 
the circle of which it is the segment. “ | 


LetABC be the given segment of a circle} it is required 
to describe the circle of which it is the segment. — 

Bisect* AC in D, and from the point D draw> DB at right 
angles to AC, and join AB: first, let the angles ABD, BAD, 
be equal to one another; then the straight line’ BD is equal ¢ 
to DA, and therefore to DC; and because the three straight 
lines DA, DB, DC; are all equal ; D is the centre of the cir- 
cle4: from the centre D, at the distance of any of the three 
DA, DB, DC, describe a circle ; this shall pass through the 
other points; and the circle of which ABC i is a S€¢ement 1s des 
cribed: and bacauve the centre D is in AC, the segment ABC 


BR ) | 
B. ie B 
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A je pH ihe re ears —D 
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is a semicircle: but if the angles ABD, BAD are not cabot to 
one another, at the point A, in the straight line AB, make the 
angle BAE equal to the angle ABD. and procuce BD, if ne- 
cessary, to E,and join EC : and because the angle ABE is equal 
to the angle BAE; the straight line BE is equal* to EA : and be- 
cause AD is equal to DC, and DE ¢ommon to the triangles 
ADE, CDE, the two sides AD, DE are equal to the two CD, 

DE, each to each; and the angle ADE is equal to the angle 
CDE; for each of them is a right angle; therefore the base AE 
is equal‘ to the base EC: but AE was shown to be equal to EB, 
w herefore ase. BEA isequalto EC: pea the three beg iis lines 


: » 
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AB. EB of 


pass through the other points; and the circle of which ABC: 
is a segment is described ; and it is evident, that ‘if the angle 


HG ABD be greater than the angle BAD, the centre E falls with- 
out the segment ABC, which therefore is less than a semicirs 


"cle: but if the angle: ABD be less than BAD, the centre E 


: 


BC is equal to’ 


falls within the segment ABC, which i is théveture greater than 


ae semicircle : wherefore a segment of a circle being _given, 


the circle is described of which it is a: 2 aig Whic Hoawas 


hi serie ac eas 
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PROP. (XXVI. ‘THEOR. 


4 Ai Hig, IP if 


IN buat cakehoat equal Srbleg stand upon equal ‘cir- 
ral ge whether they be at the epatres or circum- 


ferences.cy7f.< = | | ms 


he ABC, DEF be equal circles, and the equal angles BGC, 

HF at. their centres, and BAC, EDF at their circumferences: 
the circumference. BKC is equal to the circumference. ELF. 

Join BC, EF ; andbecause the circles ABC, DEF are equal, 
the straight lines drawn from their centres are equal :’ there- 
fore the a Si sides BG, Se are equal to ihe two EH, HE; and 


the: eee at t Ie to eRe angle aon kaeetor ‘e the base 


‘to the etent EDF: but the whole circle ABC.is eaual to 
M | 


y ¥ . 
~ ’ s 3 eo = 


Care alia equalitooneanother; wherefore 4E Bowk: il. 
4s the centre of the. circle. From the centre E, at the distance yt | 
of any of the three AE, EB, EC, describe a ates this shall d 9. 3. 


; 
‘the base EF: ‘and because the angle at A-isa 4.1. 

equal to the angle at D, the segment BAC is similar® to the p 11. def. 3 
“segment EDF ; and they are upon equal straight lines BC, EF; ‘ 
_ but similar segments of circles upon equdéé straight lines are 
equal © to one another; therefore the segment BAC is equal, 94, 3 


\ 
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‘ ’ THE ELEMENTS 

the whole DEF ; therefore.the remaining segment BKC is | 
equal to the remaining segment ELF, and the circumference 
BKC tothe circumference ELF. Wherefore, inequal circles, 
&c. Q. E. D. , eo Fe Veg Tent A is i 
ta es bak 


PROP. XXVH. THEOR. 


IN equal circles, the angles which stand upon equal 


circumferences are equal to one another, whether they 


be at the centres or circumferences, | (+5) - 


Let the angles BGC, EHF at the centres, and BAC, EDF 
at the circumferences of the equal circles ABC, DEF stand 
upon the equal circumferences BC, EF: the angle BGC is 
equal to the angle EHF’, and the angle BAC to the angle EDF, . 

If the angle’ BGC be equal to the angle EHF, it is manifest 
®that the angle BAC is also equal to EDI: but, if not, one of © 

A Sag’ | 


D 


e 4 ae 
them is the greater, let BGC be the greater: and at the point 
G, in the straight line BG, make» the angle BGK equal to 
the angle EHF; but equal angles stand upon equal cireum-. 
ferences*; when they are at the centre ; therefore the circum- 
fere»ce BK is equal to the circumference #F: but EF is equal 
to BC; therefore also BK is equal to BC, the less to the 
greater, which is impossiblé: therefore the angle BGC is not 
unequal to the angle EHF; that is, it is equal to it: and the 
angle at A is half of the angle BGC, and the angle at D half 
of the angle EH#: therefore’ the angle at A is equal to the 


| angle at D. Wherefore, in equal circles, &c. Q. E. D.. 
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_ IN equal circles, equal straight lines cut off equal — 
circumferences, ‘the greater equal to the greater, and 
‘the less to the less. | 


Let ABC, DEF be equal circles, and BC, EF equal straight 
lines in them, which cut off the two greater circumferences 
| BAC, EDF, and the two less BGC, EHF; the greater BAC 

- is equal to the ‘st eater EDF, and the less BGC to the less EHF. 

Take * K, L,:the centres of the circles, and join BK, KC,a1.3 
EL, LF: an because the circles are equal, the seaight lines 


A 


A Id : 


from their centres are equal; therefore BK, KC are equal to 

EL, LF; and the base BC is‘equal to the base EF; therefore 

the angle BKC is equal® to the angle ELF : but equal angles 1,9 43 
stand upon equal © circumferences, when ‘they are at the, cen- 

tres; therefore the circumference BGC is equal to the citcum- © © 26, 90 
ference EHF. But the whole circle ABC is equal tothe whole 

EDF; the remaining part therefore of the circumference, viz. 
BAC, is equal to the remaining part ee: ela ieaalads in equal 
circles, kc.Q.E.D. . . 


> 
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IN equal circles equal circumferences are subtended 
by equal straight lines. a | 


Let ABC, DEF be equal circles, anaTbcene circumferences 
BGC, EHF also be equal; and join BE, EF: the straight line 
BC is ee to the stag line EF. — 
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wacté ee  Takea Kk, L, the centres of the vir cles, and joi, BK) KG. 
hast prs Ela] LF: and becamse the: ‘circumference BGC! ls earl to the" 
al’ 3. . 


Tr 


% tails thee 
i i 


b 27.3. caduaitavenes EHF, the ‘omete BKC i is equal ® to the avele ; 
ELF: and because the circles ABC, DEF are “equal, the 
straight lines from their, centres are equal: therefore BK, KC 
are-equal to EL,LF, and they contain equal angles: therefore” 


ec 44. the base BC is equal ¢ to the base bak pispabaan cl in nee 


circles, &e. & E. D, 
- ye “" 
ue PROP. XXX.. PROB. age 
T O bisect'a given circumference, that i is, to divide 
it into: two equabparls.. Ont 


j ae ? % 
~ As r 
: Let ADB be the given cir cumferenc rey it is seured, to. bi 
“f sect it. 
a 10.1. Join AB, and pinccke it in of from the” point C daw cp 


oe Tight angles to AB, and join, "AD, DB: the circumference, 
ADB i is bisected i in. the point D: . 
‘Because AC is equal to CB, and CB common 0, the triangles oe 
ACD, BCD, the two sides AC, CD) =< | 
are equal to the two BC, CD; and > ~~ 
... the angle ACD is equal to the angle re 
BCD, because each of thena isa right ae 
: angle : therefore the Vase AD isequal ps 
bA, 1. >to the base BD: but equal straight A C 'B 


¢ 28.3, _ ‘lines cut off equal ¢ circumferences, the greater ahaa the 


greater, and the less to the less, and AD, DB are each of then. 
4 Cor. 1.3, les$thana semicircle ; because DC passes through the centre ¢ 
wherefore the; circumference AD i is equal to the citcumfer- 
Ance DB: therefore the given circumference i is. mest’ in D.. 
‘Which’ was to be be GONG ty bln.” caiins aiken ! 
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ate 4) PROPS XX, THEOR: | : 
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ts Phe ad ao j a hes 2 vay: a thi ; a op a 
nes j ee 


Ina circle, the enale ina noma, is a fight angle ; 
but the angle in a segment greater than a semicircle 
is less than a right ang and the angl¢ in-a segment 
> Tess than a semicircle is greater than a right angle. 


~ 


Let ABCD be ¢ a esos of which the dadieien is BC, ‘and 
centre E; and draw GA’ dividing: ‘the circle into the segments 
ABC, ADC, and join BA,,AD, DC; the angle in, the semi- 
circle BAC i is a right: angle and hes angle ‘in_ the seg nient 

ABC: which is greater ‘than a. semicircle, | is less” than a right 
anglé; and the angle in'the Segment ADC, which'i is less ian 
a semicircle, is greater than aright angle... 

Join AE, and produce BA to F; and. becausé BE i is eau 
to. EA; the angle EAB is equal:2 to EBA; pat, PEcanes ak a 5.4 
is:equal to EC, the angle-EACyis 
equalto ECA ; wherefore the whole 
angle BAC is equal tothe twaangles 
ABC, ACB; but FAC, the exterior 
angle of the triangle: ‘ABC, is equal | 

bo the two angles ABC, ACB; there- 

fore the angle BAC is equal to thie 

angle FAC, and each of thent is 
therefore’ a right © angle: where- 

fore the angle BAC ina semicircle — 
/is aright angle” . 

And bécause the two angtes ABC, 
~ BAC, of the triangle ABC are toge-_ 
ther less4 than two right angles, and that BAC is a righta 17. 1. 
angle, ABC must be less than a right: angle : : and therefore 

the angle in a segment ABC. greater than a semicir oles is tegen. 
than wright Rhee 72 ae 
~ And becatse ABCD isa a Gnade itiseral figure’ in a Loiacles iy: : 

twoof its opposite angles are equalé to two right-angles ; therex.99. 2 
fore the angles ABC, ADC are equal to tworight angles and: 

“ABC is less than a right angle; ahaa the other ATES ey 
picaer. than a right: angle. | 

so esides, it is manifest, that the circu ference ios the et eaitgr 

segment ABC falls without the right angle CAB,-but the cir- 

_ sumference of the less segment ADC falls withinthe rieht angle 

& AP. ¢ ole this i is al} that i is meant, When in the Greek text, 


“TP © ‘ce 10. def. 2. 


on 


bal . 
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THE ELEMENTS 


_ Book Ul.. “andthe translations from it, the angle of thes gr gater segment | 
—) ‘is said to be greater, and the angle of the less segment iy” 


all Lb 


b 19, 3. 


: e 31. 3. 


6-28 32,1. 


@ 22.3... 


vi 


‘ said to be less, than a right angle.’ ‘ 

Cor. From this itis, manifest, that if one angle of a triangle 
be equal to the other two, itis a right. angle, because the an- » 
gle adjacent to it is equal to the same two; and when the - 


jacent nuaies are equal, they are rigat angles. 


: 
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PROP. XXXIL. THEOR. 


IF astraight line toucha ‘cirole, and from the point 
of contact a straight line be drawn cutting the circle; 
the angles made by this line with the line touching the 
circle, shall. be equal to the angles which are in bed al- 
ternate segments of the circle. ; 


Let the straight line EF eciuta the circle ABCD. in B, and 
from the point B let the straight line BD be drawn, cutting the: 
circle: the.angles which DB makes with the touching line EF 


shall be equal to the angles in the alternate segments of the 


- wise a right angle; therefore the | 


circle: that is, the angle FBD is equal to the anglé which/is 
in the segment DAB, and the angle DBE to the angle in the 
segment BCD. 

From the point B dew a BA at right angles to EF, and take 


~ any point C in the circumference BD, and join AD, DC, CB; 


and because the straight line EF touches the circle ABCD in 
the point B,and BA is drawn at - ¢ Wve Bi 
right angles to the touching line — ie 
from the point of contact B, the ~~ | eee 

centre of the circle is» in BA; if 
therefore the angle ADB ina... : 
semicircle is aright¢angle,and 4} bob. 
consequently the other two an-» \ )) aps 
gles BAD, ABD are equal? to AE fi 
a right angle: but ABF is like- 9 QS , 2s 


angle ABFisequaltotheangles E - =| B ‘ me 

BAD, ABD: take from these = "ae p 
équals the common angle ABD; therefore the remaining angle 
DBI is equal to the angle BAD, which is in the alternate seg- 
ment of the circle; and because ABCD is a quadrilateral figure 
in a circle, the opposite angles BAD, BCD are equal to two 


“OR BUCLID. : 96 


. vight ang gles ; therefore the angles DBF, DBE, being likewise gook 1 
equal fto two right angles, are equal tothe angles BAD, BCD; “Uw 
_ and DBE has be se proved equal to BAD: ther efore ‘the re-f13. 1. 
maining angle E is equal to the angle BCD in the alter- 
nate nee of the circle. _ Wherefor ey Wa sires line, &c. 


aa a 
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PROP. XXXII. PROB. 


“UPON a given straight line to describe a ‘segment See Note. 
of a circle, containing an a angle ed toa given rec- 
‘ee ungle. 


Let AB be ihe given straight be: and the angle at C the: 
given. rectilineal angle; it is required to describe upon the 
' given straight line AB a segment of a cir cle, containing an 
'. angle equal to the angle C. 
First, Let the angle at C be a. 
| right angle, and bisect* AB in F, 
and from the centre F, at the dis- 
tance FB, describe the semicir- 
- cle AHB; therefore the angle 
ABB in a semicircle is» equal 
‘to the right angle at C. 
But, if the angle C be not a right angle, at ‘ie point AS i in 
the straight line AB, make ¢ the aa. B. AD equal to the angle, 5 93. 1 
C, and from the point A i 
» draw4 AEF atright angles to 7 
AD; bisect? AB in F, and: 
from F draw¢ I'G at right 
_ angles to AB, and join GB > 
and because AF is equal to 
¥B, and FG common to the 
triangles AFG, BFG, the 
two sides AF, FG are equal 
to the two BF, FG ; andthe 
angle AFG is. ‘equal to the 
angle BIG; gherefore the “Te 
~ base AGiis ‘equal € to the base GB; and the circle described e 4, 3. 
from the centre G, at the distance GA; shall pass through the 
point B; let this be the circle AHB: and because from the 
| Fa A ‘the extremity of the soem: AR, AD i is drawn at 


Bp RG Bi hig eb 31. 3 


er 
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Book Yt, ‘right aliples to AK, therefore AD touches the cir Ave and ee tA 
— —~—w causé AB drawn from the: >) 

» £ Cor. $6, 3. point ef contact A’ cuts the.) -— 
circle, the angle DABisequal. / |. A 
to the angle in the alternate /' 
segment AHBé: but the an- 
gle DAB is equal to the an- 
gle C, therefore aiso thé an-' 
ele Cis equal to the angle in 
wigs ihe segment AHB : wheres © 
fore, upon the given ‘straight g sy 
line AB the segment AHB of a circle is. sdeeewihed hace con- 
_. tains an angle equal to the givew angle at C. Shite dp ey to, 
7he done. ONS NE ONE Er ny Se | 
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hy PROP. SKRIV PROB. be kee 


TO. cut off a segifent fear a giv en. seine which 
> shall contain an angle sie to a given’ rectilineal 


angle. 


ey : / : 
\ 
¢ j sy - > Ste ; 


Uti id ‘Let ‘ABC a the chven circle, and D the given rectilineal 
angle ; it 1s required to cut offa segment from the circle ABC: 
‘that shall contain an angle*equal to the given angle D.. 

- 3. Draw the straight line EF touching the’ virele ree in the 

point B, and at the point B, ; | 

| oP the straight line BF: sake’. 

b 23. 1. bthe angle FBC, equal to the 
angle D ; therefore, because > 
the str nipht line EF touches — 

‘the circle ABC, and BC is D f. 
drawn from the point of con- 
tact B, the angie FRC is. 

€ 53. 3, equal to the angle in the- 

; altérnate segment BAC of © 

the circle: buttheangle FBC, = * | 

is equal to the angle D; therefore hie atte 4 in the scgulertt 

BAC i is equal to the angle D: wherefore the segment. BAC 


is cut of from the given circle. ABC containing an bangle Scie 


* Catal to ie given angle“D. Which ‘was to be done. es 
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"PROP. XXXV.. THEOR. 


IF two straight lines within a circle cut one ano- secs oe 


ther, the rectangle contained by the segments of one 
of thém.is.equal.to the rectangle contained: bythe seg- 


~ ments ofthe other. 


- 4 


a 


Lstithe tnostraleht lines AC, BD, within the circle ABCD, 


cut one another in the point E: the rectangle contajned by AE, 


EC is equa to the rectangle contained by 
Reger ences 
_ If AC, BD, pass each of them through 
the centre, so that E isthe centre; it is 
evident, that AE, EC, BE, ED, being all 
equal, the rectangle AE, EC is likewise 
equal t6 the rectangle BE,ZD. ~ bag) ee oe 

- But let one of them BD pass through the centre, and cut the 
other AC, which does not pass through the centre, at right an- 
gles, in.the point E; then, if BD be bisected in F, ¥ is the 
centre of the circle ABCD; join AF: and because BD, which 


passes’through the centre, cuts the straight line AC, which 
does‘not.pass through the centresat 
rightangles inE, AE, EC are equalt’ niga. 7 Bhd: 
to one another: and because the ~~: 7) rT 
straight line BD is cutinto twoequal 
parts in the point F, and. into two 
unequal in the point E,the rectangle 
BE, ED together with the square of 
EF, is equal» to the square of FB; 
‘ghat Ys, to the square of FA; but the 
squares of AE, EF are equal*to the — + 
square of FA; therefore the rectan- 
gle BE, ED, together withthe square : 7 
_ @£ EF; 4s equal to the squares of AE, EF: take away the com- 
non square of EF, and the remaining rectangle BE, ED is 
equal to the r maining square of AE; that is, to the rectangle 


AE, EQ,” °F yee | 

Next, Let BD, which passes through the centre, cut the 
other, AC, which does not pass through the centre, in E, but 

not at right angles: then, as before, if BD be bisected in F, F 


‘is the centre of the circle. Join AE, and from F draw! FG 4 


| N 
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Book HI. perpendicular to AC; therefore AG is equal*to GC ; deri 
Len tore the rectangle AE, EC, together with the square of EG; is 
* equal» to the square of AG: to each of these equals add the 
Be square of GF ; therefore the. rectangle AE» EC, together with 
‘the squares at EG; GF, is equal to 3 , 
the squares of AG, GF: but the | 
e47.1. — squaresof EG,GF are equals tothe / ™ 
“oe square of EF, and the squares’ of | f )'!" 
“AG,‘GF are equal to the syuare of » 1 e 
‘AF: therefore the’ rectangle AE, A 

EC, together with the square of EF, 

is equal to the square of AF’; that 

ded 9 the SOAS: of FB;, but the 


the" ‘centre? Aake the Cefthe ye. and ye" , 
through E, the intersection of the = -§_ 
straight lines AC, DB draw ‘the 
‘diameter GEFH : and: because ite eer 
Tectangle AE, EC is ‘equal, as has f°, 
_béen shown, to the rectangle GE, © 
“EH; and, for the same reason, the “ 
| rectangle BE, ED is equal tothe . > * La. 

_ same rectangle GE, EH; therefore a ee ra ta , 
the rectangle AE, EC is equal to ee 
the rectangle BE, ED. Wars if two seal lines, & 
QE. D.” Hs 
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be sth XXXVI. “THEOR. 
Ute res: + Ci Fy Ry 
IF from any point withotita circle two strai Hit Fines | 
‘be drawn, one of which cuts the circle, and’ 1@ other 
touches it ; the rectangle contained by the oot jine | 
which cuts the circle, and. the part of: it without the - 
circle, shall be equal. to J gy ‘Square of the line gre 


Papa, 


touches este c An gat star 


% 


OR EUCLID. 


BP: | 


se bhi point without the circle ABC, and DCA, DB pock m41,: 


two gti t lines drawn from: it, of which D@A cuts the cir- 


cle, and’ DB touchés the same: the: teat ps ADs aie is wisi 


to the square of DB. ge ds 


Either DC A passes through the cenitro, or it hele nit; fivat) 
let it pass through the centre Ey and join EB; aiced efore’ the 


angle EBD is a right* angle :\and be-)"— mit 54) 
cause the straight line AC is bisected D ig) aes? 
in E, and produced to the point D, ‘the PUSS NGS ES! 
rectangle. AD, DC, together ‘with the rer f | FORE. 


square of EC, is equal» to the square’ 
of ED, and CE i is equal to ED: there- 
fore the rectangle AD, DC,’ together |. 
with the square of EB, is equal ‘to the 2. 
square of ED»: but’the square of ED is 
equal* to the squares of EB, BD, be- 
cause EBD is a right angle: therefore 
the rectangle AD, DC, together with 
the square of EB, is equal to the squares 
of EB, BD: take away the common 
square of EB; therefore the remaining A. 
rectangle AD, DCi is equal to the agnor 

of the tangent DB. 

But if DCA do not pass through eh centre of the circle 
ABC, take4 the centre E, and draw EF perpendicular’ to 
AC, and join EB, EC, ED: and because the straight line EF, 
which passes ‘through the centre, cuts the ina e line cee 
which does not pass through the’ centre, ~D 
at right angles, it- shall likewise bisect 
it; therefore. AF is equal to FC: and. 
because the straight line AC is bisected 

‘in F, and produced to D, the rectangle 
AD, DC, togéther with the square of 
F c is equal» to the square of FD: B 
to each of these equals add the square 
of FE; therefore the rectangle: AD, DG, |: 
together’ with the squares of CF, FE, 
is equal to the squares of DF, FE: but 
the square of ED is equals to the squares +)’. 
of DF, FE, because EFD is a right an- ‘ mile ik Ho HAT 
gle: and the square of EC is equal to Mee oe 
_ the squares of CF; FE; therefore the) reetangio AD, DC, to- 
- gether with the square of EC, is equal tothe square of ED; and 
CE is equal to FB; therefore the rectangle AD, DC, together 
_ with the’ square of EB,is equal to the:square of ED: but the 
Squares of EB, BD: are equal to the’ a of ED, because 
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Book 11, EBD is wright angle; therefore the rectangle AD, DC; téine: 


OS Neemgatied 


r 


See Note. 


es 36. 3. 


-eircle, there be drawn two straight 


_CA, AF¢ for each of them isequal | 


ther with the square of EB, is.equal to the squares of EB, BD: 
take away the common square.of EB: therefore the remaining 
rectangle AD; DC is equal to the square of: DB. Miberefore, 
if from any point, &c. Q. E. D.. eis 2 

Cor. If from any point without a 


lines cutting it, as AB, AC, the rect- 
angles contained by the whole lines. - 
and the parts of them without the cir- 
cle, are equal to-one another, viz. the 
rectangle BA, AE to the rectahgle . 


to the square of the straight line AD - 
which touches the circle. 


_ PROL. sea bo tie = 


“~ 


IF from a Geen aitsite a Ayia ore be dita 
two straight lines, one of which cuts the circle, and 
the other meets it; if the rectangle contained by the 
whole line, which cuts the circle, and the part of it 
without the circle. be equal to the square of the line 
which meets sc ig ine on meets shall meh the 
circle. ie 

Let any wali D be faker without the circle ABC, and from 
itlet two straight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it; if the rectangle. AD, DC 
be equal to the square of DB; DB touches the circle, 

- Draw® the straight line DE touching the circle "ABC, find 
its centre F, and join FE, FB, FD; than FED is a right’ an- 
gle: and because DE touches the circle ABC, and DCA cuts 
it, the rectangle AD, DC is equal?to the squar¢-af DE: byt 
the rectangle AD, DC is, by: hypothesis, equal to the square 
of DB; therefore the square of DE is cqual tothe square of DB; 


and the straight line DE equal to the ssraighe line DB; and 


BH . 
¥ ) 
), as. 


a ie Ce A RE 


-FEis equal to FB, wherefore DE, EF are iecdim to DB, BY; and Book III. 
the base FD is common to the two Dd a 
triangles DEF, DBF; therefore the ° * 

angle DEF is equal! to the angleD BF; 
but DEF is a right angle, there- 
fore also DBF isa right angle : and 
FB, if produced, is a diameter, ‘andthe 
straight line which is drawn at right B 
angles to a diameter, from the extre- 
mity of it}touchese the circle: there- 
_fere DB touches the circle ABC. 
Wherefore, if from a point, ke, 
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BOOK IV. . 


DEFINITIONS. 
I. 


A RECTILINEAL figure is said to be inscribed in another 
_rectilineal figure, when all the angles of the inscribed figure 


are upon the sides of the figure in which it is 
inscribed, each upon each. 
II. 

In like manner, a figure is said to be described 

about another figure, when all the. sides of 


the circumscribed figure pass through the 


angular points of the figure about which it is described, each - 


through each. 
II. : 4 

A rectilineal figure is said to be inscribed 
in acircle, when all the angles of the in- 

' scribed figure are upon the meibainipeas gs 2: 
of the circle. 


a 


' IV. 


*\ rectilineal figure is said to be described about a circle, when 


each side’of the circumscribed figure 
touches thé circumference of the circle. — 


in like manner, a circle is weal to be inscrib- 


ed in a rectilineal figure, when “the cit- ke 
cumference of the circle touches €ach er 


‘side of the yi 


‘\ 
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YL | Book IV. 
WA sted is said to be described about a rece an eens 
‘’¢iKineal figure, when the circumference of ih na 
_ the circle passes through all the’ angular’ +: pe 
' points of the gute, about which it is de- \ | / 
de “scribed. ' O hae sah j 


4 vit, 
oA straight line is said to be placed ina circle, pe ils the extre- 
u bared of it are in the circumference of the circle. ..; 


N e080 
* x Bah Ue 


A a - PROP. I. PROB. Sind 


Ls 
, 
>t arrange. thee oof 


“HN a a given Gréle to place a stray line, equal’ to 
a seven 1 straight ona not Ber than, the diameter of 
ode CUECIGeit t Shane oft ct Yaups. at : 

: Sieh ABC be the given: hale. at D the given ; stiaight line, 
“not, greater than the diameter of\the circle.i §/ {1 o.)05 
Draw BC the diameter-of:the circle ABC; then, if BC be 
“equal: to D, the thing required i is done ; for in ‘pine circle ABC 

‘a straight line BC is placed 
equal to D; but, if itbe not, BC 
is greater than D; make CE 
equal® to D, and from the cen-; 
tre C,at the distance CE, de- 

_ seribe the circle AEF, and j join 
CA: therefore, because C. is 
the centre of the circle AEF, 
CA is equal to CE; but_D is De 
‘equal to CE; therefore D is\ 
_equalto CA: wherefore, in the. | . 
“gircle ABC, a straight line is rent écyoal ts to ) the san dinight 
Tine D which is not greater’ tian the pparenter of the circles 
ile to be dane.; fay tas : 

" sie. 


. ee ‘ ta ' ; j : ; 4 £4 : 
. Sie at han J Oa Seb >" SR ‘ ee. b i 


aha ie “PROP 1 PROB 


ae 


us ve | 
N a ‘given n cite to inscribe a triangle equiangrilge | 
to agiven triangle. 


x 
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Book. Iv. Let. ABC.be the given, circle, and DEE the given triangle 3 
eo it is required’ to inscribe in t the cir cle ABC atr jangle, ey 
‘ euler to the tr lang] e DEF. 
417.3. Draw® the straight: line GALL touching the circle i in the | 
> 23.1, point A, and at the. point A, in the s: raight line AH, make 
~ the angle HLACequal to the atey DEE; and at the point A 
in the agit line AG, | 
make the"angle GAB 
-equaltotheangleDFE, * 
and join BC: therefore 
because HAG touches 
* the circle ABC, and 
’ AC is drawn from the fit! 
point of contact, the - 
angle HAC. is equal? _ 
to the angle ABC ‘in. © 
‘ the alternate segment | 
of the circle : but HAC is sual’ to the nae DEF, ier akie 
also the angle ABC is equal to DEF ; for the same reason, the 
e angle ACB i is: equal to the angle DFE; therefore thé remains 
ing angle BAC is equal ¢ to the remaining anglé EDF? where- 
/ 4321.  forethe triangle ABC is equiangular ‘to’ the’ triangle ‘DEF, 
3 and it ts insetibédiin the circle siernzigh Wet ior was to be: done. 
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PROP. ik PROB. Os ia a . 


' \ ABOUT: a given circle, to » deabeabe a «angle equi - 
angular toa given triangle, |, hk 
“8y ‘ere? ie 

Let ABC be the given’ circle, atid: DEF she pitch ehlauae es 
itis required to describe @ triangle about the: circle’ sion 
-equiangular to the triangle DEF. Hopilin SE Oh 
Produce EF both ways to the points G tk and firid the cet 
tre K of the circle ABC, and from* ‘it draw any straight line 
KB; at'the point K in the straight line KB, make 4 the angle . 


spin BKA equal to the angle DEG, and the angle BKC equal to the | 
angle DFH; and throughthe points A, B, C draw the straight 
617.3 lings LAM, MBN, NCL touching» the circle ABC: there- 


"", fore because LM, MN, NL touch the circle ABC in the points 
i A, B, C,to which Pou the. centre are drawn KA, KB, KC, 
the angles at the points A, B, C are right¢ angles: and be- 
cause the four angles of the quadrilateral figure AMBK are 


3 
‘OF EUCLID. | 


equal’ to four right angles, for it can be divided into two tri- — Book I¥. 
angles: and that two ofthem KAM, KBM are right angles, th — Neemyente! 
‘other two AKB, L- 4 | 
“AMBare equalto - f\ 
two right angles: 
but the-* angles 
DEG, DEF are 
likewise equal 4 to 
two right angles ; 
therefore tht an- 
gles AKB, AMB 
are equal to, the 
anglesDEG,DEF : é 

of which AKB is M B N pu 

equal to DEG; wherefore the remaining angle AMB is equal 
to the remaining angle DFE: in like manner, the angle LNM 
may be demonstrated to be equal to DFE; and therefore the 
remaining anele MLN is equal ¢to the remaining angle EDF: ¢ 32, L. 
wherefore the triangle LMN is equiangular to the triangle 
DEV: and it is described’ abou the circle ABC. Which was 
to. be done. 


j 
; 


PROP. IV. PROB. 
TO. inscribe a circle ina given triangle. _ See Nog 


Let the given triangle be ABC ; itis required to inscribe a 
¢ircle In ABC. - | : 

Bisect* the anglés ABC; BCA by the straight lines BD, CD a 9.1. 
pin oon ek another in the point D, from which draw > DE, b 12.4. 
DF, DG perpendiculars to AB, d | 
BC, CA: and becatise the angle 
EBD is equal to the angle FBD, 
for the angle ABC, is bisected by ~ 
BD, and that the tight angle 
BED, is equal to the right angle ~ 
BFD, the two triangles EBD, ¥ 
¥BD have two angles of the one. 

al to two angles of the other, 

and the side BD, which is oppo- 
site to one of the equal angles in 
cach, is common to both; there- 
4ore their other sides shall be 


Oo 
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Book IV. equal*; wherefore DE is equal to DF: forthe same reason; | 
 “<x— DGis equal to DF; therefore the three straight lines DE, DF; 
¢ 26.1. DGare equal to one anether, and the circle described from the 
: & centre D,; at the distance of any of them, shall pass through 
_ the extremities of the other two, and touch the straight lines 
AB, BC, CA, because the angles at the points Ey, G are. 
right angles, and the straight line which is drawn from the ex- 
416.3. | tremity of a diameter at right angles to it, touches ¢ the circle: 
: “therefore the straight lines AB, BC, CA do each of them | 
touch the circle, and the circle EFG is inscribed in the tri- 

angle ABC. Which was to be done. ~ 7 


ai. WS) SPROBEM: GPROB. 


See Note. TO describe a circle about a given triangle. 


4 


Lét the given triangle be ABC; it is required to describe a 

circle about ABC. ~ a Ki Oke cS 
210. 1. Bisect 2 AB; AC in the points D, E, and from these points 
draw DF,EF at right angles» to AB, AC; DF,EF produced 


meet one another: for, if they do not meet; they are parallei, 
wherefore AB, AC, which are at right angles to them, are pa- 
rallel, which isabsurd : Jet them meet in F, and join. FA; also, _ 
if the point F be notin BC, join BF, CF : then, because AD is 
. equaltéDB,and DF common,andatright angles to AB, the base 
c4.1. .. AF is equal¢to the base FB: in like manner, it may be shown, 
| that CF is equal to FA; and therefore BF is equal to FC + and 
FA, FB, FC are equal to one another; wherefore the circle » 


~ 


You 


“* are each of them equal to BA or 


- gure, ABCD i is equilateral. It is al- 
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desombed ro om the centre P,,at the diseannd of one of them, Book IV. 

shall pass through the extremities of the other two, and be de- Gey 

scribed about the triangle ABC. Which was to be done. \ A 
~ Cor. And it is manifest, that when the centre of the circle 

falls within the triangle, each of its angies is less than a right 

angle, each of them being in a segment greater than a semi- 


“circle ; but, when the centre is in one of the sides of the tri- 


angle, the angle opposite to this side, being i ina semicircle, 
is a right angle’; and, if the centre falls without the triangle, 
the angle opposite to the side beyond which it, is, being in a 


es segment less thana semicircle, ig greater thana rightvangle : 


wherefore, if the given tr langle be acute angled, the centre of 
the circle falls within it; if it be a right angled triangle, the 
centre is in the side opposite to the right angle; and, if it be 
an obtuse angled triangle, the centre falls without the tr iangle, 
hey ond the side opposite” to the obtuse, angle. 


Ra 


¥ ‘ 


‘PROP, VI. PROB. 
TO i inscribe a Square in a given circle. 


Let ABCD, be the. given circle; itis aiae to inscribe ‘ee 
square in ABCD. 

‘Draw the diameters AC, BD at right angles to one another ; 
and join AB, BC, CD,.DA; because BE is shes to ED, for 
E is the centre, and that BAG ig com- A- 
mon, and at right angles to BD; the 
base BA is equal’ to the base AD; 
and, for the same reason, BC, €D 


AD; therefore the. quadrilateral, f- 8 


so rectangular; for the straight line 
BD, being the diameter of:the circle 
ABCD, BAD is a semicircle ; where- | ee > 

fore the angle BAD, is a right ® angle ; for the same reason b 31.3 
each of the angles ABC, B BCD, CDA {is a right angle; there- 
fore the quadrilateral figure ABCD i is rectangular, and it has 
been shown to be equilateral : therefore itis‘a square ; and it 

is inser ibed i in the enh ABCD. Which was to ube dones< es 


? 


a Mi a - 4 
my ee oe £ e ef 
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b 18.3. 


4 34.1. 
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PROP. VII. PROB. 


‘TO describe a Suen’ about a a given ciecle. 


Let ABCD be the. given circle ; it is required’ to describe 4 
square about it. 

Draw two diameters AC, BD of the circle ABCD, at fiche 
angles to one anothes, and through the points A, B, C, D 
draw® FG, GH, HK, KF touching: the circle; and hecaiie 


y EG touchesthe circle ABCD,and EA is drawn from the centre - 


. Eto the point of contact A, the anglées.at Aare rig ht> angles ; ; 
' for the same reason, the angles at ‘the points B, GC, D are right 
angles ; and because the angle AEB G A R 
isa right angle, as likewise is EBG, ; Ai 
GH is parallele to AC; forthe same | /. 
reason, AC is parallel to FK, and in E 
like manner GF, HK may each of . 
them be demonstrated to be parallel 
to BED; therefore the figures GK, ~ 
GC, AK, FB, BK are parallelograms; 
and GFi is ther efore equal 4 to HK, and 
GH to FK; and because AC is equal H os es K 
to BD, and that AC is equal to each of the two GH, FX’; and 
BD to each of the two GF, HK: GH, FK are each of thers 
equa] to GF or HK ; ther fore the auaer lateral figure, FGHK 
is equilater al. It is ike rectangular; for GBEA being a pa- 
rallelogram,and AE a right angle, AGB 1 is likewise a right. 
angle ; 1m the same manper, it may be shown that theangles at 


-H, K, F are right angles; therefore the quadrilateral figure 


FGHK is rectangular, and it’'was demonstrated to be equila- 


-teral; therefore it is a square ; and it is described abe tg 


circle inte ee Which was to be done.” 


_ PROP. VIL. PROB. 
TO inscribe a ban Be in a given square, ff é 


‘Let ABCD be the given sifienisk ; it is required to Hiéeribe 
a circle in ABCD. 


Bisect* each of the sides AB, AD, i in the points F’, E, and 


thedugh E draw’ EH parallel to AB or DC, and _ OURS F 


“QF BUCLID: ; , 10§ 


draw FK parallel to AD or BC; therefore ifeach ot the figures Book IV. 
AK, KB, AH, HD,.AG, GC, BG,GD isa parallelogram, AN Senne! 
their-opposite sides are equal¢; and because AD is equal toc 34. 1. 
AB, and that AE is the halfof AD, and AF the half of AB, AK 

is equal to AF ; wherefore the sides .A ai a 

opposite to these are equal, viz. FG to serene | 
-GE; in the same manner, it maybe — 
demonstrated that GH,GK are each of ee 3 
them equal to FG or GE; therefore r G 
the four straight lines GE, GF, GH, | 
GK are equal to one another; and the » 

circle described from the centre G, at .o 
the distance of one of them, shall pass Miter. . 
through the extremities of the other B HH Ry 

three, and touch the straight lines AB, ee an 

BC, CD, DA; because the angles at the points E,l, H, K are 
right ¢ angles, and that the straight line which is drawn from d 20: ly 
the extremity of a diameter, at right angles to it, touches the 
cirele¢ ; therefore each of the straight lines AB, BC, CD, DA 16. ©. 
touches the circle, which therefore is inscribed in the square 
ABCD. Which'wes to be'done. Te 


me : 
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PROP. IX, THEOR, - 


| : 
+} 


TO describe a.circle about a given square. 

Let ABCD be the given square : it 18 required to describe 
a circle about it. peas ae paturigtae Rec rh 

Join AC, BD cutting one another in E,; and because DA is 


equal to AB, and AC common to the triangles DAC, BAC, 


. 


the two sides DA, AC are'equal tothe _ | ae 
two BA, AC; and the base DC is equal A, Se 
to the base BC; wherefore the angle | ee 
DAC is equal to the angle BAC, and Bp Fines te 
the angle DAB isbisected by the straight ets ¥ 

line AC: inthe same manner, it may be 
demonstrated that the angles RBG BOD, ido 
CDA. are severally bisected ‘by the B * 
ee lines ars a therefore, be- | ee 

cause the angle DAB is equal to the angle ABC. and that th 
angle EAB is the half of DAB, and EBA the Balt nae 
_theangle EAB js equal to the angle EBA ; wherefore the side 

AF is equal > to the: Bide EB: in the-same manner; it may be b 6, 
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Book IV. demiaiaby tea that the straight lines EC, ED? are each of them 

mye equal to, EA or EB; therefore the four straight lines EA, EB, - 
EC, ED are equal to one another; and the circle described from. 
the centre F, at the distance of one of them, shall pass through 
the extremities of the other three, and be descrihed about the 
_ square ABCD. Which was to be done. Se a 


PROP. X. PROB. — 


4 wR a vat 
~Lo describe an isosceles. triangle, having each of 
the yneles at the base double of the third angles 
4 11. 2, Take any straight line AB and divides it in the point LG SO. 
% that the rectangle AB, BC be equal to, the square of CA; and 
from the centre A, at the distance AB, describe the circle BDE, 
b 1.4, in which place» the straight line BD equal to AC, which is not 
greater than the diameter of the circle BDE; join DA, DC, 
and about the triangle ADC describe¢ the circle ACD; the 
triangle ABD is such as is required, that is, each ofthe angles 
_ ABD, ADB is déuble of the angie BAD. 
Because the rectangle AB, BC is equal to the square of AC 
and that AC, is equal to BD, the rectangle AB, cag is equal to, 
the square of BD; and because E pwnd 
from the point, B without the 5 9 5 jee eS 
circle ACD, two straight lines 
BCA, BD are drawn to the cir-, 
dumference, one of which cuts, 
and the other. meets the circle, fs | 
and that the rectangle AB,BC/) | 
contained by. the Wee of Hed sigan THY 
cutting line, and the part of it |. 
without the circle is equal to the 
: _ square of: BD’ which meets.it;, | 
_ £97. 3: the straight line BD ‘touches? 
the cixcle ACD; and because , 
BD. touches the cir cle, and Ge a | 
| is drawn fromthe point of con- 
- ©92.3. tact D, the angle BDC is equal. to. the angle “Dadi in, ‘ithe 
, alternate segment of the circle; to. each of these add the angle 
CDA; thetefore the whole angle. BDA is equal to the two 
£31.14 angles, CDA, DAC; but the exterior angle. BCD is equal! to _ 
’ the angles COA DAC; fygtetone also BOA} is equal to BCD; 


? 
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but BDA is equals to the angle CBD, because tie side AD Book IV, 
is equal to the side AB; therefore CBD, or DBA is equal to 

BCD; and consequently the three angles BDA, DBA, BCD g 5.1. 

are equal to one another; and because the angle DBC is equal 

to the angle BCD, the side BD is equal» tothe side DC; buth 6.1 

BD was made equal to CA; therefore also CA is, equal to CD, 

and the angle CDA equals to the angle DAC; therefore the 

angles CDA, DAC together, are double of the angle DAC : ‘ 

but BCD is equal to the angles CDA, DAC; therefore also 

BCD is double of DAC, and BCD. is equal to each of the 

_, angles BDA, DBA; each therefore of the angles BDA, DBA 

~ is double bf the angle DAB; wherefore an isosceles, triangle 

ABD is described, haying each of the angles at the base double 

of the third angle.. Which was to be done, 


>. 


i ce 
“PROP. XI. PROB: 


To inscribe an equilateral and equianigular penta- 
gon in a given circle. eat 
ae oe ma AS) ei 
Let ABCDE be the given circle ; it is required to inscribe 
an equilateral and equiangular pentagon in the circle ABCDE. 
Describe® an isosceles triangle FGH, having eath of they 19, 4. 
angles at G, H, double of the angle at F; and in the circle 
ABCDE inscribe» the triangle ACD equiangular to the tri-b 9. 4. 
angle FGH, so that the angle Bers eA a et 
CAD be equal to the angle © 
at I, and each of the angles 
ACD, CDA equal tothean- — ay 
gle at G or H; wherefore 
each of the angles ACD, 
CDA is double of the angle 
CAD. Bisecte the ‘angles. 
ACD, CDA by the straight 
lines CE, DB; and join AB,/ 
_ BC, Cb, DE, BA: ABCDEG™ yy 


isthe pentagon required, ~  . Ros. aa 

Because each of the angles ACD, CDA is double of CAD, 

and are bisected by the straight lines CE, DB, the five angles 
DAC, ACE, ECD, CDB, BDA are equal to oné another ; but 

equal angles stand upon equal 4 circumferences; therefore the 4 26. 3% 
five circumferences AB, BC, CD, DE; EA are equal to one 


a 
~ 


“¥12 
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aniethiel: and equal circumferences are subtended by equal € 
straight lines; therefore the five straight lines AB, BC, CD, 


“IDE; BAvare equal to one another. Wherefore the pentagon 


ABCDE } is equilateral. ‘It is also equiangular; because the 
circumference AB is equal to the circumference DE: if to 
each be added BCD, the*whole ABCD is equal to the whold 
EDCB: and the angle AED stands on the circumference 
ABCD, and the angle BAL on the circumference EDCB; 

therefore the angle BAF is equal to the angle AED: for the 
same reason, cach of the angles ABC, BCD, CDE is equal to 
the angle BAK, or AED: therefore the pentagon ABCDE is - 
equiangular ; 3 and it has been shown that it is equilateral. 


.Wherefore, in the given circle, an equilateral and equiangu- 


lar pentagon hag been inscribed. Which | was to be done. 


> 


2 
- PROP. XIL. PROB. 


i 


pe 


To describe an equilateral. aise equiangular vende: 
gon about a given circle. 


Let ABCDE be the given cir éle ; it is Srequir ed to descr ibe 
an equilateral and equiangilar pentagon aboiit the cir cle 
ABCDE. 

Let the angles ofa pentagon, inschibed in a circle, by. the 
last proposition, be in the points A, B,C, D, FE, so that the 
circumferences AB, BC, CD, DE, EA die equai*; and through 
the points A, B, C D; E “Aik GH, HK, KL, LM, MG, 
touching > the circle ; take the centre F, and join FB, FK, FC, 


FL, FD: and because the straight line KL touches the circle 


ABCDE. in the point C, to which FC is drawn from the 


_eentre F, FC is perpendicular to KL; therefore each of the 


angles at C is a right angle : for the same reason, the angles at 
the points B, D, are right angles: and because FCK is a 
right angle, the square of FK is equald to the squares of IC, 
€K: for the same reagon, the square of FK is equal tothe squares 
of FB, BK: therefore the squares of FC, CK are equal to the 
squares of FB, BK, of which the square of FC is equal to the 


| Be of FB; the remaining nts of CKi is therefore equal to 


te. 
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the remaining aquare of BK, and the straight line ek equalto Book IV. 


* BK: and because IB is equal to FC, and EK common tothe ee pave 


triangles BFK, CFK, the two BF, FK are equal to the two CF, 
FK; and the base BK is equal to the base KC; therefore the 
angle BFK is equal ¢ to the angle KFC, and the angle BKF to e 8. 2, 
FKC; wherefore the enele BFC is double of the angle KFC, 


ea and BKC double of FKC ; for the same reason, the angle CFD 


is double of the angle CFL, and. CLD double é CLF: and be- 


the angle BFC is equal’ to the 
angle CFD; and BFC is dou- 
ble of the angle KIC, and 
CFD double® of CFL; there- 
fore the angle KFC is equal to 
the angle CFL; and the right“, 


_angle FCK:is equal to the right 


angle .FCL: therefore, in the 


«two giengies PKC, FLC;, there B \ 


are two. angles of one equal to 
two angles 6f the other, each 
to each, and.the side FC, which 


‘<9 adjacent t to the equal angles in 


 eatse the circumference BC is equal to the cir Speed ence CD, f 27.8 


G 


each, is common to both; therefore the other sides shall be 


“- equals to the other sides, and the third angle to the third angle: e 26, dy 


therefore the straight line KC is equal to CL, and the apele” 
“FKC to the angle FLC: and because KC is equal to CL, KL 

is double of KC : in the same manner, it may be shown that HK 

is double of BK: and because BK is equal to KC, as was de- : 
C,and HK double of BK, 
HIK shall be. ‘equal to KL: in like aanner, it may be shown °- 
- that GH, GM, ML are each of them equaltoHK or KL:there-,  ~ 

fore the pentagon GHKLM i is equilateral. It is also equian- 
gular; for, since the angle FKC is equal to the angle FLC, 


- monstrated, and that KL is double of 


- and that the angle HK Lis double of the angle FKC, fad KLM 


double of FLC, as was before demonstrated, the angle HKL is - 
equal to KLM : and in like manner it may be shown,thateach’ ~~ 


of the angles KHG, HGM, GML is ‘equal to the angle | HIKE, 


or KLM: therefore the five angles GHK, HKI., KLM,LMG,-—- . 


it is cvs about ry circle ABCDE.. 


. fone. 


MGH being equal to one another, the pentagon GHKLM is, 
| equiangular: : and it is equilateral, as Was demonstrated; ana" 


AYhich was, to be 


Tis 


Book Iv. 
mayen! 


a9.1. 


dA 1. 


is equal to ©BA, and CDF to 


_ demonstrated, that the angles 


12/1. 


wherefore the angle ABC is bi- B 
‘sected by the straight line BF: 


© 
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PROP. XIII. PROB. - 


- To inscribe a circle ina given equilateral and equi- 
angular pentagon. SERS es 


Let ABCDE be the given equilateral and equiangular pen- 
tagon; it is required to inscribe a’ circle in the pentagon 
ABCDE. wi | TN 

Bisect* the angles BCD, CDE by the straight lines CF, DF, | 
and from the point F,in which they meet, draw the straight lines - 
FB, FA, FE; therefore, since BC is equal to CD, and CF com- 
mon to the triangles BCF, DCF, the two sides BC, CF areequal 
to the two DC, CF; and the angle BCF is equal to the angle 
DCF ; therefore the base BF is equal» to the base FD, and the 
other angles to the other angles, to which the equal sides are 
opposite; therefore the angle CBF is equal to the angle CDF: 
and because the angle CDE is double of CDF, and that CDE 


‘ 


CBF; CBA is also double of the 
angle CBF; therefore the angle 
ABF; is equal tothe angle CBF; 


in the same manner it-may be 


BAE, AED are bisected by the Hj ie 
straight lines AF, FE: from the I 3 
point F drawe FG, FH, FK, ~~ “ . 

FL, FM perpendiculars to the ~/ Cc! Dette. 
straight lines AB, BC, DE,EA: © | =, 
and because the angle HCF is> 


- equal to KCF, and the right angle FHC equal to the right an- 


a 26.1. 


gle FKC; in the triangles FHC, FKC there are. two angles 
of one equal to two angles of the other, and the side FC, 
which is opposite to one of the equal angles in each, is com- 
mon to both; therefore the other sides shall be equal‘, each 
to each ; wherefore the perpendicular FH is equal to the per- 
pendicular FK: in the same manner it may be demonstrated 
that FL, FM, FG are each)of them equal to FH, or 
FK ; therefore the five straight lines FG,FH, FK, FL, FM 
are equal to one another: wherefore the circle described — 
from the centre I’, at the distance of one of these five, 

shall pass through the Gatien of the other four, and 


| OFavety. = 4 1S) 


scuch the ekight lines AB, BC, CD, DE, EA, because the BookIV. 
angles at the points G, H,K, L, Mare rightangles; and that \eayeed 
- a straight line drawn fromthe extremity of the diameter of a : 
circle at right angles to it, touches® the circle: therefore e 16. 3. 
each of the straight lines AB, BC, CD, DE, EA touches the 
circle; wherefore it is inscribed in the pentagon BBCHE. 
, Which was to be gone, 


PROP. XIV. PROB. 


TO describe a circle about a given equilateral and 


-equiangular pentagon. | ee f 

Let ABCDE be the given. equilateral and equiangular hea 
tagon ; it is required to describe a circle about it. 

Bisect * the angles BCD, CDE by the straight lines CF, FD,a9.1. 
and from the point F, in which they meet, draw the straight © 
lines FB, FA, FE, to the points B, : 

A, E. It may: be demonstrated, in 
the same manner as in the preceding 
proposition, that the angles CBA, B 
BAE, AED are bisected by the 
straight lines FB, FA, FE: and 
because the angle BCD is equal to 
the angle CDE, and that FCD is 
the half of the angle BCD, and CDF 
the half of CDE; the angle FCD is 
equal to FDC; wherefore the . side 
CF is equal to the side FD: in like manner it may be demon- b 6 L 
strated that FB, FA, FE are each of them equal to FC orFD: 
therefore the five straight lines FA, 7B, FC, FD, FE are equal 
to one another; and the circle described from the centre F, at 
the distance of one of them, shall pass through the extremities 
of the other four, and be described about the equilateral and 
bbe peniaen A ABCDE. NURSE was to he done. 


‘eee 
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oe 
es AL MINCE) ik Sahitaiints GEE na Cmte IBN. ai Wma 
Kitna Pe ok ae ee 
PROP. xv. PROB. Sao Sige Seen an 
See Note. “TO cae an Sahin ae ‘and. equiangular hexa- 
-. gon ina given’ circle. | | 
Let ABCDEF be the given circle; ‘itis Set to- inscribe 
an equilateral and equiangular hexagon i in it. 
‘. Find the centre Gof the circle ABCDEP, and draw the. 
- diameter AGD; and from Das-a centre, at the distance DG, 
. describe, the cite EGCH, _jom EG, CG, and produce them 
, to the points B, F; and jom AB, BC, OD, DE, EF, FA: the 
hexagon ABCDEF:i is equilateral and equiangular. 
Because Gi is the centre of the circle ABCDEFP, Gk. is © 
. equal toGD: and because D is the centre of the circle EGCH, 
‘DE is equal to DG; ‘wherefore GE is equal to ED, and the 
triangle EGD is equilateral; and therefore its three angles 
EGD, GDE, DEG are equal to one another, because the an- 
a 5.1 gles at the base of an isosceles triangle cre equal? ; and the 
632.1.  -three angles of a triangle are equal» to two right angles; 
-therefore the angle EGDis the Ceres ort two. right angles 
in the same manner it may be demon- | AS ‘ 
strated, that the angle DGC isalso the ) 
third part of two Tight angles: and? 
because the straight line GC makes - B 
with EB thé adjacent angles KGC, FS 
¢ 13.1, CGB equal © to two right angles; the ” ; 
remaining angie. CGB is oe third fe 
mS part.of two right angles; thereforek) Bey 
the angles EDG, DGC, CGB ‘are ; 
2 ‘equal to. one another: and to. these 
315.1. jare equal4 the vertical epposite an-. 
; gles BGA, AGR, FGE: therefore 
‘the six angles EGD, DGC, CGB, | 
Be: BGA, ‘AGF, FGE> are equal’to one | | 
another: but equal angles standupon © H ; 
226.3,  equale cir cumferenceés ; therefore the | 
. six circumferences AB, BC, CD, DE, EF, FA‘ are a eA to 
‘ one another: and equa ‘circumferences are subtended by 
"$29.3. equal straight lines; therefore the six straight lines are. 


equal to one another, and the hexagon ABCDEF is equilate- 


val. Tt is also equiangular ; for, since the circumference AF. 


is equal to ED, to each: of these add. the circumference 


ABCD: hatetoee. the whole*cir cuimferéence FABCD shall be 


Bete equal to ais es EDChS andthe Waa FED stands i oe 


t 7 


. 


the veiienshforehce: sci and the wets iA upon_ Book sil 
‘EDCBA; therefore the angle AFE is equal to FE * ity the: Comyeneed’/ 
_«-Samé manner it may be'demonstrated that the other angles of >” 
the hexagon ABCDEF are each of them equal to the anele 
_AFE ot FED; therefore the hexagon is equiangular ; and it 
"is equilateral, as was shown ; and it is inscribed i in the given 
circle. ABCDEF. Which was to be done. 

-Cor. From this it is manifest, that the side of the hexagon 
is equal to the straight line from mg centre, that 1 is, to the 
semi-diameter ofthe circle. : 
And if through the points A, B, C D,E, F there be drawn 
straight lines touching the cir cle, an equilateral and equian- 
gular hexagon shall be described about it, which may be de- 

~ monstrated from what has been said of the pentagon ; and 
likewise a circle may be inscribed in ‘a given equilateral and 
equiangular hexagon, and circumscribed about it, by a me- 
thod like to that used for’ the Hepa - : 


‘ 


- 


PROP. XVI. PROB.’ . 


To inscribe an ctliitaicead and equiangular quinde See Note. 
cagon in a given circle, 


Let ABCD be the giveh circle; ii Is requiced to inscribe an . 
equilateral and equiangular quindecag on in the circle ABCD. 

Let AC be the side sof an equilateral triangle inscribed *ina 9 4, 
the circle, and AB the side of an equilateral and equiangular 
“pentagon inscribed? j inthe same ; therefore, ifsuch equal parts p tI. 4. 
as the whole circumference ABCDF contains fifteen, the cig eit 
-cumference ABC, being the third 
parts of the whole, contains five ; and 

the circumference AB, which is the 
fifth part of the whole, contains three; © 
therefore BC their difference con-B 
_ tains two of the same parts : bisect € 
_-BC in FE; therefore BE, EC are,® 
each of them, the fifteenth part of the 
_ whole circumference ABCD: there-— 
fore, if the straightlines BE, EC be «. 
drawn, and straight lines equal tO” 

them be placed a around in the whole. circle, an equilateral d 1.4. 

and equiangular quindecagon shall be i ‘ae ibed in i ny en: 

was to be done, ater, i 


r / 
pox 8 


a * 
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Book IV. Andi in the same manner as was dione in ‘the pentagen, if 

denny through the points of division:made by inscribing the quinde- 
cagon, straight lines be drawn touching the circle, an equila- 
teral and equiangular quindécagon shall be described about 
it: and likewise as in the pentagog, a circle may be inscribed 

/ _§nea.given equilateral and equiangular quindecagon, mad cir- 
camscribed about its : 


\ 


¥ ™~ 
> 
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DEFINITIONS. 
ae } Se j 
. LESS dnawiiienae % is suid to be a part of a greater mage 
nitude, when the less measures the greater, that is, ¢ when 
* the less is contained a certain number of times exactly in 
* the eabearad (hata 
"Th s 


; 4 
A greater mid pndvede: is said to:-be a multiple of a less, when 
the greater is measured by the less, that is, ‘“ when the 
“greater contains the less a certain number of times ex- 
* actly.’ 
II]. 


¢ Hato’? is a 1 muttial relation of two magnitudes. of the same See Note, 


‘kind to one another, in foeP ae of quantity.” 
beac (ck Wee ena? 
Maguihdes are said to have a ratio to one oe when the 
less can be maultiplied so as to exceed the other.) 
Vz 
The first of foart aeacoitudes i is said to have the same ratio to 


_ the second, which the. third has to. the fourth, when any 


| *equimultiples whatsoever of the first and: third being ta- 
‘ken, and any equimultiples whatsoever of the second and 
fourth ; if the multiple of the first be less than that of the 
second, the multiple of the third is also less than that of 
the fourth; or, if the multiple of the first be equal to that 
nf Sis. second, the SiN oe of the third is atso equal te te. 


Book V. ~ 
»* ; 


aA 
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-that ef ine fourth ; aOR: if she mitiple of the aha be greater ee 
than-that of the second, the multiple of the third is alge 


/ 


ereek than that of bd fourth, 
‘e VI. 


| Magnitudes which have the same ratio are called: propor- 


tionals. N. B. * When four magnitudes are proportionals, 


“it is usually expressed by saying, the first is to the se- 


‘ cond, as the thind ‘to the fourth.’ | mn ; 
4 ; : ’ ie VIL aes ; ak" ed BORE, ise. 


When of the equimultiples of four magnitudes (taken as in 


f 


~*~ 


the fifth definition) the multiple of the first is greater than _ 


that of the second, but the multiple of the third is not 
greater than the multiple of the*fourth ; then the first is 
said to have to’the second a greater ratiothan the third mag- 


nitude has to the fourth ;:and, on the contrary, the third is~ 
said to have to the four th a Tess ‘patio than the first has. to 


second. ake Cue I 
vi. 
Analogy, or pr operon, is the’ Similitude of. ratios.’ 
Be ae 3. Ge ; 


Proportion om in three terms at Teast. be 


© 


When thie” magnitudes are proportionals, the first } is said 
to have to the cai the duplicate ratio Of se whieh it-has 


to the SE CODE. 


aes 2 peat Cae higahee 


Male pes j aor ee 


Whep four anplenitudes are eck catia’ proportional: ‘the: Hist 


is said to have to the fourth the triplicate ratio of that 


» which it has to-the second, and’ so, ony quadiuplicate, ke. 


% 


~ the ratio which tlie. third ‘has. to. ‘the fourth, and So on unto. 


* 
$ 


increasing the feperination: yn si asi in, any number 
of proportionalss:) «ig - LS eeneecig *) > “ig 


' Definition A, to Wits of Seer a Tatio. 


ar) 


When there are. any. number of Magnitudes of the Same | 
_ kind, the first is ‘said. to have to the Tast ’ ‘of them. the. ratio 


Youpounded™ of the ratio which thé first has to the second, 
and of ‘the ratio which the’ second has to the third; and of 


> 2h, Re. Bde ri Eas 


the last magnitude. 


ro example, if A, B, C, D be four sab oiiidies of the same 
_ kind, the first ‘wai said to haye’to the last D, ‘the ratio com-: 


as 


pounded of the ratio of A‘ ‘to B, “and of the ratio of B to C, 
_and of the ratio of C to D; ‘or; the ratio. of A to’ ‘Dis said to 
“be! nese ge ge? oF tlie ratios of. A to B, B'to C agit Or to ae 


; rh 4 Say 
¢ AEE mre +t fi 
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And if A have to B the same ratio which E has to F; and B Book V. 
to C, the same ratio that G hasto H; and C toD, the same on 
that K has to L; then, by this definition, Ais said to have © 
to D the ratio éotnpounded of ratios which are the same with » 
the ratios of E to F,G to H, and K to L:and the same 
‘thing is to be undératood whenit is more briefly expressed, 
_by saying Avhas to D the ratio mer pgunded of the ratios of \ 
Eto F,GtoH,andKtoL. — 
In like manner, the same things being supposed, if M have to 
N the same ratio which A has to D: then, for shortness’ 
_ sake, M is said to have to N, the ratio Be i? uci of the 
ratios of Et to F, Gto H; and K to L. 


et «XIE. ‘ 

In pr oportionals, the antecedent terms are called Howie 
to one another, as also the consequents to one another. 

‘ Geometers make use of the following technical words to sig- 
“«nify certain ways of changing either the order or magni- 
‘tude of proportionals, so as that YS continue still to be 
it "SE ae ie th 


XII. 

Perniutando, or alternando, by permutatiofy, or alternately ; ; this See Nofe. 
word is used when there are four proportionals, and it is 
inferred, that the first has the same ratio to the third, which 
the ge codd has to the fourth; or that the first is to the third, 
as the second to the Hips as is shown in the 16th prop. 
of this 5th book. 

= RT Vs SBS 

Invertendo, by inversion: when there are four propor setGukle, 
and it is inferred, that the second is to the first, as the ue an 

_ to the third. Prop. B, book 5. 

FEV on - 
daitinen ts, by iS ceponlilie ;whenthere are four proportion- 
als,'and it is inferred, that the first; together with the se- 
cond, is to the second, as the third together wa the fourth, 
is to the putt. 18th Prop. book 5. : 


XVI. 

Dividendo,by division; when there are four proportionals, and 
it is inferred, that the excess of the first above second, is to 
the secondyts the excess of the third above the fogethy) is to. 
the fourth. Irth. prop. book 5. | 7 


XVII. 
Peay cntendo, Se conversion; when there are four proportion: 
. eat and it is anterre that the first is to its excess anes € the 


: OAs, 
~* : “ ’ f oor . 
Es 
| 
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Book V. second, z as the third to its excess above the four th. Prop. E, 1" 

and bok 5; 4 

‘ 

XVII. : 

Ex equali (sc. distantia), or ex zquo, from equality of dis- i 

tance ; when there is any number of magnitudes more than 

two, and as many- others, so that they are proportionals ‘ 

when taken two and two of each rank, and it is inferred, . 

that the first is to the last of the first rank of magnitudes, > 
as the first is to the last of the others: ‘Of this there are 
‘the two following kinds, which arise from the different 

© order in which the magnitudes are taken two and two.’ 


XIX. ; 


Ex zquali, from equality; this term'is used simply by itself, 
when the first magnitude is to the second of the first rank, 
‘as the first to the second of the other rank : and as the se- 
cond is to the third of the first rank, so is the second to 

_ the third of the other: and so on in order, and the infer- 

- ence is as mentioned in the preceding definition ; whence 
this is called ordinate proportion. It is demonstrated in — 
22d prop. book 5. | 


XX. 


Ex equali, in proportione perturbata, seu inordinata; from =.” 
equality, in perturbate or disorderly proportion*; this term 
is used when the first. magnitude is to the second of the 
first rank, as the last but one is to the last of the second 
rank: and as the second is to the third of the first rank, | 
so is the last but two to the last but one of the second. 
rank; and as the third is°to the fourth of the first rank, 
so is ‘the: third from the last to the last but two of the se- 
cond rank: and so on ina cross order: and the inference 
is as in the 18th definition. It is demonstrated i in the Soe 

Pp of book 5. ie eae s ies dae 


i AXIOMS. 
“EQUIMULTIPLES of the same, or of. equal Images, 
are preinet to one another. 


* 4, Prop. lib. 2, Archimedis de sphara et ;Silindse. 


‘ 
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| ith Wea cb)" | Book V. 
Those Piiindes of which the same, or equal magnitudes a 
are eons are equal to one another. 
III. ue 

A multiple ofa ereater magnitude is greater than the same 
2 multiple ofa less. vm ee ~ 

That magnitude of which a multiple is greater than the same 

mSLUAE IS of another; i is greater than that other magnitude. 


PROP. I. THEOR. 


IF any number of magnitudes be equimultiples of 
as many, each of each; what multiple soever any one 
of them is of its part, the same multiple shall all the 
first magnitudes be of all the other. 


Let any number of magnitudes AB, CD be estes dines 
. of as many others E, F, each of each; whatsoever multiple AB 
‘is of E, the same multiple shall AB sand CD se hte be of E 
‘and F together. 

Because AB is the same multiple of E that CD is of F, as 
many magnitudes as are in AB equal to E,so many are there 
in CD equal to F. Divide AB into, magni- 
tudes equal to E, viz. AG, GB; and CDinto A]. ahs 
CH, HD equal dich of them to F:the num- 3 
ber therefore of the magnitudes CH, HD shall rs 
be equal to the number of the others AG, GB; Co 2 | 
_and because AG is equal to E,and CHto 4 
F, therefore AG and CH together areequal Bij > 

to? E and F together: for the same reason, na 
because GB is equal to E, and HD to F; GB 
and HD together are equal to E and F to. C | 3 


gether. Wherefore, as many magnitudes as_ 
are in AB equal to E, so many are there in one 
AB, CD together equal to E and F together. es Wee 
Therefore, whatsoever multiple AB is of E, ec een 
the same multiple is AB and CD together of D | eee y 
E and ¥ together. 
_ Therefore, if any magnitudes, how many soever, be Sonn. 
multiples of as many, each of each, whatsoever multiple any 
one of them is of its part, the same multiple shall all the first 
magyar be of all the er ‘ For the same demonstration _ 


ak PTE ELEMENTS: 


wig vy. § holds 3 in any number of f magnitudes, which was here applied 
hemyaed ‘§ to two.’ & ED : 


PROP. I. THEOR. 


oe the first magnitude be.the same multiple of the 
second that the third is of the fourth, and the fifth the 
‘same multiple of the second that the sixth is of the 
fourth ; then shall the first together with the fifth be the 
same multiple of the second, that the third together, 

_ with the sixth is of the fourth. 


Let AB the first, be the same malunie Of C the second, ie 
DE the third is of F the fourth; and BG the se the ‘same 
multiple of C the second, that EH 
the sixth is of F the Fourtlt: then 
is AG the first, together with the 
fifth, the same multiple of C the se- 
cond, that DH the third, together 
_ with the sixth, isof F the fourth. pt E-- 
Because AB is the same multiple ; 
of C, that DE is of F; there are as C | ‘ F | 
many magnitudesinABequal toC, | H 
as there aréin DE equal to F: in like | 
manner, as many as there are in BG equal to ae so 5 many ane: si 
there in EH equal to F: as many, then, as are in the whole f 
AG equal to C, so many are there in the whole DH equal to 
¥F: therefore AG i is the same multiple of C, thas DHis of F; 
that is, AG the first and fifth together, is _ = 
the same multiple of the second C, that — De | 
DH the third and sixth together, is of the A : ay 
fourth F. If, therefore, the first be the same: E eg 
Be multiple, coat ora” Yon Ope @ Pampas art 8 a thy te 
Cor. ‘From this it is plain, that, if any Bo Bie Ps 
‘number of magnitudes AB, BG, GH, ede ee 
‘be multiples of another C; and as many Mee Je 
‘ DE, EK, KL be the same multiples of @7- K 
‘ F, each of each; the whole of the first, .. 
. (viz. AH, is the same multiple of C, 3 
-*that the whole of the last, viz. DL,is yy 
fol FY ee 


A ’ 


it RE FO 


Fas 


equal to C; let‘EF be di- Fo:}.> H 
videdinto the magnitudes — 


-equaltothenumberofthe K —— : L— 
others GL, LH: and be- 


- andthat EK isequaltoA, Re 


scion | 


_PROP. Ill. THEOR. i i 


TF the first be the same multiple of the second, which 


the third is of the fourth; and if of the first ‘ama third - 


there be taken equimultiples, these shall be’ equimul- 
tiples, the one of the second, and the other of the 


fourth. 


Let A the first, be the same multiple of B the second, that 
C the third is of D the fourth; and of A, C let the equimul- 
tiples EP, GH be taken: then EF i is the same rien of B, 
that GH is of D. 

Because EF. is the same multiple of A, that GH is of C, 
there are as many magnitudes in EF equal to A, as are in GH 


EK, KF, each equal to A, 
and GH into GL, LH, 
each equal to C:the num- , 
ber therefore of the mag- pate oe Pei te 
nitudes EK, KF, shall be © 


cause A is the same mul- 
tiple of B, that C is of D, 


and GL to C; therefore 
EK is thesame multiple of . ) 1 
B, that GL is of D: for Peta ee eo). D 
the same reason, KF is the same multiple of B, that LH is of 
D; and so, if there be more parts in EF, GH'equal to A, C: 
because, therefore, the first EK is the same multiple of the 
second B, which the third GL is of the fourth D, and that the 


fifth KF is the same multiple of the second B, which the sixth 


LH is of the fourth D; EF the first,’ towether with -the fifth, 


together with the sixth, is of the fourth D. tf, therefore, the 
fast &C. R E D. 


is the same multiple ‘oe the second B, which GH the third, a 2. 6 


See Note, 


b Hypoth. 


¢ 5. def. 5, 


any equimultiples whatever M, | 3 


: . 
| THE ELEMENTS 

PROP. IV. THEOR. 
_IF the first of four magnitudes have the same ratio 


to the second which the third hath to the fourth, then 
any equimultiples whatever of the first and third shall 


have the same ratio to any equimultiples of the second _ 


and fourth, viz. ‘the equimultiple of the first shall 
‘have the same ratio to that of the second, which the 
“equimultiple of the third has to that of the fourth.’ | 


Let A the first, have to B the second, the same ratio which 
the third C has to the fourth D; and of A and C letthere be 


taken any equimultiples whatever 
E, F; and of B and’D any equi- 
multiples whatever G, H: then 
E has the same ratio to G, which 
F has to H. 
Take of E and F any equimul- 
tiples whatever K, L, and of G, H, 


a 
* 


N: then, because Eis the same 
multiple of A, that F is of C; and 
of E and F have been taken equi- 
multiples‘K, L; therefore K is 
the same multiple of A, that L is 


of C2; for the samé reason, Mis K £ Ae G M 


the same multiple of B, that N is’ | : i 

of D: and: because, as AistoB,L F CC D.H N 
so is C to D», and of A and C : Pe og § 
have been taken certain equimul- 
tiples K, L; andof Band Duave | | 


been taken certain equimultl- f. Y te | 


ples. M,;Nhsak therefote. Ko bé tips | 

greater than M, Lisgreaterthan | = + 
N; and if equal, equal; if less, | 
lessc. And K, L are any equi- 

multiples whatever of E, F; and 

M, N any whatever of G, H: 
as therefore Eis to G,so ise FF. . 
to H. Therefore, if the first, &c. 

Q. E. D. | | 


Cor. Likewise, if the first have the same ratio to the second, ~ 


which the third has to the fourth, then alse any equimultiples 


sn esis yice tat = aay: eb 


\ 
Ss eg ei oan 


ar 
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whatever of the first and third have the same ratio te the se- 
cond and fourth: and in like manner, the first and the third 
have the same ratio to any equimultiples whatever of the 


second and fourth. | 
Let A the first, have to B the second, the same ratio which 


the third C has to the fourth D, and of A and C let E and¥ 
be any equimultiples whatever ; then E is to B, as F to D. 


Take of E, F any equimultiples whatever K, L, and of B, 
D any equimultiples whatever G, H ; then it may be demon- 
strated, as before, that K is the same multiple of A, that Lis 
of C: and because A is to B, as C is to D, and of A and C 
certain equimultiples have been taken, viz. K and L; and of 
B and D certain equimultiples G, H; therefore if K be greater. 
than G, L is greater than H; and.if equal, equal; if less, 


wen 


Book. Vv. 
Lease pte! 


less*: and, K, L are any equimultiples of E, F, and G, H any © 5. def, a 


whatever of B, D; as therefore E is to B, so is F to D: and 
in the Same way the other case is demonstrated. 


| PROP. V. THEOR. 


\ 


-Ifone magnitude be the same multiple of another, 


which a magnitude taken from the first is of a mag- 


ple of CD, that AE taken from the first, is 
- - ef CF taken from the other; the remainder EB 


_ FD, that the whole AB is of the whole CD. ano 


_ mon magnitude AE; the remainder AG is . 
_. equal to the remainder EB. Wherefore; since 


nitude taken from the other ; the remainder shall be 
the same multiple of the remainder, that the whole is 
of the whole. . eae Rees , : | 


Let the magnitude AB be the same multi- _ CG 


shall be the same multiple of the remainder 


Take AG the same multiple of FD, that 
AE isof CF: therefore AE is* thesame mul- | 
tiple of CF, that EG is of CD: but AE, by C 
the hypothesis, is the same multiple of CF,that | 
AB is of CD: therefore EG is the same mul- 
tiple of CD that AB is of CD; whereforeEG E->- 
is equal to AB ». Take from them the com- rr 


AE is the same multiple of CF, that AGis = | sf 
of FD, and that AG is equal to EB: there-. B D 


‘fore AF is the same multiple of CF, that EB is of FD: but 


AE is the same multiple of CF, that AB is of CD; there- 


See Note, 


THE ELEMENTS 
fore EB is the same multiple ar FD, that AB is of CD. 


| Therefore, if any instal &c..Q. Ee Dy 


See Note. 


\ 


*h. Ax. 5. 


_is.of E: and because AG is the same, | C- 


-is of F; therefore KH is the same © 


Mo 


_ABis the same multiple. ‘of Ei, that 
KH is of F. But AB, by the hypothe- | G_ 


‘is the same multiple of E, that CD is H— 
of F; therefore KH is the same mul- } 


/ / a 9 ‘ 
PROP. VI. THEOR. 


a 


IF two magnitudes be sculmntoniee e two others, 
and if equimultiples of these be taken fromthe first 
two, the remainders are either equal to these others, — 
or seme ee of them. 


Re the two magnitudes AB, cD be equimultiples of the - 
two E, F, and AG, CH taken from the first two: be equimul- 
tiples of the same a F ; the remainders GB, HD are either 
equal to E, F,.or equimultiples of them. _ 

First, Let GB be equal to E; H® is 
equal to F: make CK equal to F ; and 
because AG is the same multiple of 
E, that CH is of F, and that GB is 7 . 
equal to E, and CK to F; therefore — Me ip BS 


eh 


sis, is the same multiple of E that CD pei 5, 
multiple of F, that CD is of F; where-_ ; 
fore KH is equal to CD: take away i 
the common magnitude CH, then the ~ B.D BAF 


remainder KC is equal to the remain-— 


der HD : but KC is equal to F; HD therefore, is equal to = . 
But let GB be a multiple of E: then . 
HD is the same multiple of F : make A K 
CK the same multiple of F, that GB. 4 


multiple of E, that CH is of F; and 
GB the same multiple of Ethat CK G- 
is of F : therefore AB is the same mul- 
tiple of E, that Ku is of Ib: but AB 


tiple of F, that CD is of it; wherefore 
KH is equal'to CD4: take away CH , 
from both; therefore the remainder a | 1 ea | 
KC is equal to the remainder HD: and Bie bE 
because GB is the same multiple Of: ae es 
E, that KC is of F, and that KC is equal Pas ‘HD; therefore 
AD i is the same multiple of F, that GB is of E. Af therefore | 


‘two magnitudes, eC. Q. E. D. 


el 3 if therefnre E be greater than G, 


eee OF EUCLID. 4 


\ r La 


Y PROPAA. PHEOR: 5% 


- IF the first of four magnitudes have to the second See Note 


the sameé ratio which the third has to the fourth ; ‘then, 
if the first be greater then the second, the third is also 
greater than the fourth 5 bares if anal equals if less, 
less. ip 


‘Take any equimultiples of each of them, as the: doubles. of 
each ; then, by def. 5th of this book,af the double of the first 
be greater than the double of the second, the, double of the 
third is greater then. the double of the Badri ; but, if the first 
be greater then the second, the double of the first is greater 
then the double of the second ; wherefore also the double of 
the third is greater then. the double of the fourth; ther efore 


thé third is greater than the fourth: in like manner, if. the. 
first be equal to the second, or less than it, the third. can be: 


proved to be equal to the Lai or lees than ite Therefor ey 
if the bake &e. @: i D.. : 


; ; ; 5 i. 


| ei B. THEOR. 


Tk" four magnitudes be toaeame they are: pian See Note, 


portionals: also when taken inversely.) 


If the fnapnitude A Se! to B, as Ci is to Die then ako i mv ersely 
B is to A, as D.to C; : 
. Take of Band Dany equimultiples 
whatever E and F; and of A and rs, 
any equimultiples whatever Gand Hy vee 
_ First, Let E be greater than G, then’ o 
G is less than E; and, Hecaitse. Ais 
to B, as Cis to D, and‘of ‘A and C, the. 
first and third, G, and H are equim- . 
ultiples ; and of B and D, the second — 


and four th. E and Fare equimultiples}” sy arate! denen ‘ ms 
and that Gis‘less than E, H is also G AB ES <4 
-*lessthan F ; that i is, F is greater than. S* ie Oeicne |. i 


F is greater than H: in like inti teey | 

if EK be equal to G, F may be shown © my an 

to be equal to H; and, if less, lessy) } 

and E, F are any equimultiples whaee Poca ote Sg 

_ever of Band D, and G, H any what- ~ COR: sae INO 

ever of Aand C; therefore, as Bis rs 
. Ro : 


96 def, 5 


nN . 
‘ 


4 


oe 


See Note. 


a3 5. 


pS. deh Se 


cB 5. 
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to He so is D to c. & Pe four magnitudes, &e. Q. E.D. 


PROP. C. THEOR, 


iF fy} 


IF the first be the same multiple of the second, or 
the same part of it, that the third*is of the fourth ; the 


fir st is to the second, as. the third 3 is to the fourth. 


Tet the Bist A be the sare multiple. of BY 


the second, that C the third is of the fourth ” 


D: A is to Bas C is to D. 

Take of A and C any equimultiples what 
ever E and.F; and of B and D any equi- 
multiples whatever Gand H:: then, because 
A is the same multiple of B that C is of D; 
and that E is the same muitiple of A, that F 
F is of C; E is the same multiple of B, that 
F is of D ®; therefore E and F are the same. 
multiples of B and D: but G and H are equi- 
multiples of B and D; therefore, if E be a 
greater multiple of B, than G is, F is a great- 
er multiple of D, than H is of D; that is, if 
E be greater than G, F is greater than H: 
in like manner, if E be equal to G, or less} 
F is equal to H, or less than it. But E, F 


are any equimuhiples whatever, of A, C, and . 


G, H any .equimultiples whatever of B,D. 
Thevelore A is to B, as C is to D>. 


Next, Let ee first A be the same part 

of the second B, that the third Cis of 
the fourth D: A is to B, as Cisto D: — 
for Bis the same multiple of A, that D - 
is of C: wherefore, by the preceding | 
case, B is to A, as D isto C; and m- — 
verselye A is to B, as C isto D. There-— 
fore, if the first be the same multiple, Re. 


/Q.E. D. 


F 


\ 


- 


A 
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i 


. PROP. ‘D. THEOR. 


IF the fir rst be to the second as the third to the ., Note, 


fourth, and if the first be a multiple, or part of the se- 
‘cond - the third is the same ee or the same Pmt 


of the fourth. i 


iat 


‘Let A be to B, as or is to D; and first let A be a multiple of 


B; Cis the same multiple of 3 Ns € 
Take E equal to A, and whatever mul- 
tiple A ie EI is of B, make F the same 
multiple of D: then, because Ais to B, as 
C is to D; and of B the second, and D the 
fourth equimultiples have been taken E 
and F; A is to E, as C to F*: but A is 
equal to E, therefore C is equal to F>: and 
F is the same multiple of D, that’ A is of 


_ B. Wherefore Cis the same multiple Of. 
- —D, that A is of B. 


Next, Let the first A be a part: of the 
second B; C the third is the same part of 
the fourth De: 

Because. A is to B, as .C is to D; then, 


-inversely, B is ¢ to aS as Dto. C: but Alte: 


a part of B, therefore B isa multiple of A; . 
and, by the preceding case, D is tho same 
multiple of C, thatis,C is the same eS 
D, that A is of B: therefor €, ifthe mie &c. 
ne a D, \. rae ae 


= 


: 


PROP. VIL THEOR. | 


‘ ; 


a Cor. 4, 


bA. 5 


| See the fi- 


gure atthe » 
foot of the 
preceding 
page. 


Rite Wes 


EQUAL magnitudes have. the: same ratio to the | 


game. magnitude ; and the same ‘has the same ratio to 
7 equal magnitudes. : Bee | 


a A and B be equal magnitudes, and C any sth wA and 
*B have each of them the same ratio to C; and C has the same 


be to each of the magnitudes A and B. 


pie 


~ Take of A and B any eanapalnley. whatever Dand E, and 


' : 
oats 

: ye 

r - 
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“Book V.\ of C any multiple whatever F: then, because Di is the same 


L—y~—/_- multiple of A, that Eis of B, and that Ais — } 
a1. Ax.5. equal to B; D is *equalto E: therefore, if — 
: D be greater than I, E is greater than F; 
and if equal, equal; if less, less: and D, E ©. 
are any equimuitipies of A, B, and F is any | 
b 5. def. §. ee of C. Therefore, as A-is to e so 
s B to C. 
Likewise C has the same ratio to A, hie | ? 
“it has to B: for, having made the same con- DUA | 
r 


structions D may in like manner be shewn |: E 
- equal to E: therefore, i F be greater than ~ 


D, it is likewise greater than Es andif equal, oe Oe ia : 


equal ; if less, less: and F is any multiple 
- whatever of C, and D, E are any equimul- 


tiples whatever of A, B. Therefore C isto | Ns 
; A,'as C is to B®. Therefore equal magni- i _ 
‘aps tudes, &c. Q: E Dey | | ny 
eae : 


a] 


PROP. VII. THEOR. | 


i 


“See note, OF unequal magnitudes, the athe has a greater 


ratio to the same than the less has ; and the same mag- — 
: nitude has a greater ratio to the less, than it has to the . 


Greet, 


.» Ieet AB; BC ie ieee rortcatieiaess of which AB is the 
greater, and let D be any’ magnitude ~ er Eig bee 
- whatever: AB has a ereater ratio toD, as 
than BC toD: and Dhas agreaterratio Ey 
to BE than to AB. i a es 
If the magnitude which is not the . om 

greater of the two AC, CB, be not less. A 
than D, take EF, FG, the doubles: of ; 
AC, CB, as in Fig. 1. But, if that which 
Is not the ea of the two AC, CB be Cx 
less than D (as in Fig. 2. and 3.) this —. e 
magnitude can be multiplied, so as to 
become greater than D, whether it be G B 
AC, or CB. Let it be multiplied, until 
it become greater than D, and let the. i K 
other be multiplied as often ; and tet EF a, | 


be the multiple thus taken of AC, and — 3 
FG the same multiple of CB: therefore = J) 
EF and WG are eachofthem greater than 


& 


: au + - - fi : bs 
— © ‘ ar ST ee = 
Bae ot ee MT Se an PE gine 


“OF EUCLID: ’ ee | av33 


D: andi in every one of the cases, take H the double of D, K, Book V. 
its triple, and so on, till the multiple of D be that which frst ar ell 
becomes gr éater than FG: let L be that multiple of D which 
is first greater than FG, and ‘K the aoe of D which is 


next less than L>- 


Then, because L is the sauitiple of D, hicks is the first 


that becomes greater than FG; the next preceding ar 


Kis not greater than FG; that is, PG is not less than Ki: and 


~~ 


‘and- D together: but, ‘ eRe 
K together with D, is_ A 
equal to L; therefore a 


‘to AB; for, having 


since EF is the same multiple of AC, that FG is of CB; FG, 
is the same multiple of CB, that EG is of AB4 w herefore 
EG and FG are equimultiples.of. AB and CB: and it was 
shown, that FG was - Fig. 2...-.. Fig. 3... 
not less than K, and, — ; | ne 
by the construction, " Boke | , 
EF is greater than D; B vate " Fo Le 
therefore the Awhile | pitt "= 
EG is greater than K F— . tages st cee 


: 


EG is gr éater than L;... |: Cat FL 
but FG isnot greater, | ee ae ae 
than Lj;and EG,FG | 2 ee ON Ce 
are | equimultiples of saa : 
AB; BC, and Lisa ~G .B G B 
multiple of D; there- ry. : 
reek a dua to. Dee ay : ae ane 
sreater ratio than BC: ge £e ee eG pry eee eh 


“hig to 1y 
Also D hasto BC a 
greater ratio thanit has 


“made the same con- ns Wemeedie okie &: le tees 


struction, it may be MAS ak 
shown, in like manner, eo eras nas oa 
that L is greater than .' ei a. ae As 

FG, but that it is not greater than EG: and L is a. multiple 


‘a ‘of D;‘and FG, EG are equimultiples of CB AB; therefore 


D has to CB.a greater ratio” than it has to AB. Wherefore, 


| of f unequal gi ee ke, ..Q: E. D. 


e é 
ee, ¥ Ws og : s a ha. 
pa + AN tae ae iy, F 3 
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‘See Note 
game magnitude are equal to one another ; and those 
‘to which the same magnitude: has the same ratio are 
equal to one another. a eatin Ne 


- je Sedef. 3. 


- one of them is greater seid | 


“THEELEMENTS 


PROP. TX. THEOR, 


ee 


MAGNITUDES which have he: same ratio to the 


. i 
“ 


Let A; B have eachof them the same ratio to C: Ais equal 


. to Befor if they be not equal, one of them is greater than the 


other ; let A’ be the greater; then, by what was shown in the 
preceding proposition, there are some equimultiples of A and 


3 fe and some multiple of C such, that the multiple of A is greater 


han the multiple of C, but the multiple of B is not: greater 


tian that of C.. Let such multiples be taken, and let D, EB, 


be the equimultiples of A, B, and I the multiple of C, s ‘that 
‘D may be greater than F, and E not greater than 3 but be- 


cause A is to C,as Bis to-Cy and” 2 


of A, B, are taken equimultiplesD, ©. © se 
E, andjof-C is takena multiple’ Psi 2 ee 
and that D is ereater than F; Eshall oy 
also be greater than F; but E is. 
not greater than I’, whichis impos- 
sible: A therefore and B are not 
unequal gthat is, they are equal. * Cc | 
Nex fict C have the game ratio ry 
to eachiof the magnitudes A anil B; B 
A is equal te B: for, if they benot, Les 


. 


ot? 


Te- 


other ; let A be the greater ;t 


fore, as was shown in Prop. 8th, there is some iniultiple F of 


€, and some equimultiples Eand D, of B and A such, that F 
is greater than E, and not greater than D ; but because Cis to 


B, as Cis to A,and that F, the multiple a the first, is greater. 
than E, the multiple of the secon@ F the multiple of the third, | 


is greater than D, the multiple“of the fourth: but F is not 


greater than Dy which is ‘impossible. Therefore es is a 
; to Br 4 Whesviats magnitudes which, &c. as E.D ; 
t . 


ei bared 
ek Shep ba nies : 4 
} F ake 


+ 22GB BUCLIB: at 


thes dee toate * Book:Vy 
ie 4 4. i oe ae eos et: ee 
P PY ee ky , : ‘ / PN teat ie ; <2 
as Nas f 2 PROP. &. THEOR.. 


i 


THAT ribsbanide® which has a preater ratio than Sec Note. 
: another: has unto the sarne magnitude is the greater 
of the two: and that magnitude, to which the same 
has a greatér ratio than it has unto anges rae capstan 

me the lesser of. the two. | 


{ 


Let? A have: to Cay iaeases ratio than B has to C: Ais 
greater than B: for, because: A has a-greater ratio to C, than 
B: has to C, there are® some equimultiples of A and B, and a 7, def. 5, 
same multiple of C-such, that the multiple of A is greater 
than the multiple of C, but the multiple of von is gee gneaten: 
than it: Jet them be taken, and let D, E | 
‘be equimultiples of A, B, and Fa iE Ee 3 \ 
tiple of C such, that.D is greater than F, ee 
but Eis not greatec than I: thereforé 
. D is greater than b; and, because DA |. pn | 
- and E are equimultiples of A and B, and 
D is greater than E; therefore re is b sie b4, Ax. & 
greater than B. Bice eae poe Sek! Shakey K: 
Next, Let € have a reater ratio to B FP Pope 
thant has to A; B is ae than A? fore -4¢ | 
there is some multiple F of C, and some . 3 
equimultiples E and D of B and A’ such, Laue 
that F is greater than E, bipis not.great- 
er than D: E therefore is less.than D; B 
and because # and D are. equimultiples , 
of B and A, therefore B is ® less than A.’ 
‘That e aewend:: josanenet &e. Qs E.D. oc: 


oe Santina Hw ec col ip 
. . 3 vee 


“PROP. XI THEOR. cigeuenarcst ae 


“RATIOS. that are the same ‘to the ¢ same ratio, are 
_ the same to one another. ist . 
£ ei, eae: ry : . 
Hat & be to B as € isto D; snes as. 5 Ct to: Ds: so let. Ele t toy. 
F; A is to B, as F to F. * | 
Take of A, C, E, any equimultiples: Swiateyes G, H, K; 
and o B,D, BF, any equimultiples whatever L, M, N. There- 
fore, since A is to B, as C to -D, and H are taken equi- — 


HE ELEMENTS 


Book ¥. multiples of A, C,and L, M of B, 2 3 if G ee gcater: than be ' 3 
Vy His eretaer than E ; and if equal, equal; and if less, Jessa. . 
a,5. def. 5. Again, because C is to D, as is to F, and H, K are taken 
equimuiltiples of C5 E.: son M,N, of D, F: if H be greater 
than M, K is greater than N ; aiid if equal, equal; and if less, 


eo 4 
Co 
© 


Gi K— 

A——— = C— ze! + actos 

Be te ty Dae Hel 8) ly Bee ee 
(uate oe ME ene uf ? 


less: but if G be Sreater than Ls it Kas syclti shown that His: 
greater than’ M; and ifequal, equal ; and if less, less; there- 
fare) if G'be greater than L, K as:greater than N; and. ift 
equal, equal ;'and if jess, less: and G, Kvare.any equimultiples’ 
whatever of A, E; and L, N any whatever of B, F.: therefore,: 
as A is to B, so is E to F2. Wherefore ratios thaty:é&c..Q. F. D.- 


7 : iy oY e iA a - 
ees ae PROP. XII. THEOR. 
| cote any iris of Tmhagnitides be piGHorisbhtia as 


one of the antecedents. is to 1ts consequent, so shall all 
the antecedents .taken tage iier: be to al tne none 


a J 60) 
| Let any number of roareie Ay B, é, D,: Bt FE tie’ ee ors 
-tionals} that is, as A is to’B, so'is C to D; and E to F: as A 
ts to B, so-shall A, C; FE together be to B, Dj F together. © 
Take of A, C, E any equimmultiples i oath G, ei ep 


3 : 5 ; ‘te P Asam we \ 
PA dic tlescacaanitbe ‘ C ron FE so~—velnsinelt 
? AY ; Rie ; 
ianips. ‘sn Ee Th i gti oman 


cae of B, DF © any equimultiples eiticver Ii M, N then, 
‘because’ A is to B, as C is Gea: and: as Et to F; ae aes G, i fe 


a 
Py 


< VP j Ps 
OF EUCLID. ian: fe 
, 
K are eauienalliples of A, C; E, andL, M,N equimultiples of Book V; 
B, D, F; if G be greatet than L, H is greater than M, and Wp. 
K greater than N; and if equal, equal; and if less less.a 5. def. 5s 
Wherefore, if G be greater than L, then G, H, K together 
are greater than L, M, N together ; : and if equal, equal; and 
if.less, less. And G, and G, H, K together are any equimul- 


'., tiples of A, and A, C, E together; because, if there be any 


number of magnitudes equiinultiples of as many, each of each, 
whatever multiple one of them is of its part, the same imal. 

tiplé is the whole of the whole»: for the same reason L, and b 1. 5: 
L, M, N are any equimultiples of B, and B, D, F: as there- 
fore A is to B, so are A, C, E together to B, D; F together, 
Wherefore, if any number, ee; Q. E. De 


- 
s 


PROP, XIII. ‘THEOR. 


IF the first has to the second the same ratio which See Note. 
the third has to the fourth, but the third to the fourth 
a greater ratio than the fifth has to the sixth; the first 


shall also have to the second a greater ratio than the 
fifth has to the sixth. 


ae all 
% 


ar A the first have the same ratio to B the second, which 
C the third, has to D the fourth, but C the third to D the 
fourth, agreater ratio than E the fifth to F the sixth: also the 
' first A’ shall have to the second B a greater ratio than the 
fifth E to the sixth F. : 
- Because C has a greater ratio to D, than E to F, there are 
‘some*equimultiples of C and E, and some of D and F such, 
that the multiple of C is greater than the muliple of D, but 


M——-——. G+» H 
A——+ Ca COE 
Bae i, 3 ae : 
Rare OK correo: luce ert 


the iiuitiote of Ep is not greater than. the multiple of Fa; leta 7. def. 5, 
such be taken, and of C, E let G, H be equimultiples, andl K, 
Vs equimultiples of D, F, so that G be greater than K, but H 
not greater than L;.and whatever multiple-G is of Cy take M 
the same multiple of A; and whatever multiple K is of D, 
take N the same multiple of Bi jenna because Ais to B, as 


Sy 


(138 
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C to D, and of A and C, M and G are equimultiples: and of ~ 
B and D, N and K are equimultiples; if M be greater than 


b 5. def. 5. N, Gis greater than K ;,andif equal, equal ; and if less, less4 ; 


oe 7.def. §. 


See Note. 


a 8. 5. 


but G is greater than K, therefore M is greater than N: but 
H is not greater than L; and M, H are equimultiples of A, 
E; andN, L equimultiples of B, F; therefore A has a ereater 
hie to B, than E has to F*. Wherefore, if the first, &c. 

Cor. And if the first have a greater ratio to the second, 


_ than the third has to the fourth, but the third the same ratio 


to the fourth, which the fifth has to the sixth; it. may be de- 
monstrated, in like manner, that the first has a greater ratio 
to the second, than the fifth has to the sixth. 


PROP. XIV. THEOR. 


| [F the first has to the second, the same ratio which 

the third has to the fourth ; than, if the first be great- 
er than the third, the second shall be greater than the 
fourth ; and if equal, equal; and if less, aes | 


Let the first A have to the second B, the same nite whict 
the third C has to the fourth D; if A be greater than C, B is 


greater than D. 


Because A is greater pre: C, and B is any other magnitude, 
A has to B a greater ratio than C to B®; but, as A is to B, so 


i 


Pee rR e Say ope oa 
Eegeae? 4 

A BCD DAT id 

is C to D; therefore also C has to Da greater fatio than C 


has to B>: but of two magnitudes, that to which the same has 
the greater ratio is the lesser *: wherefore D is less than B; 


‘that is, B is greater than D. 


Secondly, If A be equal to C, B is equal to D: for A is to 


2 B, as C, that is A, to D;'B therefore is equal to D4. 


Thirdly, If A be less than C, B shall be less than D: for 
C is greater than A, and because C is to D, as ‘Ais to B,D 


is gréater than B, by the first case; wherefore B is less than. 


D. Therefore, ef the first, &c. Q. E. D.. 


~ 


“GH, HB, shall be equal to the number of - 


OF EUCLID. i ee, 


PROP. XV. ae 


we 


MAGNITUDES have the same ratio to one an- 


other which se equimultiples have. — ~ 


Let AB be the | same multiple of C, that DE is of F: C is 
Fy as AB to DE. 

Because AB is the same multiple of C, that DE i is of F; 
there are as many magnitudes.in AB equal : 


to C, as there are in DE equal to F: let _ 

AB be divided into magnitudes, each D 
: equal to C, viz. AG, GH, HB; and DE G 

into magnitudes, cach equal tof, viz. DK, ~ 7 

KL, LE: then the number of the first AG, x 


the last DK, KL, LE: and because AG, H-- , 
GH, HB are all equal, and that DK, KL, ~ | L- 
LE are also equal to one another: there- 
fore AG is to DK, as GH to KL, and as | | 
HB to LE?: and asoneofthe antecedents B C E F 

to its consequent, so are all the antecedents together to all fe 5. 
the consequents together; wherefore, as AG is to DK, so 

is AB to DE: but AG is equal to C, and DK to F: therefore, 5 12, 5. 
as C ct, to F,; sois AB to DE. Therefore magnitudes, &C. 

Q.E “ | 


PROP. XVI. THEOR. 
IF four magnitudes of the same kind be propor- 

- tionals, they shall also. be propattionals when taken - 

alternately. 


- Let the four magnitudes A, B, C, D be proportionals, viz. 


~as A to B, soC to D: they shall also be probortionals when 


‘taken alternately ; ; that is, A is to C, as B to D. 
_Take of A and B any equimultiples wnatever E andF ; and 
of c and D take any Si rha caeee i he G and HW: and 
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because E is the same muluiple of A, that F is of B, and that 


_ magnitudes haye the same ratio to one another which their 
equimultiples have*; therefore A is to B,as E is to F: but as 


A is to B, so is C to 


D: wherefore as C E eh se 
is to’ D, sob is Eto | 


F: again, because G, A C—_—— 
- Hare equimultiples. . wits 
of C, D,as Cisto D,. B a. 2 


¢ 14. 5. 


so isGto H®; butas . eh tau 

C.is to D, so is Eto. F H—— 

F.., Wherefore, as Es .. aR 
isto F, soisG toH>. But, when four magnitudes are propor- 
tionals, if the first be greater than the third, the second. shall 
be greater than the fourth; and if equal, equat; if less, lesse. 


Wherefore, if E be gréater than G, F likewise is greater than 


d 5. def. 5. 


See Note. 


H; and.if equal, equal; if less, less; and E, F are any equi- 
multiples whatever of A, B; and G, H any whatever of C, D. 
Therefore Ais to C,as B to D4 If then four magnitudes, 
&e. Q. KE. D. : RA ep 


PROP. XVI. THEOR. | 


‘ 


— IF magnitudes, taken jointly, be proportionals, 


they shall also be proportionals when taken separately ; 
that is, if two magnitudes together have to one of them 
the same ratio which two others have to one of these, 
the remaining one of the first two shall haye to the 


other the same ratio which the remaining one of the’ 


last two has to the other of these. fe 


£7 > Z A 
Let AB, BE, CD, DF be the magnitudes taken jointly which 
are proportionals; tbnt is, as AB to BF, so is CD to DF; they 
shall also be proportionals taken separately, viz. as AE to EB, 
so. CF to FD. , ' 


Take of AE, EB, CF, FD any equimultiples whatever GH, | 
HK, LM, MN 3 and again, of EB, FD, take any equimultiples 


whatever KX, NP: and because GH is the same muitiple of 


_ AE, that HK is of EB, wherefore GH isthe same multiple* of —_ 
AE, that GK is of AB: but GH is the same multiple of AE; 


that LM is of CF ; wherefore GK is the same multiple of AB, 


a . 
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that LM i is “of CF. Apainy. because LM is the same ; Aneleione Book Vv. 
of CF, that MNis of kD; therefore LM is the same multiples a 
of CF, that LN is’of CD: but LM was shown to be the same a1. 5, 
multiple of CF, that GK is of AB; GK therefore is the same 
‘multiple of AB, that LN is of CD; that is, GK, LN are equi- 
muitiples of AB, CD. Next, becatise HK is the same multiple 
of EB, that MN is of FD; and thathXis y, | 
also the same multiple of EB, that NP-is:. oer. 
of FD ; therefore HX is the same multiple . pe ley 
- bof EB, that MP is of FD. And because 2. 5 
AB is to BE, as CD is to DF, and that of Libss 
AB and CD, GK and LN are equimulti-, - 
ples, and of EBand FD, HX and MP are -- , 
equimultiples; if GK be greater than HX, N+) 
then LN is greater than MP; and if equal, aa ee 
equal; and if less, less¢: but if GH be A [ 
greater than KX, by adding the common 7 Mt. c 5. def. 5+ 
part HK to both, GK is greater than HX; D 


i 


wherefore also LN is greater than MP: 

and by taking away MN from both, LM 
is greater than NP: therefore, if GH be. 
greater than KX, LMis greater than NP. ; 
In like manner it may be demonstr ated G A CooL 
that if GH be equal toK X,LN likewise is equal to NP; and 
if less, less: and GH, LM are any equimultiples whatever of 
AE, CF, and KX, NP. are any, whatever of EB, FD. “There- 
ree c,as AF is to ER, so is CF to FD. If then magnitudesy 

Ca: (Ba. 


\ 


re 


i ed 


/ 


PROP. XVII. THEOR. 


IF magnitudes, taken separately, be Sropdrtinalss <. See Note. 
they shall also be proportionals when taken joinily, 
that is, if the first bé to the second,.as the third to 
the fourth, the first and second together shall be to 
the second, as the third and: fourth ots to the 
fourth. | ae 

* 

— Let AE, EB or FD be proportionals ; thats, as AE to ° 
EB, so’ is CF to ED; they shall also be proportionals when 
taken jointly ; that is, as AB to BE, so CD to DF. - is 
“Take of AB, BE, CD, DF any equimultiples whatever GH, 
HK,LM, MN ; and again, of BE, DES take any whatever equi- 


a3. Ax. 5. 


may be'shown, that LMis greaterthan | « B 


bS.5. 


0 6.6. 


| multiples of AB, BE, and that AB is ¢ 


multiple of cD, greater than NP, the G 


THE ELEMENTS | 
_ multiples KO, NP: and because KO, NP are equimultiples 


» of BE; ‘DF ;tand that KH, NM are oquiiae® likewise of 


BE, DF, if KO, the multiple of BE, be greaté®than KH, which 
isa multiple of the same BE, NP, likewise the Estes of DF: ’ 
shall be greater than N M, the multiple 
of the same DI’; and if KO be equal 
to KH, NP — be equal to NM; and 
if less, less. | Ca 
First, Let KO not be greater than er 
KH, therefore NP is not greater.than 3 
NM; and because GH, HK are equi-_ 


greater than BE, therefore GH is 
greater’ than HK; but KO is not 
greater than KH, wherefore GH is - 
greater than KO. In like manner it 


NP. Thereforeif KQO-be not greater 
than KH, then GH, the multiple of — 
AB, is always. greater than KO, the is 
multiple of BE; and likewise LM, the 


multiple of DF. o 
| ae is 

Next, Let KO be greater than KH: aloes: as bid pics 
shown, NP is greater F kent NM: and because the whole GH is 
the same multiple of the whole AB, that’ HK is pe sha the re- 
mainder GK is the same multiple. of H 
the remainder AE that GH is of AB®: 


whichis the same that LM is of CD. Ol. MM 
In like manner, because’ LM is the 7} >". ae 
_ same multiple of CD, that MN is of i | J Pode 
DF, the remainder. LN ‘is the same! ta? #3 
multiple of the remainder CF, that ae ae 
the whole LM is of the whole CD®: N- 


but it was shown that LM is the same 


multiple of CD,that GK is of AE; © {| B.. 

therefore GK is the same multiple of. , he Ae 
AF, that LN is‘of CF; that is, GK, bh D.. 
LN are equimultiples of AE, CF: Ft 

and because KO, NP are equimul- - Eb. 
tiples of BE, DP, if from KO, NP. G| A} C] LI 


there be taken. KH, NM, which are likewise souimtultiples. 
“of BE, DF, the® remainders HO, MP are either equal to BE, 
' DF) ot equimultipies of them*. First, Let HO, MP, be. 
equal to es DF; and because Ai is to ee as CF toFD, and 


« 
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‘that GK, LN are equimultiples of AE, CF; GK shall be to Book V. 
EB, as LN to FD 4: but HO is equal to EB, and MP toFD; C+ 
wherefore GK. is to HO, as LN to MP. If therefore GK bad Cor. 4. 5: 
greater than HO,LN is preater ‘than MP ; and if equal, equal; 
and if less®¢, less. e Ax. 5. 

But let HO, MP be Liviisitiabes of EB, FD; aiidl because 

AE i is to EB,as CF to FD, and thatof AE, CI’ are taken equi- 
multiples GK, LN; and of EB, FD, the so ak ried 

' MP; if GK be greater than HO; LN i 

is greater than. MP; and if equal, 


‘equal ; and. if less, lessf: which was | Ht EK ef, 5. 
likewise shown in the preceding case. ner, ' 

If therefore GH be greater than KO, H- ivatcr 

taking KH from both, GK is greater : | 

than HO;whereforealsoLN isgreater | | M 


than MP; and, consequently, adding 
NM to both, LM is greater than NP: 


therefore, if GH be greater than KO, Ky B Nw 
LM is greater than NP. In like man- ieaeee 
ner it may be shown, that if GH be per ce 


equal to KO, LM is equalto NP; and 

if less, less. And in the case in hich A a Cc. ae 

KO’ is not greater than KH, it has G L 
been shown that GH is always greater than KO, ‘ae likewise 

LM: than NP: but GH, LM are any equimultiples of AB, CD, 
and KO, NP are any whatever of BE, DF; therefore®, as AB 

is to BE, so is CD to DF. If then magnitudes, &e: Ov. D.. 


-}.  sPROP. XEX. THEOR. 


IF a whole magnitude be to a whole, as a magni- See Note. 
tude taken from the first, is to a magnitude taken from 


the other; the remainder shall be to the remainder, | 
as the whole to the whole. 


Let the whole AB béto the whole cp, as AE, a magatinte 
taken from AB, to CF’, a magnitude taken from CD; the re- 
| mainder EB shall be to the remainder FD, as the whole AB to 
‘the whole CD. — 

Because ABis to brig as AE to CF; likewise, ey, a, a 16, 5. 


a 
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Book V. BA is to AE, as. DC to CF: and because; if mag- 
cn i nitudes, taken jointly, be pYoportionals, they are 


A 


517.5 


See Note. 


‘AE to CF, so,-by the hypothesis, is AB to CD; 


- Wherefore, if the whole, &c. Q.EsD.ooe © : Ee 


‘nitude taken from the first, is to a magnitude taken B “opi 


also proportionals® when taken separately ; there- 
fore,as BE is to DF, so is EA to FC; and alter- E 
nately; as BE is to EA, so is DF to FC: but, as 
therefore also BE, the remainder “shall be-to the © 
remainder DF, as the whole AB to the whole CD: — 


Cor. If the whole be to the whole, as a mag- 


from the other; the remainder likewise is to the 
remainder, as the magnitude taken from the first to that koh 
from the other : the demonstr ation is pes ie ch in the pieee: 
ing. 


PROP. E. THEOR. 


IF four magnitud es be Broportianals, they are re 
proportionals by conversion, that is, the first is to its 


“excess above the second, as the Bie to its excess 


above the fourth. * 

Let AB be to BE, as s CD to DF; then BAisto A 
AE, as DC to CF. 

Because AB is to BE, as CD td DF, by divi- 26 
sion, AE is to EB, as CF to FD, and’ by inver- ET C 
las, BE is to EA, as DF to FC. Wherefore, by _ 
composition*, BA is to AE, as DC 1 is to CF, | Ae 
therefore, four, &c. A E. 5? ean 


PROP. XX. THEOR ee 

IF there be three eS isd: Sonat ance: 
which, taken two and two, have the same ratio; if the 
” first be greater than the third, the fourth. shall be 


greater than the sixth ; and if equal, equal; and if lessy 


less.. ee 
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- Let Ay BC be three magnitudes, and .D, E, F other three, Book V. 
which,. taken two and two, have the same ratio, yiz/as A iS tO pane 


B, so is D to E; and as B to C, sois E to 
F. If A be greater than C, D shall be greater. 


_ than F; and if equal, equal; and if less, — 


. Tess. 

' Because A is ereater than C, and B is any 
other. ‘magnitude, and that the greater has to 
the same magnitude a greater ratio than the less 


- has to it@; therefore A has to B a greater ra- - 


tio than C has to B; butas D is toE,soisA 
to B; therefore> D has to E a greater ratio 


than C to B; and because B is to C, as Eto F, 


by inversion, C is to B, as F is to E; and D 
was shown to have to Ea greater ratio than C 
to B; therefore D has to E a greater ratio than 
F to Ec; but the magnitude which has a greater 


o> 


. ¢ Cor. 13. &. 


ratio than another to the same magnitude, is the gr cater of the 


twot: D is therefore greater than F. 


d 10. 3, 


Secondly, Let A be equal to C; D phat’ be equal to F: be- 


cause A and C are equal to one an- 
other, A is to B, as Cis to Be: | 
but A is to B, as D to E; and C is 
to. B, as F to E: Wwherelore D is to 
EE, as F to Ef; and therefore’D is 
equal to Fs. 

‘Next, Let A be less than C; D 


A B 
shall be less than F: for C is ereat- 1 DSR OE 


er than A,and, as was shows in the , 
first case, C is to B, as F to E, and 
in like manner B is to A, as E toD; 
therefore F is greater than D, by the | 
first case; and therefore D is less 


than F. Therefore, if there be three, &c. ~ FD. 


PROP. XXI. THEOR. 


C 59. & 
B:. 
% 


@ 7:4, 


f il. 5. 


1F-there be three magnitudes, and other three, which See Notes 
have the same ratio taken two and two, but in a cross 
order ; if the first magnitude be greater than the third, 
the fourth shall be greater than the sixth ; and if equal. 


| equal ; and if less, less. 
oe ad ey e 
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Book V. 
eye! 


i" 8. 8, 


b 13. 3. 
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Let A, B, C be three magnitudes, and D, E, F other three, 
which have the sayne ratio, taken two and twe, but in a cross 


order, viz. as A is to B, so is E to F, and as B 
is to C,sois Dto E. If A be greater than C, 
D shall be greater than F; andif equal, equal ; 

and if less, less. 


Because Ais greater than C, and Bis any — 


other magnitude, A has to B a greater ratio 2 
than C hasto B: but as E to F, sois A toB; 
therefore> E has to F a greater ratio than C to 
B: and because B is to C, as D to E, by inver- 
sion, C is to B,as E to D: and E. was shown to 


have'to Fa greater ratio than C to B; there- 


e Cor. 13.5. fore E has to F a greater ratio than E to D¢; 


d 10. 5. 


See Note. 


but the magnitude to which the same has a 


greater ratio than it has to another, is the lesser 
of the two"; F therefore is less than D; that is, 


D is greater than F. 


——yf§ > 


Secondly, Let A be equal to C.; D shall be equal to te 


to B, as E toF ; and C is to 
as F.to D; wherefore E isto F, } ; 
as E:to D ts and therefore D 
equal to F 4. } 

Next, Let A be less than oF: ins 
D shall be less than F: forCis |{- 
greater than A, and, as was a 
shown, C is to B, as Eto D, 
and in like manner Bis to A, D EF 
as F' to E; therefore F is great- : 
er than D, by case first; and — 
therefore D is less than F. 
Therefore, if there be ae &e. 
Q. E. D. 


_ PROP! XXIL THEOR. 


Q 


Be- 


“cause A and C are equal, A +, to B, as C is to B: but A is 


iF there be any Huinber of magnitudes, and as many 
others, which, taken two and.two in order, have the 
same ratio; the first shall have to the last of the first 


words “ ex equalt,” or “ ex @quo.” 


‘magnitudes the same ratio which the first of the others 
has to the last. N. B. This ts ie cited by the 


_ because ‘A is to B, as D to E, and 
_ that G, Hare equimultiples of A, 


For the same reason, K is to M, 


n 


as B'to C, so F to G; anil'as’ Gi to D,so Gtolk. F: S. H. 
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First, Lat there be three magnitudes A, B, C, and as many ‘Book Ve 
others D, E, F, which, taken two and two, have the same toa? 
ratio, that is, seh that A is to B, as Dto E; andas Bisto ‘ 


bi sois E to F; A shall be to C, as D to F. 


Take of A and D any equimultiples whatever G and H; 
gad of B and Hany equimultiples . 
whatever K and L; and of C and 
F any whatever M and N: then, 


D, and K, L equimultiples of B, A 
E;as Gisto K, sois*? HtoL. G 


as L.to N: and because there are © 
three magnitudes G, K, M, and | 
other three H, L, N, which, two | 
and two, have the same ratio; if 
G be greater than M, H is great- 
er than N; and if equal, equal; . 
and uf less, less>; and G, H are 
any equimultiples whatever of A, 
D, and M, N are nN equimul- 
doles whatever of C, F. Therefore ¢,as A is to oC, so is D ¢ 5. def. 3. 
to F. 
Next, Let there Le four apnitiaes A, B, C, D, and othér ae 
four, E, F, G, H, which two and two have the 
saine ratio, viz. as A‘is to B, so is E to F, and A. BIC, 


b20 4. 


H: A shall be to D, as E. to H.. 

Because A, B, C are three magnitudes, and E F, G other 
thr ee, which, taker two and two, have the same ratio; by the 
foregoing case, A is to C, as E to G. But C is to D, as G is 
to H; wherefore again, by the first case, A is to D, as E to H: 
and so on, whatever be the number of magnitudes. Therefore, 
if there be ny puMmvens &e. Q. E. D. 


See Note.. 


GOs 


Gr 


b 11. 


c 4, 5, 


221.5. 


that G is to H, as M toN; ‘then, | , é 
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PROP. XXII. THEOR: © 
Rees Gs ahy es % : 

IF there be any number of magnitudes, and as 

many others, which, taken two. and two, in a cross 

order, have che same ratio; the: first shall live to the 

last of the first magnitudes the same ratio which: the 

first of the others has to the last. -N. B. This is usu- 


ally cited by the words “ ex aqualiin proportione per- 


‘“turbata 3? or, “* eax “gH perturtate.”. 


First, Let there be thr ee magnitudes Ay B, C, and other 
three D, E, F, which, taken two and two in a cross order, 
have the same ratio, that is, such that A is te B, as Eto B; ¢ 
and as B is to C, $0 is D to E: A is to C, as D to F. 

Take of A, B, D any equimultiples whatey er G, H, K; a 
of C, E, F any equimultiples whatever L, ad N; aad because 
G, Hare equimultiples of A, B, 4 
sad that magnitudes have the | 
sime ratio which their equimul- 
tiples have*; as A is to B, sois, 

G to H. And, fer the same rea- ie b, 
son, as Eis to F,soisMtoN; | ti? 
but as A is to B;sois EtoF; A B 

GH 


1 
as therefore G isto H so is M to MON 
N >. And because as B is to C, ~ feet he 
so is D to E, and that H, K are: ae fe 


equimultiples of B,D, and L, M, |. 
of C, E; ait FG 46:1, so is? K +]. 
to M: and it has biden shown, - 


because there are three magni- | fe 
tudes G, H, L, and other three gan 4 

K; M, N, which have the same : ; a 
rAtio taken two and two in across” ~ fe ! 
order; if G be greater than L, fg S 
K is sreater than_N ; and if equal, equal ; saa if less, Hess; 
and G, K are any equimultiples whatever of A, D; and L, N 
‘any whateyer of C, F; as, therefore, A is to C, so 4s D to F. 


7] 


& 

ih 

a 
\ 


i eo it a hadi es Dap eet Dl 


= 5 2 aSBUCLID: e 4g 


Next, Let there be four magnitudes, A,B, C, D, and other en Vv: 
four E, fF; G, H, which, taken two and two. 
in a cross onder, have the same ratio, viz. |} A. B.C. D. | 
A-to Bj-as G to Hs Beto C, as F to G; | &. F.G.H. 
and C to D, as E to F: Asda ti ha \ 
3, 5s Poa os 

Because A; B, C are three magnitudes, and F, G, H other | 
three, which, taken two and two in a cross order, have the 
same ratio ; but the first case, A is to C, as F-to H: but C is 
to D, as Eis to F; wherefore again, by the first case, A is ta 

as E to H: and so on, whatever be the number of a al 
tudes. Therefore, if there be any number, kc. Q.E.D 


§ 


“PROP: XXIV. THEOR. © 7 


IF the first has to the second the same ratio which See Note. 
the third has to the fourth; and thé fifth to the second 
the same ratio which the sixth has to the fourth; the 
first and fifth together shall have to the second the same 


ratio which the third and eco together have to the 
fourth. | 7 “ot 


| 


“Let AB the first habe to © the second the same ratio which 
DE the third has to F the fourth; and let BG the fifth have 
to C the second the same ratio which EH 
the sixth has to F the fourth: AG, theG | — 
first and fifth together, shall have toC the | — if" 
second the same ratio which DH, the : 
third and sixth together, has to fF! ‘the 
fourth. Br 

Beeause BG is to C, as EH to F; by in- © EET: 
version, Ci is to BG,-as F to EH: mere be-.- 
cause as AB is to C, so’is DE to F; and 
as C to BG, so ih to EH; ex equalia, AB 
is to BG, as DE to EH: elitk because these 
magnitudes are proportionals, they shall 
likewise be proportionals When taken A C DF 
jointly»: as, therefore, AC is to GB, so is ‘ 

DH to HE: but as GB to CG, so is HE to F. Therefore, ex 
eguali®, as AG is to © $0 is DH to F. ;Wherefore, if the 
&cv.@. E.. D. fs | 

Cor. 1. If the same hypothesis te made as in the aes 

tion, the excess of the frst and fifth shall be to the second, as 


». 


vey wr S 


b 18. §. 


} 
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Book V. “she excess of the third and sixth to the fourth. The demon- _ 
wey~e/ stration of this is the same with that of the proposition, if di-. 
vision be used instead of composition. 

Cor. 2. The proposition holds true! of two ranks: of magni-. 
tudes, whatever be their number, of which each of the first 
rank has to the second magnitude the same ratio that the cor- 
responding one of the second rank has toa geet magnitude ; 
as 1s manifest. . 


1 + 


PROP. XXV. THEOR. 


IF four magnitudes of the same kind are propor-_ 
tionals, the greatest and-least of them together are 
greater than the other two together. : 


Let the four mpacoieden AB, CD, 2 Ae Cy be svriatiecleie; 
viz, AB to €D,as Eto F;and let AB be the greatest of them, 
2 A.& 14, and consequen itly I. the least. AB, together with Ei are 
fs. greater'than CD, together with E. | 
Take AG equal to E, and CH equal to F : then, isha as 
AB is to CD, so is E to F, and that AG is equal to i ane CH 
equal to F; AB is to CD, as AG to CH. B 
And hecauas AB the whole is to the ay 
whole CD, as AG is to CH, likewise the G er 
remainder GB shall be to the remainder JT D 
b19.5.  H{D, as the whole ABis to the whole» CD: 
CAS. but AB is greater than CD, therefore« 
GB is greater than HD: and because AG — 
is equal to E, and CH to F; AG and F 
together are equal’ to CH and E together. : 
If, therefore, to the unequal magnitudes A oO. oes 
GB, HD, of which GB is the greater, _ | : 
there be added equal magnitudes, viz. to GB the two AG and 
F, and CH and Eto HD; AB and F together are Pe | 
than CD and E. Theretore, if four Scam &c. be E. D. 


PROP. F. THEOR. 


See Note. RAT IOS hick are ‘eaemountied of the same ra- 
. tios, are the same with one anothes. | 


A 


iar 


Be lee ee 
Ef MBBS ESE eM 


+e 


x 
~ : me c a ier 
FS ge eee, ee ee ee OR BE ae ek ee 


her etd 
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- LLet A be to B, as D to E; and BtoC, as E to I’: the ratio 
which is compounded of the ‘ratios of AY 
to B, and B to C, which, by the defini- 
tion of coripeund ratio, is the ratio of A C. 

to C,is the same with the ratio of D to I. 

¥, which, by the same definition is com- ) 
pounded of the ratios of D to E, and E to F. 

Because there are three magnitudes Ay BeCy and three 
others D, Ey F, which taken two and two in onder, have the 
' sdme ratio: ex wguali, A is to C,as D to F®. 

Next, Let A be to B,as E to F,.and B to C, as,D to E; 


A. 
D 


mo 


* 


_ therefore, ex eqguali in proportione perturbata®, 
A isto C,as DtoF; that is, the ratio of A tal ABC 
C, which is compounded of the ratios of A tol pk. F. 


B, and B to C, is the same with the ratio of D 
to F, which is compounded of the ratios of D 
to E, and E to F: and im like manner the pr ‘oposition may be 
demonstrated, whatever be the number of ratios in either case. 


PROP. G. THEOR. | 


IF several ratios be the same with several ratios, 
each to each ; the ratio which is compounded of ratios 
which are the same with the first ratios, each to each, 


is the same with the ratio compounded of ratios which’ 


are the san ae with the other ratios, each to each. 


Let A bats B, as E foF: and C to D, as Gto H: and let A 

be to B, as K to L; and C to D, as L to M: then the ratio of K 
to M, by the definition of com- gi ) 
pound ratio, is compounded of 
the ratios of K to L, and L.to M, 
_ which’are the same with the'ras ; 
tiosof Ato B,and Cto D: and}. f 
as E to F, so let N be to O; ad arde to ice let O be to P; 
then the ratio of N to Pis compounded of the ratios of N to O, 
and O to P, which are the same with the ratios of E'to F, and 
G to H: and it is to be shown that the ratio of K to M is the 
same with the ratio of N to P, or that K is to M, as N to P. 

Because K is to L, as (A to B, that is, as E to F, thatis, as) 
N to 0; and 2 as s Lto M, so is (C toD,and sois G to H, and so 


* . f 
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b 23. 5. 


See Note, 


See Note. 


of com. 
pounded 
ratio, 


See Noic 
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is)O to P: ex aguali*, K is to M, as N to P. Therefore, ® ~ 


“ 


several ratios, &c. OED: 


PROP. H. THEOR. 


IF a ratio be compounded of several ratios be the 


same with a ratio compounded of any other ratios, anc 


if one of the first ratios, or a ratio compounded of any 
of the first, be the same with one of the last ratios, or 
with the ratio compounded of any of the last ; then 
the ratio compounded of the remaining ratios of the 
lirst, or the remaining ratio of the first, if but one re- 
main, is the same with the ratio compounded of those 
remaining of the last, or with the remaining ratio of 
the last. 


Let the first ratios be those of A to B, BtoC, CtoD, D to 
E, and E to F: dnd let the other ratios be those of G to H, H™ 


‘to K, K to L, and L. to M : also, let the ratio of A to F, which 
a Definition is compounded of ® the first ratios, be . ) 


the same with the ratio of Gto M, 


which is compounded of the other: A. B.C. D. E.F 
ratios ; and besides, let the ratio of A G.H. K.L. M. 
to D, which is compounded of the ra- Sr 


tios of A to B, B to C, C to D, be the same with the ratio of _ 


G to K, w sich is compounded af the ratios of G to H, and H 
to K : then the ratio compounded of the remaining first ratios, 
to wit, of the ratios of D to FE, and E to F, which compounded 
ratio is the ratio of D to F, is the same with the ratio of K to 


M, which is compounded of the Borat fatios of | r to ied eae 


and L to M of the other ratios. 


Because, by the hypothesis, A is to D, as G to K, by inver-_ 


sion>, D isto A, as K to G ; and as A is to F, so.is G to M; 
theretonees “ex eguali, D is to, ‘F, as K toM. If therefore @ 
Patio w hich i is, &e. Q. ELD. hee 


ngphle 


Be ‘ J rie Sa 


at re 


SR oR Oo Nhe is | noi 
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IF there be any number of ratios, and any number See Note. 


of other ratios such, that the ratio compounded of 
ratios which are the same with the jirst ratios, each 
to each, is the same with the ratio compounded of 
ratios which are the same, each to each, with the last 
ratios ; and if one of the first ratios, orthe ratio which 
1S compounded of ratios which are the same with 9e- 
veral of the first ratios, each to each, be the same with 
one of the last ratios, or with the ratio compounded of 
ratios which are the same, each to each, with several of 
the last ratios: then the ratio compounded of ratios. 


which are the same with the remaining ratios of the | 


first, each to each, or the remaining ratio of the first, 
if but one remain; is the same with the ratio com- 
‘pounded of ratios which are the same with those re- 
maining of the last, each to Santee or with the remain- 
ing ratio of the last. 


Let the rati s of ‘A io B, C1 to D, E to F, be the first yatics 
ic of G to H, K to L; MtoN, Oto P, QtoR, 


be the other ratios: and let A be to B, as S to T; and C to. 
D, as T to V; and E to F, as V to X: therefore, ‘by the de- 


finition of compound ratio, the ratio of S te to oe 3 is compounded 


pe Se | h, k, 1. 
woot s G13 Bok. i ee 
Gy) Hs K, L; M,N; 0; P; Q,R Y, Z, a, b; c, d. 
ehs.. ‘ gia de PB . | ‘ 
; 


Of the ratios of Sto T, T to V, and to x, which are the 
same with the ratios of A to B, C to D, E' to F, each to each; 
also, as G to H, so let Y be to Z; and K to L, as Z to a; M 
to N, asa to b, Oto P, as b toes and Q to R, asc to d: 
therefore, by the same definition, the ratio of Y tod is com- 
weeaded of the ratios of Y. to Z, Z toa, ato b, b to ¢, and 
UU. 


ee a ee 


a 11..5. 
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¢ tod, Which are the same, each to each, with the ratios of G 
to H, xX to L, M to N, O to P, and Q to R: therefore, by the 

hypothesis, S isto X,as Y tod: also, let the ratio of A to B, 
that‘is, the ratio of S to T, which is one of the first ratios, be 
‘the same with the ratio of e to g, which is compounded of the 
‘yatios ofe to f, and f to g, which, by the hypothesis, are the 
same with the ratios of G to H, and K to L, two of the other 
ratios ; and let the other ratiowof h to 1 be that which is com- 
pounded. of the ratios of h to k,and k tol, which are the same 
with the remaining first ratios, viz. of C to D, and E to F; 

also, let the ratio of m to p be that which is compounded of the 
ratios of m to n,’h to Oy and oto p> which are the same, each 
to each, with the remaining other ratios, Viz. of MtoN, Oto 
Py, and°@ to R: then the ratio of h tol is the. same wwatht the 
ratio of m to p, or h is tol, as m to p. 


/. 


+ 


oe es Dy: Keg bye ‘ oe ; 
goth toe HG as DCU gk Via tee ee 
G; Hs Ky Li MINS OVP se OoR. Ve YY Beash fea 
e;4, 8-4) Myn, 0, -p. ee t 


Becaiise'6 e isto f, as (G to H, thats is, aaa Y: toZ; ‘ona fis tog, 
as (K to L, thatis,as) Z toa; iewodaed ex equal, e isto g,as 


-Y¥ to a:and by the hypothesis, A is to B, that is, S to T, as € to 
“¢ ; wherefore S is to T, as Y to a; and, by inversio 


asato Y;and$ issto x, as Y to ‘Ss thepefor a “ear equali, Tis ‘ 


to X, ; as ato d: also, because h is to ky as (C to D, that is, as) 


T to V;:andk is to 1, as (E to F, that is, as) ‘V to X; there- 
faye» ex equali,h is te 1, as T to X: : in like manner, it may ‘be 

onstrated, thatm is-to p, as a tod: and it has been shown, 
that T is to X, asa tod; therefores hi is to], as m to p. 
QED, » 

The propositions G and K: are e usually, 1 for the sakeof brevity: 
expressed ‘in the same terms with propositions F and H: and 
therefore it was proper toshow thetrue meaning of them when 
they are so expressed; especially since they are vary: fre. 
quently made ey of by. tS aguacon c : 
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BOOK VI. 


DEFINITIONS. 
ce 

S IMILAI Peciilaasalleputen . 
are those which have their se- 
veral angles equal, each to 
each, and the sides aboutthe  < 
on apeles propane. 
} Ale 


a Retinceesa figures, viz. triangles. on parallelograms, are See Note. 
““such as have their sides about two of their angles propor- 
“tionals in such manner, that a side of the first figure is to 
“a side of the other, as the remaiginie, side of this other is 


“ to the. ee side of the first:’’ 
YI. 


A aipaight ime is said to be cut in extreme and mean ratio, 
when the whole is to the greater = sean as the greater 


segment is to the less. 
; a EV. 
The altitude of any figure is the straight 
_ Ine drawn from its. WHEY Bree aeuee 
to the base. 


See Note. 
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PROP. 1 THEOR. + 


TRIANGLES acd shvallste.tvains of the same ab 


titude are one to another as their bases, 


~? 


Let the ee ABC, ACD, and the’parallelegrams LC, 
CF, have the same altitude, viz. the perpendicular drawn from 


.. the point A to BD: then, as the base BC is to the base CD, 


triangle ADC: and. 


so is the triangle ABC to the trianele ACD, mand the paral- 
lelogram EC to the parallelogram, CF. 

Produce BD both ways to the points H, L, and take any 
number of straight lines BG, GH, each equal to.the base BC ; 
and Dk, KL, any number of thein, each equal to the base CD ; 
and join AG, AH, AK, AL: then, because CB, BG, GH are 
all equal, the triangles AHG, AGB, ABC are all equal *: 
therefore, whatever multiple the base HC is of the base BC, 
the same multiple is the triangle AHC of the triangle ABC ; 
for the same reason, Mc AS: F 
whatever multiple 
the base LC is of the 
base CD, the same 
multiple is the tri- 
angle ALC to the 


if the base HC. be WARY os Se 2am 
equal to the base CL, Hog) NVGn'. Biases: 
the triangle AHC is also equal to.the triangle: ALC 2; and if 
the base HC be greater than the base CL, likewise the triangle 


_ AHC is greater than the triangle ALC: and if less, less : 


therefore, since there are four magnitudes, viz. the two bases 


BC, CD, and the two triangles ABC, ACD ; and of the base 
BC and the triangle ABC the first and third, any equimultiples 


_ whatever have been taken} viz. the base HC andtriangle AHC ; 


“ bS. def. 5. 


and of the base CD and triangle ACD, the second and fourth, 
have been taken any eqlimultiples whatever, viz. thé base CL 
and triangle ALC; and that it has been shown, that, if the base 
HE be greater than the base CL, the triangle AHC is greater 


than the triangle ALC; and if equal, equal ; and if less, less; 


therefore >, as the iaee BC is to-the base CD, so is the tri- 
angle ABC to the triangle ACD. 


‘And because the parallefegrem CEis double of the trinhgte re 
x + ba 


bs 
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ABCs, and the parallelogram CF double of the triangle ACD, Book VI. 
and that magnitudes have the same ratio which their equi- Neem . 
multiples have d. as the triangle ABC isto the triangle ACD, c 41.1. 
sois the parallelogram EC to the parallelogram CI’: and be- 4.15: §. 
cause it has been shown, that, as the base BC is to the hase 
CD, so is the triangle ABC to the triangle ACD; and as the | 
triangle ABC to the triangle ACD, so is the parallelogram 
EC to the par allelogram CF; tlierefore as the base BC is to 
the base CD, so ise the parallelogram EC to the paral-e 11. 5. 

Glog vam CF. Wherefore triangles, &c. Q. FE. D. 

- Cor. From this it is plain, that triangles and parallelograms 
that have equal altitudes, are one to another as their bases. 

Let the figures be placed so as to have their bases in the 

same straight line; and having drawn perpendiculars from 

the vertices of the triangles to the bases, the straight linc 

which joins the vertices is parallel] to that in which their bases 

are‘, because the perpendiculars are both equal and parallel 33. 1. 
1o one another: then, if the same construction be made‘as in 
the proposition, the:demonstration will be the same. 


PROP. H. THEOR? 


[Fa straight Jine be drawn parallel to one of the See Note 
sides of a tr angle, it shall cut the other sides, or those 
produced, proportionally : and if the sides, or the sides. 
produced, be cut proportionally, the straight line which | 
joins the points of section shall be paralicl to the re- 
| mpmiiag side of the triangle... , 


4 


it 


List DE be drawn parallel to BC, one of the: sides ah the. 
‘ triangle ABC: BD is to DA, as CE to EA. | 
Join BE, CD ; then the triangle BDE is equal to ne tri- ON 
angle CDE4, because they aré on the same base DE) and be-297- 1. 
tween the. same parallels DE, BC: ADE is another triangle, 3 
and equal magnitudes have to the same the same ratio; b 7. 5, 
therefore, as the triangle BDE to the triangle ADE, so is the 
triangle CDE to the triangle ADE; but as the triangle BDE ah 
_ to the triangle ADE, so is® BD to DA, because having the ¢ 1.6. 
‘same altitude, viz. the perpendicular drawn from the point E 
to each they are to one Ayer hana as their bases; : and ee the 
DES 


J 
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e 1, 6. 


£9. 5. 


g 39. 1: 


See Note. 


; 
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same reason, as the triangle CDE to the triangle ADE, so is 
CE to EA. Therefore, as BD to DA, so is CE to EA&. 

- Next, Let the sides AB, AC of the triangle ABC, or these 


“| 


Be cD Oe Hae ee OS 
produced, be cut proportionally i in the points D,.E, that is, sow? 
that BD be to DA, as CE to EA, and join DE; DE is paral- 
tel to BC. 

The same construction being made, because as BD.to DA, | 
so is CE to EA; and as BD toDA, so is the triangle BDE to. 
the triangle ADE ¢; and as CE to EA, so is the triangle CDE 
to the triangle ADE; ; therefore the triangle BDE is to the © 
triangle ADE; as the triangle CDE to the triangle ADE; 
that is, the triangles BDE, CDE have the same ratio to the 
triangle ADE; and therefore ® tlre triangle BDE is equal to 
the triarigle CDE: and they are on the same base DE; but . 
equal triangles on the same base are between the same paral- 
Jels 8; therefore DE is parallel. to BC. Wher a aiones os a 


straight line, &c. Q. E. D. 


PROP. IJ. THEOR. a 


IF the angle of a triangle be divided into two eect 
angles, by a straight line which also cuts the base ; the 
segments of the base shall-have the same ratio which 
the other sides of the triangle have to one another: 
and if the segments of the base have the same ratio 
which the other sides of the triangle have to one ano- 

ther, the straight line drawn from the vertex to the 


_ point of section, divides the vertical “— into. two 


equal angles. ia rs 


Let the angle BAC of any S amete ABGdic divided into two 
equal “af ie by the wise line AD: a is to DC, as BA» 
to AC. ye 


ee 


rape OF EUCLID. ae ie: $59 


Through the pofft C draw CE parallel2 to DA, and let BA Book VI. 
produced meet CE in E. Because the straigh tline AC meets ayant 
the parallels AD, EC, the angle ACE is equal \ othe alter-a 31. 1. 
nate angle CAD»: but CAD, by the hypothesis is equal top 99. 1, 
the angle BAD ; wherefore BAD i is equal to the angle ACE. 

Again, because ‘the straight E 

line BAE meets the parallels 
AD, EC, the outward angle 
BAD i is equal to the inward _ 
and opposite angle AEC : but — 
» the angle ACE :has seen: : 
proved. equal to the angle 
BAD; therefore also ACE iy : 
is equal to the angle AEC, FF iC aR The a FS IE 

and consequently the. side | 4 

AE is equak to the side* AC ; and because AD is drawn paral- 6. 1. 

lel to one of the sides of the triangle BCE, viz. to EC, BD is 

to DC, as BA to AE4; but“AE is equal to AC; therefore, asd 2. - 
BDto DC,sois BA to ACe. . © eo e 7. 5, 

Let now BD be to DC, as BA to AC, and join AD; the — 
angle BAC is divided into two equal, angles by the str aight 
fine AD. 

The same constriction Bettie made ; because, as BD to 
DC, so is BA to AC; and as BD to DC, so.is BA to AE4, be- 
cause AD is parallel to EC; therefore BA is to AC, as BA e 
to AE‘: consequently AC is equal to AE s, and the angle f11, 4 
AEC is therefore equal to the angle ACE: but the angle g 9. 5. 
AEC is-equal to the outward and opposite gusle BAD: and 8 Set 
the angle ACE is equal to the alternate angle CAD >: where- ’ ° 
forealso the angle BAD is equal to the angle CAD: ther efore 
the angle BAC is cut into two equal angles ay the straight 
line AD. Therefore, if the ae Ke. OF E; D 


2 


* 
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IF the outward angle of a triangle made by produc- 
ing onc of its sides, be divided into two equal angles, © 
by a straight line which also cuts the base produced ; 
the segments between the dividing line and the extre- 
mities of the base have the same ratio which the other 
sides of the.triangle have to one another: and if the 

segments of the base produced, have the same ratio 
-_ which the other sides of the triangle have, the straight 
line drawn from the vertex to the point of section 
divides the outward angle of the triangle into two equal 
angles, : 


Let the outward angle CAE of any ‘eae ABC be divided 

into two. equal angles by the straight line AD which meets 
bs the base. produeed in D: BD is to DC, as. BA to AC, 
a 31.1. Through C draw CF parallel to AD 4a; and because the 
, Straight line AC meets the parallels AD, FC, the angle: ACF 

is equal to the alternate angle CAD >: but CAD is equal to 
c Hyp. . the angle DAE®*; therefore also DAE is equal to the angle 
ACF, Again, becatise the straight line FAE meets the Pater 

jels: AD, FC, the out- : EB 

ward angle DAE ‘ts 

j equal to the inward and 
opposite angle CFA: 
but the angle ACF has — 

been proved equal to the 

angle DAE; therefore 


also the angle ACF is ban C D 
or equal to the angle CFA, ae, : 
d 6, 1. and consequently the side AF is equal to the side AC 4 and 


eo.6, because AD is parallel to FC, a side of the triangle BCF, BD 
is to DC, as BA to AF; but AF is equal to AC; as therefore 
BD is to DC, so is BA to AC. 
Let now BD be to DC, as BA to AC, and join PAD: the 
angle CAD is equal to the angle DAE. 
The same construction being made, because BD is to DC, 
as BA to AC; and that BD is also to DC, as BA to AFS; 


pes ‘therefore BA is to AC, as BA to AF g; wherefore. AC is equal 
4&3, 2. 


te AF 4, and the angle AFC cquai' to the angle ACF: but 


r 


. ps the angles ABC. ACB are: seein Asa mae tworight 


“ED produced: shall: “meet?5/ sleteA: 


‘point; F.:.and because. the angle) 9) \}) 


OF EUCLID: - ahah tev 


ihe angle AFC is equal to the’ ‘outward angle. EAD ‘and the Book WPS 


angle ACF to the alternate angle CAD; therefore also EAD -Uina- 
is equal to the angle CAD, ‘Wherefore, if the outward, &c. 
Q: Ey D.' 


BOE SUB HORAN! PIPRORH SPs er: 


- THE sides about’ the equal angles off ‘equiangular 


triangles are proportionals ; and those which are Oppa-: | 


ae 
site to the equal angles are homologous sides, tbat is,, 
are the antecedents or. consequents of the fatigs. 4 


idk ABC, DCE be equiangular triangle! ses the paadis 


ABCequal to'the angle DCE; and the angle ACB ‘to the an- 1S rc a 


sle DEC, and’ consequently 4 the/angle BAC equal to the an- 52. 1. 
gle‘CDE. The sides about the equal angles of the triangles 
ABC, DCE are proportionals; and those : are the nena Bee 
sides which are opposite to the equal angles, Hers 

Let the triangle DCE be placed so that ‘its side CE may be. 
contiguous to BC, and-in the same straight line with its: and 


b, ABC, and DEC, which is.F 
equal to. ACB, are also less than . 
two right-angles; wherefore BA, 


RED 1G. 1s 


them be produced and meet in the ©» Goto: 
ABC) is equal tothe angle DCE; +: (|) ich. 
BFvis parallel4 toCD. Again, be- on iy; bs) 98. 1. 


cause thewangle ACB is equal to. , .B errs 5Qhie 5 


thejangle DEC, AC is parallel to: PEa: es FACD i is 


a parallelogram ;.and consequently AI’ is, equal to CD, and 4 
AC to FD®: and. because AC’ is parallel to FE, one’ of. the ¢ 54.1. 
sides of the. triangle FBE, BA is to. AF, as BC to CE ts but ¢9, 6.” 
AF is equalto CD; therefore s,as'BA to CD, sois BC to CE; - 5 
and.alternately, as AB to BC; so.is DC to CE: again, bee” Ms 
‘cause -CD is parallel to BF, as BC to CE,°so is FD.to DEF: 

but FD is equal.to AC; therefore, as BC to CE, so is AC to 

DE: and alternately, as BC to.CA, so CE to DE: therefore, 


- Because it has been proved that AB is to BC, as DC to,CR, 


and as BC to CA, so CE to ED ex ee BA is to AC, ash 22. 5. 


€D to DE. Therefore, the sides, &e. Q. E 


4 
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-equiangular to the triangle 
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‘PROP. VI. THEOR. 


Ii’ the sides of two triangles, about each of their 
angles, be proportionals, the triangles shall be equian-' 
gular, and have their equal angles ppROSKE to the ho- 
mologous sides. ; . 


Let the triangles ABC, DEF have their sides proportionals, 
so that AB is to BC, as DE to EF; and BC to CA, as EF to 
FD; and consequently ex equali, BA to AC, as ED to DF ; 


the triangle ABC is equiangular to the triangle DEF, and 


their equal angles are opposite to the homologous sides, viz. 
the angle ABC equal to the angle Dek, and BCA to EFD, 
and also BAC.to EDF. | 

At the points E, F, in the straight line EF, make* the an- 
gle: FEG equal to the angle ABC, and iy angle EFG ie) te 
BCA; wherefore the remain- A D 
ingangle BAC isequaltothe ms ped 
remaining angle EGF>, and» 
the triangle ABC istherefore 


GEF; and consequently they 
have their sides opposite to. 
the equal angles proportion- 
als ¢. Wherefore, as AB to 
BC, so is GE to EF; but as AB to. BC,'‘so is DE We EF; 

therefore as DE to EF, sot GE to EF: therefore; DE’ ‘and 
GE have the same ratio to EF, and consequently are equal : 
for the same reason, DF is equal to FG : and because in the 


‘triangles DEF, GEF, DE is equal to EG, and EF common, 


the two sides DE, EF are equal to the two GE, EF, andthe | 
base DF is equal to the base GF: therefore the angle DEF is 
equalf to the angle GEF and the other angles to the other an- 
eles which are subtended by the equal sidéess. Wherefore the 
angle DFE is equal to the angle GFE, and EDF to EGF: 


-. and because.the angle DEF is equal to the angle GEF, and 


GEF to the angle ABC ; therefore the angle ABC is equal to 
the angle DEF : for the same reason the angle ACB is equal 
to the angle DFE, and the angle at A to the angle at D. There- 
fore the triangle ABC is a. to. the: ‘tara oa DEF: 
pete if apt sides, xe Qk 


Pied 
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PROP. VI. THEOR. sige 


IF two triangles have one angle of the one equal to 
one angle of the other, and the sides about the equal 
angles proportionals, the triangles shall be equiangu- 
lar, and shall have those angles equal which are oppo- 
site to the pouaeos sides. . 


Let the éFiahiaes ABC, DEF have the angle BAC in the 
one equal to the angle EDF in the other, andthe sides about: 
those angles proportionals ; that is, BA to AC, as EDto DF; 
the triangles ABC, DEF are equiangular, and have the angle 
ABC equal to the angle DET, and ACB to DFE~ 
 Atthe points D, F, in the straight line DF, make*® the angle # 2-1. 
FDG equal to either of the oy a BAC, EDF ; and the kai 
DFG equal. to the angle A 
ACB ; whefefore the re- 
maining angle at B is equal 
to the remaining one at G>,. 
and consequently the tri- 
angle ABC is equiangular 
to the triangle DGF; and 
therefore as BA to AC, so 
is¢ GD to DF; but, by ‘the B C E ¢ c 4. 6. 
hypothesis, as BA to AC, so is ED to DF; as therefore ED 


to DF, so is4 GD to DI’; wherefore ED is equal* to DG ;d 11. 5. 


and DF is common to the twotriangles EDF,GDF: therefore e 9. 5. 
the two sides ED, DF are equal to the two sides GD, DF: 
and the angle EDF is equal to the angle GDF ; wherefore the 
base EF is equal to the base FGS and the triangle EDF tof4. 1. 
the triangle GDF, and the remaining angles to the remaining 
angles, each to each, which are subtended by the equal sides; 
therefore the angle DFG is equal to the angle DFE, and the 
angle at G to the angle at E: but the angle DFG is equal to 
_ the angle ACB; therefore the angle ACB is equal to the an- 

gle DFE: and the angle BAC is equal to the angle EDF «; § Hyn. 
wherefore also the remaining angle at B is equal to the re- 
maining angle at E. Therefore the triangle ABC is equian- 
gular to the triangle DEF. Wherefore, if two triangles, ke. 
. E. D. 


* 


Tb S21, i 
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See Note. 


‘Yanele DEF; the remaining a 
| angié ‘AGB is. équal® tothe 3B 


angles proportionals, then 
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;, PROP. VIL. -THEOR, 9). 


ei tivo, triangfes have one angle of the one eae to’ 
one angle of the other, and the sides about two other . 
, if eachgof the remaining an- 
cles be either less, or not less, than a. right angle ; of 
iLone of them be a right: angle: the. triangles shall be 
equiangular, and-have those angles’ equal about Ww hich 
the sides are proper cent: 


- 


Let che two triangles ABC, DEF have one , angle i in the one 
equal to one angle in the other, viz. the angle BAC to the angle 


_ EDF, and the sides about two other angles. ABC, DEF pro- 


portionals, so that AB is to BC, as DE to iF: and, in the first 
case, let each of the remaining: angles at C, T° be Jess than a 


J Tight angle. The triangle ABC is equiangular to the triangle 


DEF, viz. the angle ABC is equal to the. angle DEF, and ae 
remaining angle at C.to the remaining angle at § ged 

For, if the angles ABC, DEF be not equal, one of them is 
greater than the other: let ABC be the greater, and at the 
point B, in the. straight line - 
AB, make the angle ABG 
equal to the angle? DEF: .~ 
and ‘because the ‘angle. atA 
is” “equal to the ang le at D, 
and the angle ABG to the 


o> Er a 


reniaining angle DIE: therefore the triangle ‘ABG is equi- 
angular to the, triangle DEF; wherefore, ¢as AB is to BG, so 
is DE'to EF; but as DE to EF, so, by hypothesis, is AB to BC; 


therefore as "AB to BC, so is AB to BG®4; and because. AB 


has the same ratio to each of the lines BC, BG ; BC is equale 
to BG, and therefore the angle BGC is equal to the angle 
BCG!: butthe angle BCG i is, by hypothesis, less than a a right 
angle ; therefore also the angle BGC is less than a right angle, ~ 
and the adjacentangle AGB mustbe greater than aright angles. 


“But it was proved thatthe angle AGB is equal to the angle at F; 


therefore the angle at F is greater than aright: angle : but by the 
hypothesis, itis less than a right angle; whichis absurd. There- 


r 


4 


~-vight angles, which is impossible h: and therefore the triangle 


gular, make, atthe point B of 


_ the angles of the triangle 


is impossible : therefore the 


a 


8 


, OR EVEnID 4 


fore the angles ABC, DEF are not uncqual, that is, they are pogearp 
equal: and the angle at A is equal to the angle at D; where- Guu” 


fore the remaining angle at C is equal to the remaining angle 
at F: therefore the, guns ABE is,equiangular to the tri- 
angle DEF. >> 

“Next, Let each of | the angles at C, F, be not less thana 
right angle : the triangle ABC is 8 also in a ee cage ig equiangular 
to the triangle DEF.” sage tnet es Met abe ae fig 

- The same construction be-) © ! e ATOOE ft 
ing made, itnray be proved in | 
like manner that BC is equal 
to BG, and the angle at C 
equal to the angle BGC: Ft ORI, ge 
but the angle at C is not less B gah th c ie 
thana right angle ; therefore aes . 
the angle BGC is not less than a right angle: wherefore, two | 
angles of, the triangle. BGC are tegether not less than. two 


ABC .may be proved to be equigngilap to the triangle. DEF, 
as in the first case. 

Lastly, Let one of the angles at ¢, F, viz. the. agi at CG. 
be a right-angle; in this . case likewise the tangle 4 ABC, is” 
equiangular to the triangle DEF. 

For, if they be not equian-_ 


the-straight line AB, the.an- 
gle ABG equal to the angle 
DEF; then it may be proved, 
as ia tie first case, that Be Be Z 3 
is equal to BC; but the angle 
BCG isa tight angle, there- 
fore ithe angle BGC isalso a ) 
right angle; whence two of » 


BGC are together not less 
than two right angles, which | 


triangle ABC is equiangular. techs 
to the triangle DEF. Where- (if er 
fore, if two. ieagles, Giles iia tae ane 


h 17 1. 


465. 
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3.08 Alin cB pE vin THEOR. 


Pon Feaie IN a rishi siipte’ ae if a eal Atar be 
- drawn from the right angle to the base, the triangles 
on each side of it are similar to the whole ene and 
to.one another. PETRA 
: ®! ' 
Let ABC bea right angled triangle, katie the right seis! 
BAC; and from the point A let AD be drawn perpendicular 
to thie base BC: the triangles ABD, ADC, are similar to the 
whole triangle ABC, and to one another. 

Because the angle BAC is equal to the angle ADB, each of 
them being a right angle, and that the angle at B i is common 
tothe twotriangles ABC, ABD ; : 
the, remaining angle ACB is. 3 7 A 

equal to the remaining angle | 7 “4 
23%. 1. BAD: therefore the triangle i 
ABC is equiangular to the tri- | 
angle ABD, and the sides about _ 
their equal angles are propor- es 
b4.6. 4 tionals>; ; wherefore the triangles B | De eo 

‘@ldef;6. are similar®: in the like manner 
it may be demonstated, that the tria se ADC is equiangular 
and similar to the triangle ABC; and the triangles ABD, ADC, 
being both equiangular and similar to ABC, are equiangular 
and ‘similar to eath other. ‘Therefore, in a sen angled, &c. 

Q. E. Dd. 

Cor. Erom this it is manifest, that the perpendicular drawn 
from the right angde of a right angled triangle to the base, is 
a mean proportional between the segments of the base: and 
also that each of the sides is a mean proportional between the 
base, and its segment adjacent to that side: because in the 
triangles BDA, ADC, BD is to DA, as DA to DC>; and in . 

3 the triangles ABC, DBA, BC, is to BA, as BA to BD. Bs and ; 
in the triangles ABC, ACD, BC is toCA,asCA to. cD ’, | 


’ 


“ond = a “ ~~. 
ee eS ee Le Se ee 
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“aint | : ‘STE ve wie. x os : . Book VEL 


? _ PROP. a Hse itp 


F ROM a given straight line to cut. Be any part re- See Note. 
quired. it ee) a bovtonc 


Let AB be the giv on straighe line it is requived 6 cut bof 
any part from it. © © 

From the point A bet a straight Linte AC rakintl any an-. 
gle with AB; and in AC take any point D, and take AC the 
same multiple of AD, that AB is of the part 
which is to be cut off from it ; yoin BC, and A 
draw DE parallel to it: then AE is the part 
required to be cut off. 

Because ED is parallel to. one of the shies i 
of the triangle ABG, viz. to BC,as’CD is to ~ 
DA, so is* BE to EA; and, by composition», 
CA isto AD as BA to AE: but CA is a 
- multiple of AD; therefore * BA is the same ' 
multiple of AE: whatever’ part therefore’ 
AD is of AGC; AE is the same'‘part‘of AB: | 
wherefore, from the straight finé\A B the are Soe 
required is cut off, witieh. WAS ‘to: be! done. oy Mapa MB. eas] 


ly tes obs 
: aad oe Oe 


| a Bor: 4 HOP. a 
TO divide a given straight ith similarly. toa ey 
divided straight line, that is, into parts that shall have 


the same ratios to one another which the parts of the 
divided given straight line have. 


Let AB be the straight line given to be anidod: and AC the 
divided line ; it is required to divide AB similarly to AC. 
Let AC be divided in the points D, E; and let AB, AC be 
placed so as to contain any angle, and join BC, and through the 
points D, E draw? DF, EG parallels to it; and through D, 
draw DHK parallel to AB: therefore each of the figures F ey 
HB, is a parallelogram ; wherefore DH is equal to FG, and p g4. 1 


tés THE: ELEMENA'S 
Book vi, HK to GB: and because HE is paral- A 
La lel to KC, one of the sidesof the trian- 
c 2, 6. gle DKC, as CE to ED,so ist KH to 
HD: but KH is equal.to BG, and AD, a 
to GF; ‘therefore as CE to ED, sO is “e 7 
BG to GF: again, because I'D is pa-¢ | 
ait» e8allel to EG, one of the sides. of the. 


31; 1. 


or eA ea acd 


but BD is equal to AC; as therefore AB to 


“triangle AGE, aS ED ts DA;'s0 is GP of 
to F A’ butithas been proved that CE B 
is to ED as BG to GF;and as ED to : 

DAs: ited GFE to FA: itpivededt the: givem straight: Hine) AB is 


meice eee to ae. Ny GR was to be NONE. © @ ioe yon 
DH, Gohl sda atte» ved A. mot hovers ii 

A PE] bas ‘4 y FOq (8g Solos is ref <3 ch LE caer oe 

* nit fey ef hy aiviisien Sites 


“PROP, KE mon ae Vette ket f Hie 


aN a ees 4 “4f.0, erg FA Sti hae 


TO. fin a ‘third Riser tb two fhe stag 
Ok GED: I 3 Ast ot aa het we f G 
is AB, AC He, the. tone given straight, Bite rn let, them 
Placed so as to.contain; any. angle ; Ab AB. Fey si y A 4 Sheitfis 
quired to find a thitd propoptional.to AB, AG py Pox Baise TY 
Produce AB, AC to.the; points D, Es, and, prpe%. its yao 
make BD equal to AC; and haying joined BG, . RE 
through D draw E parallel to its. * 
Because BC 1s*parallel to DE, a side of ie 
triangle ADE, AB, is® to BD, as AC to CE? 


AC, so is AC to CE. Wherefore, to the two’ 


_ given straight lines AB, AC a third propor- a io 
tienal bert is Reet Terie os to be done. BES, 
val hed . ‘: ia a eh B Sie aA a ; ae 44 4 H Ghivah 
ie Ub wie ace av so see eopmeeat 
ae ROP. “XL PROB:, v8.04 Syne aii 
ae O find a fourth proportional io ‘three give sags 7 
hiness ox beh 4 ; att seerst ood 4a j 
Mie word it cmtobeany: r parie ty 


ae x B, € te the three given sttuight Ii ines it is Fequired 


to find a fourth saa wr to Ay td Or By 7 | . 
: ‘ {TY BS as ta) t be z pe 


’ 


\ 


a 


". parallel*. to ‘it through the 


~~ sides of the trianglec DEF, 


OF EUCLID! es AG ae 

Take two straight lines DE, DF,. rages sou any angle EDF : ‘Book VI. . oO 
and. upon these make DG dD. 
‘equal to A, GE equal to B, 


and. DH equal to C; sing 
having joined GH, draw EF 


point E: sand because GH is. _ 
‘parallel to EF, one of the: 


DG is toGE, as DH to HF»; 

-but DG is equal to A, GE to 
B, and DH to C; therefore, ‘ 
as A is to B, sois Ct HF. Wherefore to the. three siven 
straight lines A, B, C a fourth: Gexsdis tional HF is found. 
Which was to be done. | } 


PROPS PROB ane Xe, 


a : X ‘ ’ , eel 


To find a mean ‘proportional between two given 
straight lines. = 
' Let AB, BC be the two given sthaieit lines ; it is required 
to find a mean proportional between them. © Ss 
Place AB, BC in a straight line, one upon AC describe nid , am a a 
semicircle ADC, and from the. 
point B draw® BD at right an-. 
gles to AC, and join AD, DC. 
Because the angle ADC in a 
semicircle is a right angle », and 
because in the right angled tri- 
angle ADC, DB is drawn from | 
the right angle perpendicular to _ A str 


Roy 


D Meh LL 


/ 


/ b3i.3. 


ff 


-the base, DB is a mean propor- * , . us 
tional between AB, BC, the segments of the base & chematore c Cor: 8. & 
between the two given straight lines AB, BC a mean propor- 

: ional DB i is found. owe was to be done, a is 


» « sthe one equal to one angle of the other, have their: 


al4.1. 


e 9, &. 


THE ELEMENTS 


_ PROP. XIV. THEOR. 
EQUAL parallelograms which have one angle of 


sides about the equal angles reciprocally proportional ; 


and parallelograms that have one angle of the one equal 


toone angle of the other, and. their sides - about the 
equal angles reciprocally prapordons, are equal to one 


‘another. “ 


Let AB, BC be equal nrglietadsanva. eae have the. sigles 
at B equal, and let *the sides DB, BE be placed in the same 
straight line : wherefore also FB, BG are in one straight line *: 


the sides of the parallelogrdms AB, BC, about the equal an- ” 


gles, are reciprocally propor tional 5 that 18) DB is to BE, as 
GB to BF. 


Complete the paralicloearh rE and because ap parallelo- | 


gram AB is equal to BC, and A 


that FE, is another parallelo- 
gram, AB is te FE, as BC to L i oN E ; 


FE»: but as AB to FE, so is the 
base DB to BE*; and as BC to 
FE, so is the base GB to BF; 
therefore as DB to BE, so is 
GB to BF 4. Wherefore the: 
sides of the parallelograms AB, 
BC about their equal angles are reciprocally beuhartionsl: 
But, let the sides about the equal angles be reciprocally pro- 


portional, viz as DB to BE, so GB to BF; hi paral 


AB is equal to the parallelogram BC. 


Because as DB to BE, so-is GB to BF; sad as DB to BE, — 


$0,is the ps rallelogram AB to the parallelogram FE; and as 


GB to BF, so is the parallelogram BC to the parallelogram : 


FE; Chenier: as AB to FE, so BC to FE?: wherefore the 
parallelogram AB is equal® to the parallelogram BC, ‘There- 


fore,’ equal eras, &c. Q. E. D. 


oF 


rom oo nee Pet. 5 a = ne at «ares a ae ye ie er Z. 
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PROP. XV. THEOR. 


EQUAL triangles, which have. one angle. of the 
one equal to one angle of the other, have their sides 
- about the equal angles reciprocally proportional : and 
triangles which have one angle in the one equal to one 
angle in the other, and their sides about the equal 
angles. reciprocally proportional, are equal to one 
another... _ Cae ea | E : 


_ Let ABC, ADE be equal triangles, which have the angle 
BAC equal to the angle DAE; the sides about the equal ~ 
angles, of the triangles are reciprocally proportional; that is, 

CA isto AD,as EA to AB.) | ; sexed 
Let the triangles be placed so that their sides CA, AD be 

in one straight-line ; wherefore also ED and DB are in one 

straight line?;. and join BD. Because the triangle ABC is 
equal to the triangle ADE, » Signe Rigs Ae 
and that ABD is another tri- Beis (uae 

- angle; therefore as the tri- . Rea: 

~ angle CAB is to the triangle’ - 

BAD, so is triansle EAD to, 

triangle DAB»: but as trian-” 

gle CAB to triangle BAD, | 
so is the base CA to AD §; 
and as triangle EAD to tri- | 
angle DAB, so is the base © | 

EA to AB¢«; as therefore CA) yt frat ae 

to AD, so is EA to AB4; wherefore the sides of the triangles d 11.5. 

foe ADE about the equal, angles are reciprocally propors 

tiohaten its, (hoes eK: Echo permkan 
But let the sides of the triangles ABC, ADE about ‘the. 
equal angles be reciprocally proportional, yiz:; CA to AD, as 
_ EA to AB; the triangle ABC is equal to the triangle ADE. | 
Having joined BD as before ; because. as.CA to AD, so is 
EA to AB; andas CA to AD, so is triangle BAC totriangle 


a 14.1. 


-. BADs; andas EA to AB, so is triangle EAD to triangle 


- BADs; therefore’ as triangle BAC to triangle BAD, so is 
triangle EAD to‘triangle BAD; that is, the triangles BAC, | 
EAD have the same ratio to the triangle BAD; wherefore 
the triangle ABC is equale to the triangle ADE. Therefore, ¢ 9.3, 
equal triangles, &e. Q. ELD. Ph 


a 
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PROP. XVI “THEOR. noe 
‘ 


IFS four straight lines be proportionals, the rectan- 
ple contained by the extremes is equal to the rectangle 4 
contained by the means: and if the rectangle contained ~~ 
by the extremes be equal to the rectangle contained by . 
the * rncans, the four Straight lines are proportionals. ie 


Le the four straight lines AB, CD, E, F be proportionals, 
viz..as AB to CD, so E to F; the rectangle contained by AB, wy 
F is €qual to the rectangle: contained by CD, E. ! / 

From the points A, C draw? AG, CH at right angles to_ 


ne cia Ts, rs 
Ne ee Te eee Gee ae 


AB, CD; and make AG equal to F, and CH equal to E, and - 
complete the. parallelogr ams BG, DH: because as AB to CD, 
ey so is E to F; and that E is equal to CH, and F to AG; AB ™ 


is’ to CD, as CH to AG: therefore the sidgs of the paralle-- ? 
lograms BG, DH about the equal angles are reciprocally pro- 
‘portional; but parallelograms which have their sides about = 
equal angles reciprocally proportional, 'are equal to one ano- Lae 
¢ 14.4... there; therefore the parallelogram BG is wiih, to the paral- j 
ieiogram DH: and the paral- — fl 
~ lelogram. BG is contained ‘by y,. ONE ee 
the straight lines AB, F, be- : NE 
cause AG is equal to F; and yp won 
the parallelogram. DH is’ con- 
‘tained by CD and E, because 
CH is equal to E: therefore 
the rectangle contained by the 
|| straight lines AB, Fis equal ~ 
to'that which 1 is contained by : be | 
CD and E. aE sete 
. Andifthe rectangle contain-. Bes 5) iy Cr cD. 
ed by,the straight lines AB, F be equal to that whith is con- | 
tained by CD, E; these four lines are pag none viz. AB (: 
king is to CD, as E to F. . 
. The same ‘construction being ode: because hes hectangte 
contained by. the straight lines AB, F is equal to:that which 
is contained by CD, E, and that the rectangle BG is ¢ontain- 
by AB, F, because. AG is equal to F ; and the rectan¢lé DH. © 
ent DY, CD, E, because CH is equal to E; inion efore the parallelogram ‘ihe 
“BGI is aes to the parallelogram DH; and mips are as aearacii 


4 i 


. 


PP ghd: 


pitae OP EUCLID. ee Bee 


"Jar: but the. sides about the equal angles ‘of equal parallelo- Book VI. 
erams, are reciprocally proportional ¢ : : wherefore, as AB to PME ons 5 ¢ 
CD, so is CH to AG; and CH is equal to E, and AGto F:¢ 14.6, 
ag therefore AB is to CD; so Et to F. Ww herefore, if four, &c. 


QED. 


"PROP. XVII. THEOR 


Aft 


} Ww dhrel straight ished be proportionals, the rectangle. 
contained by the extremes is equal to the square of the, 
‘mean: and if the rectangle contained by the extremes 
be equal. to the square of the tnean, the three straight 
lines: are: eid ete ieee ne Cia “ 


i the three straight iets A, B, C'be pr uAreEan viz. 
as A to B, so B to Cy the Rectang contained bY, a Ci is nea teal 
to the square of B. 

Take D equal to B; and. because as A to B, so B to ¢; ad 
that B is equal to D; Ais atoB,asDtoC: but if four pas 47.5, 
~ lines be proportionals, the 1 Aan 
“rectangle contained by A ee 
the extremes is equal to B -- Sean 
that which is contained by D—-__--— : ee 
the means®; therefore the ———— 
rectangle contained by A, 
-C is equal to that cons.) [7 C 
tained by B, D. But-the [| « —: : a 
rectangle contained by B, _—— 
—D is the Square of B; be- - A ee 
cause B is equal to D: ne er 
therefore the’ povengle contained be A C: is; sequal to che . 
© ‘squareiof B. . <x. 
» © Andif the rectang] : contained by A, C be equal to the square: } 
of B; A is 10 B, as btonGa hy 

. The sameé construction being made, hecause the rogtampte. 
contained by A; C is equal to the square of B, ahd the square 
‘of B is equal to the rectangle contained by B,D, because B is’ 
equal to D ; therefore the rectangle contained by A, C is equal 
to that contained by B, D: but ‘if the rectangle .contaitiied by 
the extremes be equal to that contained by the means, the four 
straight apes. are PrenOTenalss ‘ther ain ‘A is to he as Die 


b16. 6. 


+ 
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Book VI, ©; but Bis equal toD; wherefore as A to B, soBtoC. There 


“4 
/ 


tay. fore, if three straight lines, &. Q. E. De dissprlty 


: 
’ 


_ PROP. XVIII. THEOR. 


See Note. UPONa given straight line to describe a rectilineal 


figure similar and similarly situated to a given recti- 


¥ 


lineal figure. C ck | Ri seculie oe 


- Let AB be the given straight line, and CDEF the given 
- rectilineal figure of four sides; it is required upon the given 


straight line AB to describe a rectilineal figure similar and — 


similarly situated to CDEF. 


_ Join DF, and at the points A, B, in the straight line AB, 
a 23.1. make® the angle BAG equal to the angle at C, andthe angle | 

ABG equal to the angle CDF ; therefore the remaining angle 
b32.1, CED is equal to the remaining angle AGB»; wherefore the 


triangle FCD is e- = 
quiangular to ‘the 
triangle GAB: a-G 
gain at the points 
G, B, inthe straight 
line GB, make? the 
angle BGH equal to 

_ the angle DFE, and. 

* the angele GBH e- 
-qualto FDE;there- | Nee F< 
fore the remaining angle FED is equalto the remaining angle 
GHB, and the triangle FDE equiangular to the triangle GBH: 


A 


then, because the angle AGB is equal to the angle CFD, and 


BGH to DFE, the whole angle AGH is equal to the whole 
. CFE: for the-same reason, the angle ABH is equal to the 


angle CDE; also the angle at A isequal to the angle at C, and | 


- A, 
mt 


the angle GHB toFED : therefore the rectilineal figure ABHG 9 


_isequiangular to CDEF: but likewise these figures have their 


. sides about the equal angles proportionals ; because the trian-. . 


o 4.6, gles GAB, FCD being equiangular, BA ise to AG,as DC to 
CF; and because AG is to GB, as CF to FD; andas GB to GH, 


so, by reason of the equiangular triangles BGH, DFE, is FD. 


22.5, to FE; therefore, ex egualit, AG is to GH, as CF to FE: in 
DE :and GH is to HB, as FE to ED«. Wherefore, because 


$ 
{ 


the same manner it may be proved that ABisto BH,as CD to. — 


_OF EUCLID. | is 


the. rectilineal figures ABHG, CDEF are equiangular, and. Book VI. 
have their sides about the equal, angles pr ppt Honals, they are asa 
similar to one another®. ~~ e 1. def. 

Next, Let it be required to describe upon a given straight 
line AB, a rectilineal figure similar and See ATALES to 

the rectilineal figure CDKEF. 
' Join DE, and upon the given straight ‘ing AB deateloe: the 
rectilineal figure ABHG similar and similarly situated to the 
quadrilateral phi CDEF, by the former case; and at the | 
points B, H, in the straight line BH, make the:angle HBL 
equal to the angle EDK, and the angle BHL equal to the an- 
gle DEK ; therefore the remainiig angle at K is equal to the 
remaining angle at L: and because the figures ABHG, CDEF 
- are similar, the angle GHB is equal to the angle FED, and 
 BHL is equal to DEK ; wherefore the whole angle GHL ‘is 
equal to the whole angle FEK: for the same reason the angle 
~ABL is equal-to the angle CDK: therefore the five sided 
figures AGHLB, CFEKD are equiangular ; and because the 
figures AGHB, CFED are similar, GH isto HB, as FE to 
ED; and as HB to HL, sois ED to EKe; therefore, exc 4.6. 
aguali4, GH is to HL, as FE to EK: for the same reason, AB d 22. 5. 
is to BL, as CD to DK: and BLis to LH, as* DK to KE, be- 
cause the triangles BLH, DKE are equiangular ; therefore, 
because the five sided figures AGHLB, CFEKD are eqyian- 
gular, and have their sides about the equal angles propor 
tionals, they are ‘similar'to one another : and in the-same man- 
ner a ‘rectilineal figure of six or more sides may be described 
upon a given straight line similar to one given, and so on. 
_ Which was to be done. ' 


th PROP. XIX. ‘THER, , 
SIMILAR triangles are to one another in the du. 
' plicate. ratio of their homologous sides. | 


Let ABC, DEF tie similar ‘tiangles, ding the saat B 
equal to the angle E, and let AB be to BC, as DE to EF, so 
that the side BG is homologous to EF 2; thetr iangle ABC has a 12, def, 5. 
to the ifiangle DEF the sincere ratio of that which BC has 


| to EF. 


‘ Take BG a third proportional to BC, ‘EF b, s so that BC istob 11. 6. 
; EF, ¢ as EF to BG, and join GA; then, heekiec as AB to BC, 
30 DE by EF; alternat areey ABI is to DE, as BC to EF; butc 16, 5. 


Rea er IO Vs nia a 
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as BC to EF, so is EF to BG; therefore‘, as AB to DE, so is" 


--—_ EF to BG; wherefore the aides of the triangles ABG, DEF iS 


ail. 5. 


e 15. 6 


“£10. def. 5. 


g 1, 6. 


which are about theequalangles, are r eciprocally pr oportional: 


but triangles which have the sides wo Ti two figs angles reci- — 


procally proportional, 
are equal to one an- SE SEER ORANG 
othere: therefore the ae ae 
triangle ABG is equal” 
to the triangle DEF: 
and because as BC is 
to EF, so EF to BG; 
and that if three 


straight lines be pro- B Go ce Bees ght bet 


portionals, the first is ¥ 
saidf to have to the third the duplicate ratio of that ere it 
has to the second; BC therefore has to BG the duplicate ratio 


of that which BC hay to RF Y butas BE to BG, sois & the trian-- 


gle ABC to the triangle 'ABG. Therefore the triangle ABC 
has to the triangle ABG the duplicate ratio of that which BC 
has to, EF: but the triangle ah is equal to the triangle 
DEF ; wherefore also the triangle 


fore, similar triangles, &c. Q. E. Ds 
Cor, From this it is manifest, that if three straight litte be 


 proportionals, as the first is tO the third, so-is any triangle 
upon the first toa similar and similarly described triangle 


upon the second. 
bes, i! 


PROS XX. THEDR. 


° 


SIMILAR polygons may | be divided into the same 
number-of similar triangles, having the same ratio to . 
one another that the polygons have ; and the polygons _ 
“have to one another the duplicate ratio of that which 

their homologous sides have. u | 


Let ABCDE, FGHKL be ss piihad boly eee | hath let AB be 
the homologous side to EG: the polygons ABCDE, FGHKL)__ 


may be divided into the same number of similar triangles, 


whereof each to each has the same ratio which the polygons 


have ; and the polygon ABCDE has to the polygon FGHKL: 


the duplicate ratio of that which the side AB has to the side pate’ 


FG. att 


Join BE, EC, GL, LH: and because the polygon ABCDE } is 


+ 
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ABC has to the triangle ; 
IDEF the duplicate ratio of that which BC has to ee salves a 
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siniilar tonthe Poljeon FGHKLsthe angle’ BATis equaltoithe pook Vi 
angle'GFPH4,and BA is to AK,as/GF to FL swherefora, bee Wop 
cause-the triangle IABE, PGL have'aniangie ini one equa! toa 1. def. 6.. 
an angle in the other,and:their sides about these equal angles 
proportionais, theitriangle ABE is equiangular by and ther eloie b 6. 6. 
similar to the triangle: FGLi*y- whereforeithe angle SABE is c 4. 6. 
equal to the angle PGL :and, because ithe polygons are sinai- 
Jar, the whole anglesA BC is equa)® to the whole. angle FGH; 
therefore the remaining angle EBC is equal to the remaining 
angle LGH: and because the triangles ABE; FGLiare similar, 
EB is to BAyas LG.to GF a and also, because the polygons 
are similar, AB isto BC,as FG to GH»; therefore;ex.cqualid, ‘ 
EB is to BC; as'LG ito GH ; thateisy the-sides. about theequal 
angles EBC, LGH are proportionals; itheroford? the, tr dew oe) 
KBCi is equi- ia jan 3 
anpalar ote omdd oft oma AVY LEA 
the erlangle: i soy: 'ecr 

LGH, and si-: ©. 
milar to ite. Ee 
For the same: 
Treason)! the: * 4 
triangle RCD: 1.» :\ 
likewise Is si-)) > ¥ PF okt andi 
‘milar to: the bene BY SORA ee RIN Seale © SR 
triangle LHK:: ” a" 

therefore the Caeiar Bawa ABCDE, FGHKL are divi- 
ded into the same number of similar triangles. 

Also these triangles have, each to each, the same ratio wiih 
the polygons have to one another, the antecedents being ABE, 
EBC, ECD, and the consequents FGL, LGH, LHK: and the 
pelygon ABCDE has to the polygon FGHKL the duplicate 
ratio of that which theside AB has to the homologous side FG. 
_ Because the triangle ABE is similar to the triangle FGL, Mao 8 
ABE has to FGL the duplicate ratio¢ of that which the side BE. 
has to the side GL: fer the same reason, the triangle BEC has 
to GLH te duplicate ratio of that which BE has to GL: there- 
fore, as the triangle ABE to the triangle FGL, sof is the tri- is 
angle BEC to the triangle GLH. Again, because the tr iangle is 
EBC is similar to the triangle LGH, EBC has to LGH the du- 
plicate ratio of that which the side EC has to the side LH: for — 
the same reason, the triangle ECD has to the triangle LHK, 
the duplicate ratio of that which EC has to LH: as therefore 
the triangle EBC to the triangle LGH, sois the triangle ECD , 
to the triangle LHK : but it has been proved that the triangle 
EBC is likewise to the triangle LGH, as.the triangle ABE to 
the triangle FGL. ‘Therefore, as the triangle ABE is to the 
triangle FGL, so is triangle EBC to triangle LGH, and trian- 

: gle ECD to triangle LHK: and therefore as one of the ante- | 
“ 7 
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Bese viL cédents to one bf the: consequents, so are all the antecedents \ 
raat to all'the ‘consequentss. “Wherefore as the triangle ABE to) — 
g 12. the triangle FGL, so isthe polygon ABCDE to the polygon | 
-PGHKL; but the triangle ABE. has to-thetriangle FGL,the 
© duplicate ratid of that:-which the side AB has to the homolo- 
~ gous'side FG. © Therefore‘ also the polygon ABCDE has to | 
the polygon FGHKL the duplicate ratio of that which AB has 
Ag te homologous singel FG. Wherefore;, similar polygons, 4 
Q. ta D. hi ' 3 : 
bie 1. In-like manner; it may be proved, that seniilac four 
#sided figures, or cf any number of sides, are one to another in 
the duplicate ratio of. their homologous sides, and it has al- 
ready been proved in triangles. Therefore, universally, simi- 
Jar rectilineal figures are to one another in the duplicate ratio 
of their homologous sides. ~ 
Cor. 2: And if to AB, FG, two of the homologous eae 
h 10. def. 5. third proportional’ M be taken, AB has® to M the duplicate 
ratio of that which AB has to FG: butthe four sided figure or 
polygon upon AB has to the four sided figure or polygon 
upon FG likewise the duplicate ratio of that which AB has 
to-FG : therefore, as AB is to M, so is the figure upon AB | 
i Cor. 19. 6. to the figure upon FG, which was also proved ‘in triangles . 
Therefore, universally, i itis manifest, that if three straight lines 
be proportionals, as the first isto the third, so is any rectilineal 
figure upon the first, to a similar and similarly: ‘described rec- 
: : tilineal agure upon the: second. 


5 te 


oe 


ee eee ence 


Pg ge abate 


- re Ae NP eas ‘ var ene 
Le ok sein apes > ens tte eta Se 


Re OT soe 


eS 


Eee 


. OF EUCLID. |’ V7 


| rade ah ig ML eat BUR Hidigle a ste): hay ani Voit 

(iA. Lees au Wa aR BOT ORI ie LeeLee Peori rd dey 0 LEAL Es Hei: ast 
A LSM ckalgat eb 

. PROP. Set , THEOR, nyt oi tbe be 
: *, fie 
R CTILINEAL figures which, 4re eae ee s Shs 
same., reculingal figure, are also. spi: AO. ORGBRO+1 9-8) 1 
ther. ; 


mK. O$ 


_ Let each of ‘the rectilineal figures, | be similar to the 
rectilineal figure aes A is gimilartg the figure B. 


Because A is similar to-.C, they Are equiangular, and also 
have theigsides‘ab 
because B is similar 
_to C, they are equi- 
angular, and have 
their sides about.the « 
equal angles propor- 
tionals?: “ther Ss Bik iti 
the figurés A, B He Hiscaay 7 sed 
each of them equiangular to C, and have the eee Aes the 
equal aiplesoftachof them und of. c proportionails- UW hetie-» 
fore the restilinéab figures And’ B are: ‘equiangulat », and-b 1. Ax. 1. 
have their'sides abodt the-equal rie i's gecpeeg “Theres'é fe 11. 5. 


. Againjal. Def. ¢& 


fote/ Al is Similar é to BElQr E: cb Sakti sit AA 
os 2b AD \yelex i Dagyt:s Stee fore 8 % Pie 2 Ck dL? et 
gaivad iM isomtlitog: silt. G10foied3 bis. a | Ly is Md 
3 Laapo- 91s (est PROP. Sx ‘THEOR: et ofa Sas 

; hotsu Me ps has ¢sitiaie Brn § i 78 Atoms Imo 0} 


IF four? ahi Hb | beep ~icofidsnite’ the’ auainig’ 
rectiliné pes similarly Ly. be po upon, them shall... 

also be proportionals ; and if the similar rectilineal 

figures similarly described upan four straight lines be 

| proportionals, those tee lines shall be propor-: 
tionals. ssi 


3 


Ree & the tue sstra righ tings. AB, OD, ER GH He BUOpet- 23674 o0t 

tionals, viz, A ‘as EF to ‘Hand up AB,C >D let ie 

similar hee figures KAB, LCDbe gioiarly: described ; 

and upon EF, GH the similar rectilineal figures MF, Hi 

like. manner : the rectilineal Agure KAB isto LCD, as. MF Pp 

NH eaivst ' PPBGL IC TAIT Of ‘ 
To AB, CD ges a ‘third proportional XK; and to EF, GH a 11. 6. 

a third ‘proportional O; and because AB i isto ‘CDyas EF th 11. 5. 

GH, and that CD is ®to X,as GH to O; wherefore, ex eguali®, ¢ 29 5, 

as AB to X,s0 EF to O: butas AB to X, so is 4 the rectilineal d 2 Cor. 20. 


¢ 


PE THE BEE MEN ds ee. bE 
Book VI. KAB to. the. hetiaiiaia LCD), and as EF to, O, SO, isshthe, secitke 


ny—etlineal MF to the rectilineal NH: therefore, as. KAB to: LCD,, eS 


d2Cor. so%is MF to NH. 
20.6.  Andif the rectilinghy RAD. be to LCD, ab ME to NH; the. 


bil.5.> 5 apmicht, line AB is to CD,.a i pegsih 
Cité “Makes AB «ED, 2 EY (albania i delete 
f 18. 6. the. a tacks figure SR: aie? fr ahd sina jeukited to ae 
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Greobiz silt + ‘cull ‘aes Sop aipiirotaiuns mony ie A484 
“the figures, ME, NH; theny because ias-ABito: CDs: sovis: 
26 1 EF to PR, and that upon AB, CD aredéscribediithe similax’ 
» ;pand. similarly situaged agcaepea le AR KAB) LGD, and-upon EE: 
PR, in like manner, the similar, Yeotilingals: MEiiSR > iKABy: 
is to LCD, as MF to SR; but, cea e hypothesis, KAB is to. 
LCD, as MF toNH: and therefore the rectilineal MF having 


29. 5. the same ratio to eaghofithe tox Hs iSRythese are equals 
to'one another: they are also similar, and AR et 


therefore GH is cqnatig be 

E to’ PR, “and | ptiteey eet ns a Pe pC iat AS ae pa a 

to GH. TR ‘therefore ae at &E Jee si “B mn 
isomiipost wilimte 3013 i Das gaa Fo 8 ad oels 
od eontl tdgiswe 190) aodgu bedinvesb ylelimie eowsii 


Aaqoiq. ad ligde- edcdl? a ftw moe clenObIdqory 


PROP. iH elaaols 
See Note. PQUIANGUL AR, ieee Ie i Shave ‘fo “ore n 
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aah aes HS VhIEH Is Coltipo nde "th Eatios. 
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re id 28 did odai UA sitet Isoaili 190 silt | pondsin Ai}: 
Let AC, CF be equiangular parallelograms, having fie . 


a i angie BED, equal to se ere. eee 
, jelogram AC to. the; pprallelngram.Gy : 8 thecéamgowdth ithe» 
“2508 gSatiouwpichs a ceeeniney of tO ratsco8 thelk sinids. bas Ho 
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chet BG, CG,be placed ina straight line ;therefere DC and Book VI. 
Flare also ina straight line’#; and complete the parallelo- ridide 
cramDG; and, taking any étraightline K,make>as BC to CG, a 14, 1. 
soK to Ly: andes ‘DEito CE, so, make L. to :M: therefore b 12. 6. 
the/ratios of Keto L, aud-L'to Myare the same with the’ ratios 
ofthe sidespviz. of BC.to OGjand DC to/CE.. But the ra- 
tid of K to M is that. which 4s said to be compoundede of thec A. def.  » 
_ ratios OF KG T., and L tM; x appa also is mes to M me 
ratio compounded of the ratiosof the x BS) 
| ceperant begesee BC to CG;is0 is ul 
_ theiparalle yen parallelo-:. 
grain CH; butas BO to CG, so is K ay. Ge 
to crefore Kise to Lyasthe pa+ . 1G: its 
Bp AC to-the. nfalleléggtai ‘ 


CH »again, because as‘ DO to GKyso poss 

isthe parallelogram CH to the paral-. pod of) 

lelopram CEsibutas DCto CEysois pty : 

Li, to: MG wherefore Lis¢'toMjasthe [4 

parallelogram’ CH to: the parallelo- ec! 

gram CF: itherefore, since it has been | K: bs M Nera ss 3 
proved, :thatias: Kr to!L, sovis: the parallelogram - 3 to the pa- 

-rallelogram CH and as L) to .Mjso. the paralleld rram OMe 

the parallelogram CF; ex wguali’, K is to M, as the paral-f 22-5. 

lelogram AC to the parallelogram CF: but K has to M the 

ratio which is compounded of the ratios of the sides ; therefore 

also the parallelogram AC has to the parallelogram CF the 

vatio which is compoupded of the-ratios of the sides. Where. 

fore, ‘A igikaie wig -gblgh dae a Norah ke. .Q. E. ie 


ja ad Ube esis eet dosaess eg sciiseob 
Westiiiost ONES Tod lone OP fa ef OO 4 ee 
a hnOk. XXIV. ,, SHEOR. a2 
ee See Note. 
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el “tig fs i oditoe st 2 cise ol , neat 
Let a be Gg raralislent ai ‘of which Mie peters is. AC: 
oe K; the .p arglic] ograms, ibout. the. diameter:the pa: « 
Ret: gra HA are similar bow to the. whois par pele: 
sare 1 ABCD, and to ong another..} pees jp. 
canse. DC,.GF are purallvls,the angle ADC: is anal a. 4191 
a ngle AGI 3 for t th neSa reason, becanse hated r are B.PAn: 
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Book VI. 
a eee 
b 34. 1h. 


c 4. 6. 


d 7. 5. 


. as GF to FE; and also CDito DiA, 


e 1. def. 6. 


See Note. 


a Cor. 45, 1. 


. 6. 


THE ELEMENTS 
‘rallels,:the angle ABC is equal to the angle AEF: and each 


of the angles BCD, EFG is equal to the opposite angle DAB», | 
~ and therefore are’ eanal to one, another; wherefore the ‘paral-. 
lelograms AB@D, AEFG are equiiangular : and, because the: : 
angle ABC is equal to the angle AEF, and the angle BAC': 
common to the. tw6 triangles BAC, EAF, they are sear tie # 
Jar'to oné another; therefore¢ as AB . hy E By 


to BC; so is AE to EF: andibecause:. 
the opposite sides of parallelograms 
are equal to one.another>, AB is¢ to Gf 
AD, as AE to AG; and DC to CB: f 


as FG-to GA: therefore the sides, of 
the parallelograms ABCD, AEFG L. 
about the equal angles,are proportion= D 


a ed 


als; and they are therefore, similar >to Gne,;another ¢: for the 
same reason, the parallelogram’ ABCD. is similar. to the -pa-’ 


rallelogram FHCK. Wheretore! each of. the parallelograms 
GE,_KH is similar to DB: but rectilineal figures-which/are 
similar to the same rectilineal figure, are. also similar to. one 


another’; =the the parallelogram GE is* ees to KH. ; 


Whexplorn he saicignerssinrts dec cor ie mee aapialign >: 
(10:4 a sts Stein) ee 
T Dearie al (j AGRE Gs Odo ee ot dh 
: tes a td ries ay 8 
tie fa} t rsh x pie Shree eed: ak 
IU PROPEXRVS PROB Om es Goes 


‘TO describe a rectilineal figure which shall be si- 
milar to one, and minal to another given rectilineal 
figure. | | 


Let ABC bethe given rectilineal figure, to which the figure 


to be described is required 'to be similar,and D:that to Which ._— 


it must be equal. It.is required to deseribe a. vrectilineal figure 
similar to ABC, and equaltoD. 

Upon the straight line BC describe® the sata iteheihasd BE’ 
equal to the figure ABC; also upon CE describe ‘Pek ei ra a 


_telogram CM eéqual to D, and having the angle. 

to the angle CBL.: therefore BC’and CF are’ in a en | 
line», as also LE and EM: between BC and CF fide’ ae 
proportional GH,and upon GH describe the rec neal figure: 
KGH similar and similarly jsituatéd to the figut ABC: and 
2, Cor. 90, because BC is to GH as GH to CF, and if thrée straight 


Niges be proportionals, as the. sige is to the third, so is& the 
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figure upon the first to a similar and similarly: described figure Book VL 

upon the second ; therefore as BC to CF, so is the rectilineal Kan aii 

figure ABC to KGH: but as BC to CI’, so is the parallelo- f 1. 6, 
gram BE to the parallelogram EF: thetefore as. the rectili- , 
“neal figure ABC is to KGH, so is the parallelogram BE to / 
the Goh Rae EF s: aida the rectilineal agure ABC ‘is g 11. 5. 


ee Roar: 


G 4 H 


L * Waa aan F 
J 

equal to the parallelogram BE; therefore the rectilineal ‘ 
- figure KGH is equal ® to the parallelogram EF: but EF is) 14.5 
equal to the figure D; wherefore also KGH is equal to D; 
and it is similar to ABC. Therefore the rectilineal figure * 
KGH has been described similar to the A Kero ano and equal 
to D. Which was to be done. 


aE ii? 


PROP. XXXVI. THEOR. 


oF two 2 ate parallelograms have a common an- . 
gle, and be similarly salami they are about the same 
diameter. 


Let the parallelograms ABCD, AEFG be similar = gimi- 
larly situated, and have the angle DAB common: ABCD and, ; 
AEFG are about the same diameter. Be 
_ For, ifnot, let, if possible, the A Fire D 
parallelogram BD have its dta- 
meter AHC inadifferent straight ~ K- 
line from AF the diameter of the E 
‘parallelogram EG, and let GF 
‘meet AHC in H; and through ~ 
H draw HK parallel to AD or 9+ f-- 
BC: therefofe the parallelo-- of 
grams ABCD, AKHG being § . p> 
about the same diameter, they _ 
are similar to one another 2; wherefore as DA to AB, so is>a 24.6, 
GA to AK: but because AvED and AEFG ane similar pa- b 1 def, 6. 


ht 


Iga 
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‘Book V1. rallelograms,'as DAvis to AB, so is GA ‘to AE;) therefore's 
Vy—__ as GAjto AE, so-GA to' AK; wherefore GA’ Hes the ‘same 


c 11. 5. 
@ 9. 5. 


3 , 


See Note. 


ratio to each of the straight lines AL, AK ; and consequently 
AK is equal 4 to AE, the less to the greater, which4s 1 impos- 
‘sible: therefore ABCD and AKHG are, not about:the same 
diameter; wherefore ABCD and - AEFG must be ‘about the | 
same diameter. ad iepsicd if two similar, ectwey EY DB. 


‘ To understand the three following, propositions more 
‘ easily, it is to be observed,’ — 

‘1. That a par alletontem4 is said t6 be spntied to a'straight 
‘ line, when it is described upon It’ as one of its sides, Ex. gr. 
‘ the. parallelogram AG, 1s sail p be applied to the ag to 
‘line AB, 

«2. But s Penny ote AE is said to be spite to a 
‘ str aight line AB, deficient by a par sai fac when AD the 
‘base of AE is aa than AB, 
‘ and therefore AE js less than ... «... 5 BE wile oat ayia 
‘the parallelogram AC describ-.. -— Wea 5 RETR? 
‘ed, AB in the same angle, and .. yr" | : 
‘between the same parallels, by NEED. via Salt nea ah ae 
‘the parallelogram DC; and; . 0077 ycciBect tere 
*DCis therefore called the de- eh eae 35 : rs py é 
‘fect of AE. | pers 

‘3. And a parallelogram AG is said to be applied to a 
‘straight line >» AB, exceeding by a parallelogram, when AF the 
‘base of AG is greater than AB, and therefore AG exceeds 
‘ AC the parallelogram described upon AB im the same angle, 
‘ and ye ge same h coats by te orgies ere BE. 
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PROP. XXVII. THEOR. amin, 


OF all parallélograms applied: tov the: same straight 
line, and deficient by parallelograms, ’ ‘similar/and“si- 
milarly situated to that which is described upon the 
half of the line; that which is applied to OK, al and 
is similar to its defect, 1s the gresiasts Wer Pe Loe 


Let AB bea ‘aoaicth line divided into two Sia ena in ic; - 
and let the parallelogram AD be applied to the half AC, 
which ts therefore deficient from the parallelogram. upon the 


whole line AB by the parallelogram CE upon the other half®, | 
CB: ofall the Perallelon rams apptics to any cided “ip al” . 


ee ee tf 
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AB, and dihclent ce parallelograms that are similar, and si- ook vr. 
omy ¢ 


milarly situated to CE; AD is the greatest. 


Let AF be any parallelogram applied to AK, any other part 
of AB than the half, so as to be deficient from the paraliclo- 
gram upon the whole line AB by the parallelogram KH si- 
muller, and similarly situated to CE; AD is greater than AF. 

First, let AK the base of AI’, be greater than AC the half of 
AB; and because CE issimilartothe | > Aa fal eae Rea 


same diameter®: draw their diameter 


parallelogram KH, they are about the i le 
DB, and complete the scheme: be- | 


ALR « 


cause the parallelogram CF isequalt G f 
to FE, add KH to both, therefore the 
whole CH is equal to the whole KE: 

but CH is equal « to ‘CG, because the 


base AC is equal to the base CB: A : CK 


therefore CG is equal to KE: to each 


a 26. 6. 


b43. 1, 


6:35.41. 


of these add CF; then the whole AF is equal to the gnomon 
CHL: therefore CE, or the parallelogram AD, is greater than 


the parallelogram AF. — G F 
Next, let AK the base of AF, beless 
than AC, and, the same construction 
being made, ‘the parallelogram DH ~ 
is equal to DG¢, for HM is equal to 
MG 4, because BC is equal to CA; 
- wherefore DH is greater than LC: 
but DH is equal» to DK; therefore 
DK is greater than LG: to each of 
these add AL; then the whole AD is | 
greater than the whole AF. There- 


M_ 


fore of all parallelograms applied, . x G 


&c. Q. E..D 


D2 AS 


B 


B 
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SeeNote, 
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equal to a given rectilineal figure, and deficient by a 
parallelogram similar to a given parallelogram: but 


the given rectilineal figure to which the parallelogram . 4 


‘to be applied is to be equal, must not be greater than 


the parallelogram applied to half of the given line, 


having its defect similar to the defect of that which is 


> from the © parallelogram 


to be applied ; that is, to the given parallelogram. 


Let AB be the given straight line, and C the given rectilineat 
figure, to which the parallelogram to be applied is required to 
be equal, which figure must not be greater than the parallelo- 
grain applied to the half of the line having its defect from that 
upon the whole line similar to the defect of that which is to be 
applied; and Jet D be the par allelogram to which this defect is 
required to be similar. _ It is required to apply a parallelogram 
to the straight line AB, 
which shall be equal to the H G OF 
figure C, and be deficient oe a 


upon the whole line by a. 
parallelogram similar to D. 
Divide AB into. two- 
equal parts® in the point [, 
and upon EB describe the ey 8 
parallelogram EBFG simi- E 
lar> and similarly situated 1, ° M 
to D, and complete the pa- 
rallelogram AG, which- ea 
must either be equal to C, K N 
or greater than it, by 
the determination: and if 
AG be equal to C, then what was required is already fiance : 
for, upon the straight line AB, the parallelogram AG is applied 
equal to the figure C, and déficient by the parallelogram EF 
similar to D: but, if AG. be not equal to C, it is greater than 


it ; and EF is equal to AG; therefore EF also is'or eater than — 


C. Make © the parallelogram KLMN equal to the excess of 
EF above C, and similar and similarly situated to D; but D is 
sunilar to EF, therefore4 also KM is_similar to EF: let KL 


“To a given  aeeeighe line to apply a rpardilelpiouan a 


4 
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be the valde’ side to EG, and LM to GF: and because Book! Vv I, 
sanyo 


EF is equal to C and KM together, EF is greater than KM ; 
therefore the straight line EG is greater than KL, and GF than 
LM: make GX equal to LK, and GO equal to. LM, and com- 
plete the parallelogram XGOP: therefore XO is equal and 
similar to KM; but KM is similar to EF ; wherefore also XO 
is similar to EF, and therefore XO and EF are about the same’ 


diameter®: let GPB be their diameter, and complete thee 26.6. 


scheme: then because EF is equal to C and KM together, and 


XO a part of the one is equal to KM a part of the other, the’ 


remainder, viz. the gnomon ERO, is equal to the remainder C : 


and because OR is equal‘ to XS, by adding SR to each, ther 34, 1, 
whole OB is equal to the whole XB: but XB is equale to TE,¢ 36. 1, 


because the base. AE. is equal to the base EB»; wherefore also 
TE is equal to OB: add XS to each, then the whole TS is 
équakto the whole, viz. to the gnomon ERO: »but it has been 
proved that the gnomon ERO is equal to Cand therefore also 
TS is equal to. C. Wherefore the par allelogram TS, equal to 
the given rectilineal figure C, is applied to the given straight 
line AB deficient by the parailolopram SR, similar to the given 


one D, because SR is similar to EF 4. Which was tobe done-p 24,6. 


PROP. XXIX. PROB. 


@ 


\ 


“TO a given straight line to ae a parallelogram See Note. 


equal to a given rectilineal figure, exceeding by a pa- 
rallelogram similar to another Biel. 


« 


Let AB be the given'straight line, sna the given rectilineal 
figure to which the parallelogram tobe applied is required to be 
equal, and D the parallelogram to which the excess of the one 
to be applied above that upon the, given line is required to be 
similar. It is required to apply a parallelogram to the given 
straight line AB, which shall be equal to the figure C, exceed- 
ing by a parallelogram similar to D. 
| Divide AB into two equal parts in the point E, and-upon 


~ 


EB describe the parallelogram EL similar and ne situa-a 18, 6., 


= 


ise 


THE ELEMENTS’ 


Book VI. ted to Di: and make the parallelogram GH equal to EL and ° 


b 25, 6, 
21.6, 


d 26. 6. 


gether , and that GIT 


g 24. 6. 


| and MN are about 


C'together, and similar.and similarly situated to.D ; wherefore 

GH is similar to EL; let KH be the side homologous to FL; 

and.KG to FE: and because the parallelogram GH is greater | 

than EL, therefore the side KH is greater than FL, and KG 

than FE: produce FL and FE, and make FLM equal to KH, 

and FEN to KG, and cainpiere the Laue aes. oh MN. MN i 16 
K 


». therefore equal and 


similar to GH; but: 40 
GH is similar toEL; ? 

wherefore MN is si- |. 
milar to EL, «and: 
consequently, . EL. 


the'same diameter?: 
draw theirdiameter 
FX, and complete | 
the scheme..'There- 
fore, since GHis e- 4 
qualto ELandC to- © 


is equal to MN; MN N . iN 

is equal to EL and C : take away the tommon part EL; bic 
the remainder, viz. the gnomon NOL, is equal to C. ‘And be- 
cause AE is equal to EB, the parallelogram AN, is equal to 
the parallelogram NB, that is, to BM & Add NO to each; 
therefore the whole, viz. the parallelogram AX is equal to the 
gnomon NOL. But the gnomon NOL is, equal to C; therefore 
also AX is equal to C. Wherefore to the str aight line AB 
there is appiied the parallelogram AX equal to the given rec- 
tilineal C, exceeding by the parallelogram PO, which is simi- 
lar to. D; because PO i is ee to abe Whieh was to be done. . 


sasitd {3 
hosing ih ty IGOR: OFFAG 


heer XXX. BROS. 


“TO cut a given straight li line ‘in eee mean 
Fate, A | Foe a 


o 


Let AB be the given, ‘straight fine; it i is le to gut it 
“in extreme and | mean ratho. ti lak uel ‘Be 


She 


ho es 
“OF EUCLID. ” ea One 


» Upon AB describe* the square BC, and to AC apply the Book VI. 
parallelogram CD equal to BC, exceeding by the figure AD ams 
similar to BC »: but BC-is a square, D a 46. 1. 
therefore also AD is a square; and b 29. 6. 
because BC is equal to CD, by tak- Kr 
ing the common part CE frou each, 
the remainder BF issequal to the re- 
“mainder AD: and these ‘figures are 
equiangular, therefore their sides 
about the equal angles are ‘recipro- : 

cally proportional ¢: wherefore, as FE .¢ 14. 6. 
to ED, so AEto EB: but FE is equal | | “ 
to AC 4, that is, to AB; and ED is Cr oe d 34.1. 
equal to AE: therefore as BA to AE, 

so is AE to EB: but AB is greater than AE; wherefore AF, 

is greater thai EBe: therefore the straight line AB is cut ine 14, 5. 
extreme and mean ratio in Ef. Which was to be done. f 3. def. 6. 


Otherwise, 


Let AB be the given straight line ; it is required to cut it 
in extreme and mean ratio. . 

Divide AB in the point C, so that the rectangle contained by 
AB, BC be equal to the square of AC&. g 11. 2. 
Then, because the rectangle AB, BC is equal e C B 
to the square of AC, as BA to AC,sois AC 
to CB: therefore AB is cut in extreme and mean ratio in 
c f, Which was to be done: £17. 6. 


PROP. XKXI, THEOR. 


IN right angled triangles, the rectilineal figure de- see Note. 
scribed upon. the side opposite to the right angle, is 
equal to the ‘similar, and similarly described figures” 
pon the sides containing the right angle, 


Let ABC be a right angled triangled, having the right an- 
gle BAC: the rectilineal figure described upon BC is equal 

to the similar, and similarly described figures upon BA, AC. 

_ Drawthe perpendicular AD ; therefore, because in the righ¢ 
angled triangle ABC, AD is de awn from the right angle at A. 
perpendicular to the base BC, the triangles ABD, ADC are si- 
milar to the whole triangle ABC, and to one another®, and, ¢. 4. 


19@ 


Book VI. because the triangle ABC is similar to ADB, as CB to BA; se 
So 


b 4. 6. 
» & 2. Cor, 
‘20. 6. 


a B. 5. 


é 24, 5. 


FA. 5. 


*, 


See Note. 


-a 23.1 


. DC together to BC, so are the " ree 
‘figures upon BA, AC to that upon BCe: but BD and DC . 


TUE ELEMENTS 


- 


is BA to. BD»; and bécause these three straight lines are pro- 
portionals, as the first to the third, so is the figure upon the first 
to the similar, and similarly described figure upon the second; 
therefore as CB to BD, so is the ’ | | 
figure upon CB to the similar, 
and similarly described figure 
upon BA: and, inversely4, as 
DB to BC, so is the figure upon 
BA to that upon BC; for the @. | 
same reason, as DC to CB, so es ene C 
is the figure upon CA to that: }  D : : 
upon CB. Wherefore as BD and 


To 


aoe 


together are equal to BC. Therefore the figure described on 
BC is equal to the simiiar and similarly described figures on 
BA, AC. Wherefore, in right angled triangles, &c. Q. E. D. 


PROP, KRAUL THEOR ott 944 


- 


IF two triangles which have two sides of the one 
proportional to two sides of the other, be joined at 
one angle, so as to have their homologous sides paral- 
lel to one another; the remaining sides shall be ina 
straight line. Bae 7 


Let ABC, DCE be two triangles which have the two sides 
BA, AC proportional to the two CD, DE, viz. BA to AC, as 
CD to DE and let AB be parallel to DC, and AC :to DE. 
BC and CE are in a straight line. : oe 

Because AB is parallet to 
DC, and the straight line AC A) 
meets them, the alternate an- ‘| 
gles BAC, ACD are equal2; © 
for the same reason, the angle — 
CDE is equal to the angle — 
ACD; wherefore also BAC is 
‘equal to CDE: and because | 


ae 
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the thiangles ABC, DCE have one angle at A equal to one at Book Vi,” 
D, and the sides about these angles proportionals, viz. BAto Wi2j 
AC, as CD to DE, the triangle ABC is equiangular> to DCE:b 6. 6 
therefore the angle ABC is equal to the angle DCE: andthe - . 
angle BAC was proved to be equal to ACD: therefore the 
_ whole angle ACE,is equal to the two anglesABC, BAC ; add 
the common angle ACB, then the angles ACE; ACBare equal 
to the angles ABC, BAC, ACB: but ABC, BAC, ACB are 
equal to two right angles ¢; therefore also the angles ACE,, 39 
ACB are equal totwo right angles: and since at the point C, — 

in the straight line AC, the two straight lines BC, CE, which 

are on the opposite sides of it, make the adjacent angles ACE, 7 
ACB equal to two right angles ; therefore4 BC and CE are in 414.1 
a straight line. Wherefore, if two triangles, &c. Q. E. D. 


io 


_ PROP, XXXIIII. THEOR. 


IN equal circles, angles, whether at the centres or See Note. 
circumferences, have the same ratio which the cir- 
cumferences on which they stand have to one another : 
so alsohave the sectors. 


. Let ABC, DEF be equal circles ; and at their centres the 
angles BGC, EHF, and the angles BAC, EDF at their cir- 

cumferences : as the circumference BC to the circumference 

EF, so-is the angle BGC to the angle EHF, and the angle 

et to the angle EDF; and also the sector BGC to the sector 

ERT. 73 

_ Take any number of circumferences CK, KL, each equal to 

BC, and any number whatever FM; MN each equal to EF: 

and join GK, GL, HM, HN. Because the circumferences 

— BC, CK, KL are-all equal, the angles BGC, CGK, KGL 

are also all equal*: therefore what multiple soever the circum- 97. 3 

ference BL is of the circumference BC, the same znultiple is 

the angle BGLof the angle BGC : for the same reason, what- 

ever multiple the circumference EN 1s of the circumference 

EF, the same multiple is the angle EHN of the angle EHF: 


a SEE ye 


192 


b 5. def. 5. 


i & 
to 
on 


Or 
. 


ie) 


¢ 4.1, 


THE PLEMENTS 


“vy EN, the angle BGL is also equal to the angle EHN ; andif 
«the circumference BL be greater than EN, likewise the angle 


BGL is greater than EHN ; andif less, less: there being then 
four magnitudes, the two circumferences BC, EF, and the 
two angles BGC, EHF; of the circumference. BC, and of the 


angle BGC, have beentaken any equimultiples whatever, viz. 


the circumference BL, and the angle BGL; and of the circum= 
ference EF, and of the angle EHF, any equimultiples what? 
re Raat 


ever, vif. the circumference EN, and the angle EHN: and 
it has been proved, that, if the circumference BL be greater 
than EN, the angle BGL is greater than EHN ; and if equal, 
equal; and if less, less: as therefore the circumference BC 


to the circumference EF,so> is the angle BGC to the angle . 


EHF: but as the angle BGC is to the angle EHF, so. is 
¢ the angle BAC tothe angle EDF, for each is doubie of 


each4: therefore, as the circumference BC is to EF, sois the > 


angle BGC to the angle EHF, and the angle BAC to the angle 
- Also, asthe circumference BC to EF, so is the sector BGE 
to the secter EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join Bs, XC, CO, OR: 
then, because in the triangles GBC, GCK the two sides BG, 
GC are equal to the two CG, GK, and that they contain 
equal angles; the base BC is equale to the base CK, and the 
trian¢le GBC to the triangle GCK : and because the circum» 
ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal to. 
the remaining part of the whole circumference of the same 


® 


circle : wherefore the angle BXC is equal to the angle COK 3;. 


Af fil. def 2, andthe segment BX Cis therefore similar to the segment COKS - 


- 


pega <a 
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and they | are upon equal straight lines BC,CK: but Satins seve Book VL 
mentsof circles upon equal straight linés,areequal&toone ano- “y-~4 | 
ther: therefore the segment BXCis equal to the segmentCOK: § 24. 3. 
and the triangle BGC is equal to the triangle CGK; therefore _ 
the whole, the sector BGG, i is equal to the whole, the sector ° 
CGK: for the same reason, the sector KGL is equal #0 each of 
_ the sectors BGC, CGK: in the same manner, the sectors BPS, 
FHM, MHN may be- proved equal to one another :- therefore, 

~what multiple soever the circumference BLis ofthe circumfer- 
ence BC, the same multiple is the sector BGL of the sector 
BGC: for the same reason, whatever multiple the circumfer- 
ence EN is of EF, the same multiple is the sector EHN of the 
SeOsOF EMF: and if the circumference BL be eo to EN, the 


“sector BGL is ee to the sector EHN; and if the circum: 
ference BL be greater than EN; the sector ‘BCL i is greater than | 

. the sector EHN; and if less, lesg: since, ‘then, there are four 
magnitudes, the two ciroumferences BC, EF, and the two. 
sectors BGC, EHF, and of the circumference BC, and sector 
BGC, the circumference BL and sector BGL are any equal 
multiples whatever; and of the circumference EF, the sec« 
tor EHF, the circumference EN and sector EHN are any 
equimultiples whatever; and that it has been proved, if the 
circumference BL be greater than EN, the sectom BGL is _ 
greater than the sector EHN ; and ifequal, equal ; and if less, 
less. Therefore, as the circumferenee’ BC is to the circum- bs, defies 
ference EF, so is the sector BGC to Sg sector ee WIREECe | 
fore, in equal sineles, Ko. = E.D * 


» 
a 


ee SS ee ee ae 


Ste Note. | 


THE wiescie! at 


if "PROB. B. ‘THEOR. : 
OF ap abet of a eee be bisected by a straight 
fine, which likewise cuts the base ; the rectangle con- 


_ tained by the sides ofthe triangle is equal to the rect- 


(85. & 


- ABD,, AEC are equianhgular to _ 
- ene another : therefore as BA to 


See Note. 


angle AEG; for ‘they are in the B 


angle'contained by the segments of the base, together _ 


with the square of the straight line Dise ching the» an- 
gle. | 


Let ABC bea ies a let the Be BAC. tie bisantod: 
by the straight line AD ; the rectangle BA, AC is equal to tho 


rectangle BD, DC, together with the square of AD. 


Describe thé circle? ACB about the sis and produce : 
A 


AD to the circumference i in E, 
and join EC: then because the 
angle BAD is equal to the angle 
CAE, and the angle ABD to the - 


same segment; the triangles: 


AD, so is* EA to AC, and con- 
sequently the rectangle BA, AC 
is équal® to the rectangle EA, 


pes 22 ps ms 
AD; that is*, to the rectangle ED, DA, together, with the 


square ‘of AD: but the rectangle ED, DA is equal to the rect- 
angle eBD. HE, | “Therefore the rectangle BA, AC is equal. to 


the’ Fectiigle BD; DC, together with the BavATR. of AD. sf 


Wherefore, if thi angle, &e. Q. E. D. 


~ 


PROP. C. c. THROR, 


tained by the sides of the triangle is equal to the rect- 
angle contained by the perpendicular and the diameter 
of the circle described about the triangle. 


Let ABC be a triangle, and AD the perpendicular = the. 


angle A to the base BC; the rectangle BA, AC is equal tothe 


rectangle contained by AD and the diameter of the cirele de- 
stribed about the triangle. 


) ag | 
Ie from, any. fas ofa triangle a straight: pe the 
drawn perpendicular to the base; the rectangle con- 


‘OF EUCLID, a 


“Describe @ the dipele ACB about > _ Book VI. 

the triangle, and draw its diameter een eed 

AE, and join ; EC : because the right a 5,4. 

angle BDA is equal » to the angle b'31. 3. 

ECA in asemicircle, and the angie B IC 

“ABD tothe augle AEC inthe same © 1: 

segment’; the triangles ABD, AEC bi adone 
‘ are equiangular: therefore as4 BA d 4. 6 

to AD, soisEAto AC; and conse- 

quently the rectangle BA, AC is 

équal ¢ to the rectangle EA, AD. ¢ 16. 6. 


If, therefore, alee an angle, &e. 
Q. E..D. 


PROP. D. THEOR. 


THE rectangle contained by the diagonals of. a See Note, 


~ guadilateral inscribed in a circle, is equal to both the 
rectangles contained by its pppostts sides. | 


Let ABCD. be any quadrilateral inscribed in a circle, and 
join AC, BD ; the rectangle contained by. AC, BD is equal ta 
the two rectangles contained by AB, ‘CD, and by AD, Be*. - 

Make the angle ABE equalto the angle DBC; add to each 
of these the common angle EBD, then the angle ABDis equal a 3 
to the angle EBU: and the angle BDA is equal * to the an-" “"*™ 
gle BCE, because they are in the same segment; therefore 
the triangle ABD is equiangular a b A, & 
to the triangle BCE: wherefore » Sess 
as BC is to CE, so is BDto DA; 
and consequently the rectangle: 
BC, AD is equal¢ tothe rectangle 
BD, CE: again, because the angle 
ABE is equal to the angle DBC, 
and the angle 2 BAE to the angle 
BDC, the triangle ABE is equi- 
angular to the triangle BCD: as. \ 
therefore BA to AE, so is BD to A 
DC; whetefore the rectangle BA, 

DC is equal to the rectangle BD, AE: but the rextuiizlc 


| 


_ BC, AD has been shown equal to the rectangle BD, CE: 
therefore the whole rectangle AC, BD @ is equal to the rect='d 1,2.” 


- angle AB, DC, together with the pews aps BC. Pea 
: fore the. rectangle, &c. 2 E.D 


te © This i is a Lemma of Cl. Ptolemy in ee of his evans ours 


tata 
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ELEMENTS OF EUCLID. 


- BOOK Xk. 


DEFINITIONS, _ 


nah ee 
Book XI: A SOLID i is that which hath length, breadth, and thickness. 


That which bounds a solid is a superficies, is : 
i IIL. , ee E 
A straight line i is perpendicular, or at right angles toa plane, 
when it makes right angles with every straight line Paine <td 
it in that plane. 
IV. 


A plane i is perpendicular to a plane, when the straight lines 
drawn in one of the planes’ perpendicularly to the comnion 
section of the two planes, are ee to the other | 
plane. rs dei” 
‘ V. | 
The inclination ofa straight line to a Blane § is the acute angle 
contained by. that straight line, and another drawn from the ~ 
point in which the first line meets the plane; to the: point 
in which a perpendicular to the plane drawn from any point 
of the frat line above the plane, meets the same gape 
VI. | 
‘The indlinstion ofa plane to a plane is the acute angle con- 
tained by two straight lines drawn from any the same point 
a, of their common section at right angles to it, one ga one 
| plane, and the other upon the other plane. nee 


é. » 


an 


‘The tenth definition is omitted for reasons giver in the notes.’ 


dae le .° Paw ELEMENTS | we 
: Viv : ae 


; Twa plies are said to have the same, or a like inclination to Book xt. 


one another, which two other planes have, when the said eh Sel 
atigles, of inclination are equal to one another. 
VIil. 

Parallel panda’ are such which do not mect one another though 
2 align sham A) , 

“IX. : 

A solid angle i is that which i is made by the meeting of more gee Notes 
than two plane angles, which’ are not in the same Pie, in 
one point. \ 

x. 

“SSN. See Note. 

Similar solid figures are such as have all their solid angles See Not, 
equal, each to each, and which are Sonne by the same 
number of similar planes. ~ 

f bs § Mee me 

A pyramid is a solid figure contained by: planes dias are consti- 

- tuted betwixt one plane and one point above it in which they 
_ meet. | . 
XIII. 

A prism iis a solid figure contained by plane figures, of which 
two that are opposite are equal, similar, and parallel to one 
another ; and the others parallelograms. 

XIV. 

A splot is a solid figure described by the revolution of g 

semicircle about its diameter, which remains Mamoved.: 
2 A Se ree 

The axis of a aphisre | is the fixed straight line ‘about which the 
semicircle revolves. 

XVI. 


| The ee of a sphere is the same. saith that of a semicircle. 


XVIE. 
The detkter of a. sphere is any straight line which passes 
through the centre, and is ter minated bothwaysbythesuper- 
ficies of the sphere, | 
XVHI. 
A cone isa solid figure described by the revolution of a right 
angled triangle about one of the sides containing the right 
angle, which side remains fixed.. 


. If the fixed side be equal to the other side containing the 


on * : 


right angle, the cone is called a right angled.cone; if itbe 
Jess than the other side, an obtuse’ angled, and if greater, 
an acute anglep., cone. 


THE ELEMENTS 
B.40.¢ 


‘ 


" The axis of a cone is the ye straight line about whi’ the | 


triangle revolves, 
Xx. } 
The base of a cone is the circle described by that side containing 
the right angle, which revolves. 
: XXI. 


- A cylinder is: a solid figure described by the revolution of a 


right angled parallelogram. peike' one of its sides, which res. 
mains fixed. 
3 a. % 406 
The axis of a cylinder is the fixed straight line about which, 
the parallelogram revolves. 
- VITTE: : 
The bases of a cylinder are the circles described by the tw@. 
revolving opposite sides of the. parallelogram. i eg 
XXIV. oy 
Similar cones and cylinders are those which have their axes 
and the diameters of their bases. abe eam gr 


A bgt is a solid figure contained by six equal squares. 
XXVI. 


A tetrahedron is.a solid figure contained by four equal ary, : a 


equilateral trian gles. 
XXVII. : rae 
An octahedron is a solid figure contained by oght equi and 
equilateral triangles. . 
y MKVIL: | 
A dodecahedton is a solid figure contained by rohit we si 


“iy pentagons which are equilateral and equiangular. 


XXIX. eee 


As icosahedron is 'a solid figure contained by, twenty equal 


and Sree triangles: 


DEP ew As? vue, 
A ‘parniiciipanea is a solid figure contained. by six clctitas 
teral auee es, whereof ONere iaaas two are parallel: 


ate a 


Fd 


> 


re SP, OS 


be turned about it: until it pass 


- Straight line BC is in the same; and, by 


‘ plane: but in the plane i in which EC, EB. C 
are, In the same arebCD, AB: therefore fj 


DOF EVCLID. , 199. 
Book Xt. 
re PROP. I. THEOR. 


- ONE part of a straight line cannot be ina plane Sée note. 
oe another part above it. 


1 it be possible, let AB, part of the straight line ABC, bein 
the plane, and the part BC above it: and since ae seal line 
ABisintheplane,itcanbe pro- | _ c 
duced in that plane: let it be pro- ! 


duced toD: and letany plane pass. apy x | \ 


through the straight line AD,and be 


through the point.C ; and because the points B, C are in this 

plane, the straight line BC is in its: therefore there are twoa7. def 1 

straight lines ABC, ABD in the same plane that have a 

common segment AB, which is impossible». Eheretor €, One b Cor..11, 
1. 


part &c. Q. E. D. 


PROP. Il. THEOR. 


TWO straight lines which cut one'another are in See ‘Nole. 
one plane, and three straight lines which meet one . 
another ¢ are in one plane. Sa eee 


i] 


a 


rs 


Let two straight lines AB, CD cut one another in E; AB, 
€D are in one plane: and three straightlines EC, CB, BE which 
meet one another, are in one plane. | 

Let any plane pass through the straight A D 
line EB, and let the plane be turned about Hal 
EB, produced, if necessary, until it pass 
through. the point C: then because the 
points E, C are inthis plane, the straight | 
line EC is in it®: for the same reason, the a 7. def. i, 
the hypothesis, EB is in it: therefore the 
three straight lines EC, CB, BE are inone 


oF D are in one plane.. Wherefore tivo straight lines) ees . 


aie . ‘THE ELEMENTS 


‘Book X1. | | 
adh sineaal . | 
: PROP. II. THEOR. 


See Note. - “TF two planes. cut one another, their common ‘sec. 
' tlonis a Baraat line. 


Let two baie AB, BC cut one another, and let the line DB © 
be their common section: DB is a : 
straight line : if it be not, from the point 
D to’ B, draw, in‘ the plane AB, the © 
straight. line DEB, and in the plane f[- 
BC the straight line DFB: then two | 
straight lines DEB, DFB ‘have the — 
same extremities, and therefore itn- jb. 
p> clude a space betwixt them; which is. Cc 
(21d. Ax, impossible 4: therefore BD ‘the’ com- & 

' mon section of the planes AB, BC 
cannot but be astraight line. Where- 
fore, if two planes, &c. 2 pete 5 


PROP. IV. THEOR. 4 ae 


Bec Note, 2ar @ Eeaahi tine stand at right angles to-each of 
two straight lines in the point of their intersection, it 
shall also be at right angles to the plane which passes 
through them, that is, to the plane in which ae are. 


Let the str aight line EF sand at right ailgtes to each of 
the straight lines AB, CD in FE, the point of their intersection: 
EF is also at right angles to the plane passing through AB, CD. 
Take the straight lincs AE, EB, CE, ED all equal to one” 
another; and through E draw, in the plane i in which are AB,CD, 
any straight line GEH ; and join AD, CB; then, from any point = _ 
F in EF, draw FA. FG,. FD, FC, FH, FB; and because the | 
two str aight lines, AE, ED are equal tothe two BE, EC,and 
515.1, that they contain equal anglesa AED, BEC, the bese AD is 
64.1. equal to the base’BC, and the angle DAE to the angle eB s 
and the angle AEG is. equal to She. angle BEHa; therefore 
the triangles AEG, BEH have two angles of one equal to 
two angles. of the other, cach to each, and the sides AE, EB,” 
adjacent to the equal angles, equal to one another; wheres 
‘996.1. fore they shalt have their other sides equale: GE is neice ne 


Or EUCLID. Sheek aa y BB) 


ie to EH, and AG to BH: and because AE is equal to EB, Book XT. 
and FE common and at right angles to them, the base AT is Lee 
- equals to the base FB ; for the Same reason, CF is equal to FD? p 4,1. 
-. and/because AD is equal to BC,and AF to FB, the two sides 
FA, AD are eqwal to the two FB, BC, 
each to each; and the base DF was 
yh proved equal to the base FC; therefore 
the angle FAD is equal* to the angle 
FBC: again, it was proved that GA is 
equal to BH, and also AF to FB; PA, 
*- then, and AG are equal to FB anid BH,A 
\ and the angle FAG has been proved 
equal tothe angle FBH; therefore theG 
base GF is equal > to the base FH: again, 
because it was pr raved, that GIS is equal 
to EH,and EF iscommon; GE, EF are 
equal to HE, EF; and the base GF isD |} 
equal to the base: £ H ; therefore the an- i | 
gle GEF is equal? to the angle HEF; and doiveaucntty each 
of these angles is a righte angle. Therefore FE makes right e 10, daé, 1. 
‘ angles with GH, that i is, with ; any straight’ line drawn through 
E in the plane passing through AB, CD. In like manner, It 
may be proved, that FE makes right angles with every straight 
line which meets it in that plane. But a straight line is at 
right angles to.a-plane when it makes rightangles with every 
straight enc which sneets it in that plane f: therefore EF is at £3 def. 1i. 
right angles to the plane in which are AB, CD. Wherefore, 
Bees HE paca iat &e. & BR. D. 


PROP. Vs an ‘ 


Ir three straight lines meet all. in one point, anthaSes Note. 
straight line stand at right angles to each of them in 
~~ that point ; these axhtee cies lines are’ in one an d the’ * 
_ Same plane, | 


i ee a Prt 
Est the Sbeleti line AB stand at vient gules: to ae of the, 
straight lines BC, BD, BE, in-B the point. where. ACY. meet j rg 
. BC, BD, BE are in one. and the same. lane... oot ot 
Tf not, let, if it be possible, BD and BE bé in one plane, Bide 
BC be aboveit; and let a plane pass through | AB, BG, the com; 
ar mon section of which with the plane, ins hich BD and BEare - 
sige aes 2 C Sone 
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shall be a straight® line; let this be BF: therefore the three 
straight lines AB, BC, BF are all in one plane, viz. that which 


passes through AB, BC; and because AB stands atrightangles 


to each of the straight lines BD, BE, it is also at right angles 


bto the plane passing through chem: and therefore makes right : 


“3, def. 11.angles¢ with every stright line meet- 


ing-it in that plane ; but BF, which is Ay. 
in that plane, meets it: therefore the 
angle ABF isa right angle; but the 
angle ABC, by the hypothesis, is also F 

a right angle ; therefore the angle ABF ce 

is equal to the angle ABC, and they Rt 

are both in the same plane, which is 2 
impossible : therefore the straightline 3 

BC is not above the plane in which are 

BD and BE: wherefore the three 

straight lines BC, BD, BE are in one and the same plane: 


_ Therefore, if three straight lines, &c. Q. E. D. 


PROP. VI. THEOR: 


IF two straight lines be at right angles to the same 
plane, they shall be parallel to one another. 


Let the straight lines AB, CD beat ie ste angles to the ‘same 


plane ; AB is parallel to CD. 


a 3 def, 11, 


. b 4. 46 


angles: with every straight line which meets — 


Let them meet the plane in the points B, D, and draw the © 
straight line BD, to which draw DE at right angles, it in the same’ 


plane;andmake DE equalto AB,andjoinA f\ Cc 
BE, AE, AD. Then, because AB i is per- — 
pendiculartothe plane,it shall make right? — 


it, and is in that plane: but BD, BE, which | 


are inthat plane, do each of them meet AB. Aeiakn eee 


Therefore each of the angles ABD, ABE B SURE OE 
is arightangle: forthe same reason,each \ | = / D 
of the angles CDB, CDE isa right angle : ) 

and becaus AB is equal to DE; and BD 

common, Re two sides’ AB, BD are equal | 

to the two ED; DB: and they contain right ‘ Cag: 

angles; ther efote the base AD is equal to the base BE: again, 


Because ABis equal to Ds and BE to AD; fsa BE are equal of 


4 i ‘te 
Se ae de ee? 


i ny 


ee Ee a et 


—— ee 
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OF EUCLID. : ee 
io ED, DA; and, inthe triangles ABE, EDA; the base AE is Book XI. 
common; therefore the angle ABE is equal ¢ to the angle C+ 
EDA: but ADE is a right angle; therefore EDA is also ac 8.1. 
right angle, and ED perpendicular to DA: but it is also per- 
pendicular to each of the two BD, DC: wherefore ED is at 

right angles to each of the three straight linés BD, DA, DC 

in the point in which they meet: therefore these three straight 

lines are all in the same plane@: but AB is in the plane ind 5, 11. 
-which are BD, DA, because any three straight lines which 

meet one another are in one plane®: therefore AB, BD, DCe 2. It. 
are in one plane: and each of the angles ABD, BDCis aright 

angle ;-therefore AB is parallelf to CD. Wherefore, if two f 28. 1. 
straight lines, &c. Q. E. D. / 2 ‘y 


PROP. VET: THEOR: ” - 


IF two straight lines be parallel, the straight line Sce Nate. 
drawn from any point in the one to any point in the 
other is in the same plane with the parallels. 

Let AB, CD be parallel straight lines, and take any point E 
in the one, and the point F in the other: the straight line 


_. which joins E and F is in the same plane with the parallels. 


If not, let it be, if possible, above the plane, as EGF ; and. 
in the plane ABCD in which theA E B 
parallels are, draw the straight line 
EHF from E to F; and since EGF 
also is a straight line, the two 
straight lines EHF, EGF include® — 


~ impossiblea. Therefore the straight@ : oH “D 210, 


line joining the points E, F is not™ oe 


rt : } 3 


PROP. VIII. THEOR. 


IF two straight lines be parallel, and one of them see Note 


x 


be at right angles to a plane, the other also shall be at 
sightangles tothe same plane, 


/ 
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them AB be at right angles to a plane: the: other CD is at 
right angles. to'the same plane. 

‘Let AB, CD meet the plane in the points B, D, and join BD: 
ther eforet AB, CD, Bare in one piane. tn! the plane to 
which AB isat right angles, draw DE at right angles to BD, 
and make DE equal to AB, and join BE, AK, AD. And be-. 

cause AB is perpendicular to the plane, it is perpendicular to 


every straight. Jine which meets it, and is in that plane®: 


therefore each of the angles ABD, ABE is aright angle: and 
because the straight line BD meets the parallel straight lines 
AB, CD, the angles ABD, CDB are together equal to two 
right angles: and ABD is aright.angle; therefore alsoCDB 
is aright angle, and CD perpendicular to BD: and because 


~ AB As equal to DE, and BD common, the 


' two AB, BD, are equal to the two ED, 


c 4, 3. 


rare equal to the two ED, DA; and the 


4d 8.1. 


e 4,11. 
$3, def. 11. 


_ angles to the two straight lines DE, DB in the point of their | 
inter section D; and therefore is at right angles© to the plane 
pasfing through: DE, DB, which is the same plane to which — 


DB, and the angle ABD is equal to. the, © 
angle EDB, because each of themis a right 
angle ; therafore the base AD is equal® to _ 
the base BE: again, because AB is equal 


to DE, and. BE to AD; the two AB, BE 


base AE is common to the triangles AB ST ve 
EDA; wherefore thea angle ABE isequal4 BL id. b 
to the angle EDA: and ABE is a right ie eee 
angle; and therefore EDA is a right an- 
ele, and ED per pendicular to DA: but it 


is also perpendicular to BD; therefore — ootee ie 


ED is perpendiculare to the plane which E 
passes through BD, DA, and shall make: Tight angles ith 


every straight line meeting it in that plane: but DC is in the ~ 


plane passing through BD, DA, because all three are in the 


plane in which are the parallels. AB, CD; wher efore ED'is. * 
at right angles to DC; and therefore CD is at right angles. tons 


DE: but CD is also at right angles to DB; CD then is at right 


AB is at Hee ae Therefore, if two Straight, lines, &¢. 


ze E. D f Be Fe 


es 4 a iA 7 p “A fae 


Be, 


“Let AB, CD /be two paraliel straight lines, apd tetdeciof 


‘ 
pea ey 
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PROP.IX. THEOR. . 


a TWO straight lines which are each of them paral- 
Tel to the same straight line, and not in the same plane 
with it, are parallel to one another. 3 


- Let AB, CD be each of them parallel to EF, and not in the 
saine plane with it; AB shall be parallel to CD. 

In Ef take any point G, from which draw, in the. plane 
passing through EF, AB, the straight line GH at right angles 
to EF; and in the plane passing through EF, CD, draw GR 
at rieht angles to the same EP. ge he LA RE , 
' And because EF is perpendicu- A 4H B 

lar both to GH. and GK, EF is per- | 

pendicular to the plane HGKpas- 
sing throughthem: and EF is pa- 
rallel to AB; therefore AB is at ~ 
right angles» to the plane HGK. 

For the same reason, CD is like- 

wise at right angles to the plane. 

HGK. Therefore AB, €D are 
~eachofthem at right angles to the 

plane HGK. Butif two straight 


lines be at right angles to the same. plane, they shall.be pa- 


= 


a4, 11. 


rallel¢ to one another. Therefore AB is parallel to CD. 26 ft: 


Wherefore, two straight lines, &c. Q. E. D. 


me 


PROP. X:, THEOR. 


IF two straight lines meeting one another be paral- 


the same plane with the first two, the first two and the 

__ other two shall contain equal angles, | ” 

Let the two straight lines AB, BC which meet one another 

be parallel to the two straight lines DE, EF that meet one 

~ *nother, and are notin the same plane with AB, BC. The 
: oc ve = equalto the angle DEF, 

__. take BA, BC, ED, EF all equal to one another: and join AD 

CF, ‘BE, AC, DF: because BA: is equal and pavantel to ED,, 


lel to two others that meet one another, and are not in- 


t 


bs 


— 
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Book XI. therefore AD is@ both equal and parallel Peasy 


Neem mee! 
a 33. 1. 


9 


b9.1L 


ec 1, Ax. 1. 


a8. 1, 


d 4. 11, 


© 8.11. 


£5. def. 11, - 


to BE. For the same reason, CF is equal 
and parallel to BE. Therefore AD and CF 
are each of them equal and parallel toBE. A 
But straight lines that are parallel tothe — 
same straight line, and not in’ the same 
plane with it, are parallel » toone another. _ 
Therefore AD is parallel to CF; and it 


is equal to it, and AC, DF join ikem to- 

wards the same parts; and therefore * AC 

is equal and parailel to DF. And because wa Ph 
AB, BC are equal to DE, EF, and the D 
base AC to the base DF; the angle ABC 


is equal 4 to the angle DEF. Ther efore, if two straight lines, 
&e: OED: 


— 


| 


hy PROP. Sl. Raa. 


T O draw a straight line perpendicular to a plane, ~ 
from a given point above it. ; 


Let A be the given point above the plane BH ; it is required 
to draw from the point A a straight line corneas at to the 
plane BH. 

In the plane draw any straight line BC, and from thé point 


A draw* AD perpendicular to BC If then AD. be also» 


perpendicular to the plane BH, the thing required i is, already 


Tis ie 
Pa bee. pe eo i 
Se as Sey Se oo oe eR I 5 


Se 
7 ‘ 
4 ae 
si td, 


ET Mal TE 


J ae ‘ pe : ee 
5 ee kee Pie ee Oe ae eee, | Oe ee .— 


pr 


a = a ea os 


done; but if it be not, from the point D draw », in the plane = 


BH, the straight line DE at right angles to BC: : and from 
the point A draw AF perpendicular to pes and through 
F draw¢ GH parallel to BC: and | A 
because BC is at right angles to ~ Er 
ID and DA, BC is at right-an-— | 
gles 4to the plane passing through Yip 
ED, DA.: And GH is parallel to : 
BC; but, if two straight lines be 
parallel, one of which is at right — 
angles toa plane, the other shall \: 
be at. ‘Yight® angles to the same hes 
plane; wherefore GH isatright  _B D C 


rE a 


- angles to'the plane through ED, 


‘DA, and. is perpendicular! to / 
every straight lme meeting it in that plane. But AY, which is 
inthe plane through ED, D stg meets it > therefore GH is per’ 


Feber 
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p€Mdicular to AP; and consequently AF is perpendicular to 
GH; and AF is perpefdicular to DE: therefore AF is perpen- 
dicular to each of the straight lines GH, DE. But if a straight 
line stand at right angles to each of two straight lines in the 
point of their intersection, it shall also be at right angles to the 
plane passing through them. But the plane passing through 
ED, GH is the plane BH; therefore AF is perpendicular to 
the plane BH; therefore, from the given point A, above the 
plane BH, the straight line AF is drawn perpendicular to that 
plane. Which wasto be done. ’ ¢ 


PROP. XII. PROB. 


TO erect a straight line at right angles fo a given 
plane, from a point given in the plane. 


Let A be the paint given in the plane ; itis required to erect 
a straight line fromm the point A at right 
angles to the plane. Avis tt Be 
From any point B above the plane draw? ee 
BC perpendicular toit; and from A draw? ; 
AD parallel to BC. Because, therefore, . 
AD, CB are two parallel straight lines, -— 
_ and owé.of them BC is at right angles roe Pe FR [ 
the given plane, the other AD is alsoat / A 'C 
right angles to it®. Therefore a straight Sonal yA 
tine has been erected at right angles to a given plane from a 
point given in it. Which was to bé‘done. ! Bats 


J 4 
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FROM the same point in a given plane, there can: 


not be two straight lines at right angles to the ‘plane, 


upon the same side of it ; and there can bé but une per- 


pendicular to a plane from a point above the plane. | 
Ah cde reg ay is al 


- For, if it be possible,tet the two straight lines AC, AB beat. 


‘Tight angles to a given plane fromthesame point A in the plane, 
‘and upon the same side of its and let a plane pass through BA, 


t 


*b 6. 11. 


a 8. def. 11. 
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AC; the common section ofthis with the given plane As ‘a. 
straight “line passing through A: let IAAE betheir common’ © 


section: therefore’ the straight Jines AB, AC, DAE are inone _ 


plane: and because CA is at " pigeht angles to the given plane; it 
shall make right angles with every. ‘str aight line meéting it in 
that. plane. But DAE, which is:in seg plane; meets: nett ; 
therefore CAE is a right angle. B- eines 
Forthe same reason BAE isa right - E A ON ae ‘ 
angle.’ Wherefore the angle CAB 9° | 3 
is equal to the angle BAE; and 
they are inone plane, which is im- « — 
possible. Also, from a point above 
a plane, there can be but one per- 
pendicular to that plane; for, if D ° = © A ~ 7: 
there could be two, they would be parallel» to one: another, 
which is absurd. Therefore, from the same point, &c. Q. E, D. 


wre 


PROP. XIV. an 


a“ 


PLANES to which thie same straight’ The nes per 
pendicular, are pao to’ ‘one another. i? 


Vet the straight line ‘AB be perpendicular: to ‘each, of the 
planes CD, EF; these planes are parallel to one another. 

If not, they shall meetone another when is oducod ; let thein 
meet; their common section, shall be ne 
a straight line GH, in. which take PG 
any point K, and join AK, BK: then, | 
because AB is perpendicular to the 
plane EF, itis perpendicular ® to the. 
straight liné BK whichis in that plane. C 
Therefore ABK is a right angle. For 
the same reason, BAK isaright angle; — 
wherefore the two angles ABK,B AK 
of the triangle ABK are equal to'two 
right ‘angles, which is impossible: |. 
therefore the planes CD, EBs: though \, 
produced, do not mect one another 5 
that’is they are parallel e “Therefore, 


pl agary hoe Q. E. Be | a Be y as. 5 ‘ ; | . 
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PROP. XV. THEOR._ 


_ IF two straight lines meeting one another, be pa-See Note.’ > 


rallel to two straight lines which meet one another, but 
are not in the same plane with the first two; the 
plane which passes through these is parallel to the 
plane passing the others. 


Let AB, BC, two straight lines meeting one another, be pa-  - 
rallel to DE, EF, that meet one another, but are not in the 
same plane with AB, BC: the planes through AB, BC, and DE, 
EF shall not meet, though produced. 

From the point B draw BG perpendicular4 to the plane a 11. 1, 
which passes through DE, EF, and let it meet that plane in 
G ; and through G draw GH parallel» to ED, and GK, paral-b 31.1. 
Ie] to EF: and because BG is perpendicular to the plane 
through DE, EF, it shall : BE 


~ make right angles with every Pm. F 
‘straight line meeting it in G 
that plane. But the straight 8B 


lines GH, GK im that plane C Res def, 11. 


meet it: therefore each of 
the angles BGH, BGK is a bh , 
rightangle: andbecauseBA A L. D any 

is parallel? to GH (for each aed Sad do. dt 
of them is parallel to DE, and He 5 

- they are not both in the same plane with it) the angles GBA, 

BGH are together equale to two right angles: and BGH ise 29.1, 
a right angle; therefore also GBA is a right angle, and GB 
perpendicular to BA ¢ for the same reason, GBis perpendicu- 

lar to BC: since therefore the straight line GB stands at right 
angles to the two straight lines BA, BC, that cut one another 

in B; GB is perpendicular? to the plane through BA, BC: and ¢ 4. 41. 
it is perpendicular to the plane through DE, EF: therefore 
BG is perpendicular to each of the planes through AB, BC, 
and DE; EES but planes to which the same straight line is 
perpendicular, are parallelg.to one another: therefore the g 14, Le 
- plane through AB, BC is parallel to the plane through DE, 

EF. Wherefore, if wwo straicht lines, &c.. Q. E. Di 


*. 
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PROP. XVI. THEOR. © 


1See Note, IF two parallel planes be cut by another plane, their 


a 


common sections with it are parallels. 


Let the parallel planes, AB, CD be cut by the plane EFHG, 
and let their common sections with it be EF,GH: EF is pa- 


 rallel to GH. ee seine 
_ For, if it be not, EF, GH shall meet, if produced, either on . 


- brs z= : ae: 
ea On OE Pe EI oy RE ES OG ye, IE Tee IE Bier oy ENR Bey 


ee ee 


the side of FH, or EG: first, let them be producedon the side 


of FH, and meet in the point K; therefore, since EFK is in 
the plane AB, every pointinEFK © 

isin that plane: and Kisa’point ©, 

in-EFK; therefore K is in the ; 

plane AB: for the same rea- FE H 

son K is also inthe planeCD: | YK : 
wherefore the planes AB, CD Bo D 
produced meet one another; but 
they do not meet, since they are 
parallel by the - hypothesis: 4 
therefore the straight lines ET, ‘ : c™ 
GH do not meet when produced 3 | Ba 
on the side of FH; inthe same manner it may be proved, that 


©." 


‘EF, GH do not meet when produced on the side of EG: but - 


straight lines which are in the same plane and do.not meet, 
though produced either way, are parallel: therefore EF is pa- 
nallel to GH. Wherefore, if two parallel planes, &c. Q. E. D. 


PROP. XVII. THEOR. 
IF two straight lines be cut.by parallel planes, they 
shall be cut in the same ratio. A : 


Let the straight lines AB, CD be cut by the prralfel planes 


GH, KL, MN, in the points A, E, B; C, F, D : as AE is to. | 


EB, so is CF to FD. ; 
Join AC, BD, AD, and let AD meet the plane KL in the 


' point X ; and join EX, XF: because the two parallel planes 


KL, MN are cut by the plane EBDX, the commion sections. 


f 


OF EUCLID. gaa 
EX, BD, are Garatiet a, For the same,reason, because the two Book XI, 
' parallel planes GH, KL are cut 7 heen raed 
by the plane AXEC, the com- Cc a 16, 12. 
mon sections AC, XF are pa-G. Lis thd 
rallel: and because EX is pa- 
rallel to BD, a side of the tri- 
angle ABD, as AE to EB, so 
‘ish AX to XD. Again, because 


4 Eis parallel to AC, a side of AL L ps. 6. 
‘othe triangle ADC, as AX to / E soa |. 


XD, so isCF to FD: and itK 
was ‘phoved that AX is to XD, 


as AE to EB: therefore‘, as 
AE to EB, so.is CF to FD. / 8 ae 
Wherefore, if two straightM ‘Ai 
lines, &c. Q. E. D. 


Neil 


PROP. XVIL. THEOR. | 


~- 


IFa denial line be at right angles to a plane, eve- 
ry plane which passes through it shall be at right an- 
gles to that plane. — 


Let the straight line AB be at right angles toa plane CK ; 
every plane which passes through AB shall beat fight angles been 
tothe planeCK. 

Let any plane DE pass through AB, and let CE be the com- 
mon section of the planes DE, CK ; take any point F in CE, 
from which draw FG in the D G A H 

lane DE at right angles. to 2 | 

E: and because AB is per-' | 
pendieular to the plane CK, ay ie 
therefore it is also perpendi- __ 3 
_ cular to every straight line in | q 
that plane meeting it; * and a3. def, 11. 
consequently it is perpendicu- ts “ 
lar to CE: wherefore ABF is : . 
a right angle; but GFB is . r Bee 
likewise aright angle: there- 
fore AB is parallel to FG. And ABis at right angles to the 4 98, 1 
plane CK; therefore FG is also at right angles to the same _ 
plane®. But one plane is at right angles to another plane when¢ g 11, 
she straight lines drawn in one of the planes, at right angles to . 
their common section, are also at right angles to the other 


‘ate 


Book XI. planéa: ‘and any ee line FG in the plane DE, which is a 
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“~—/_ at right angles to CE the common section of the planes, has 
d 4. ae 11. been proved tobe perpendicular to the other plane CK ; there- 


ad, def. 11, plane®. In the same manner, it may be 
‘proved that DF is perpendicular to the | 


b/13.. 14. 


fore the plane DE is at right angles to the plane CK. In like 


manner, it may be proved thatall the planes which pass through 


AB are at right eshig to the ire Ck. Therefore, if a straight 
line, &c. Q. E. D 


PROP. XIX. THEOR» _ 
} 


IF two planes cutting one another be each of them 
perpendicular to a third plane ; their common section 
shall be perpendicular to the same. plane. 


Let the two planes AB, BC be each of them perpaniticilier: 


toa third plane, and.let BD be the common section of the first 
two; BD is perpendicular to the third plane. 
If i it be not, from the point. D draw, in the plane AB, the 


 straicht line DE at right angles to AD the common section of — 
the plane AB with the third plane; and inthe plane BC draw 
_ DF at right angles to CD the common section of the plane BC 
B 


with the third plane. And because the 
Plane AB is perpendicular to the third | 
plane, and DE is drawn in the plane AB 


at right angles to AD their common sec- 
tion, DE is perpendicular to the third Bape 


third plane. Wherefore, from the point : 
D two straight lines stand at right angles - | ° 
to the third plane, upon the same side of |. 
it, which is impossible»: therefore, from 
the point D there cannot be any straight 
line at right angles to the third plane, 
except’ BD the common section ofthe ~ 
planes AB, BC. BD therefore is per Agetagptin gene to the third 
plane. Wherefor e, if two planes, &c. Q. Es D.» 
{ | . 5 
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‘the base DB is equal> to the base BE. 


which together are less than four right angles. 


four right angles. 
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PROP. XX. . THEOR. 


ve 


ar a solid anett be contained by three plane angles, lei 


fee any two of them are greater than the third. 


Let axe solid angle at-A be contained by the three cae 
angles BAC, CAD, DAB. Any two of them are Seater than 


; the third. 


‘Tf the angles BAC, CAD, DAB be all equal, it. is ceiaoun 
that any two of them are greater than the third. But if they be 
not, let. BAC be that angle whichis not less than either of the 
other two, and is greater than one of them DAB; and at the 
point A in the straight line AB, make, in the plane which 
passes through BA, AC, the angle BAE equal? to the angle #251. 
DAB; and make AE‘ equal to AD, and through E draw BEC 
cutting AB, AC in the points B, C, and join DB, DC. And 


because DA is equal to AE, and AB D - 
_is common, the two DA, AB are equal Puce 


to the two EA, AB,andthe angle DAB 
is equal to the angle EAB: therefore 


And because BD, DC are greater‘ 
than CB, and one of them BD, has 
been proved equal to BE a part of CB, p 
therefore the other DC is greater than 
the remaining part EC.: And because 
DA is equal to EA, and AC common, but the base DC greater 


than the base EC: therefore the angle DAC is greater4 than q 25. i 


the angle EAC; and, by the construction, the angle DAB is 
equal to the angle BAE ; wherefore the angles DAB DAC are 
together greater than BAE, EAC, that is, than the angle 
BAC. But BAC is not less than either of the-angles DAB, 
DAC: therefore BAC, with either of them, is greater than the 


other. Wherefore, if a solid angle, &c. (Qs BD. 


e 
PROP. XXI. THEOR. 


EVERY solid angle is contained by plane angles 


First, let the solid: angle at A be contained: by three plane. a 
angles BAC, CAD, DAB. These three ppegeher are less than "a 


’ 


ait 


Book XI, 


a 20.11. 


b $2. 1; 


. at each of the points C, D, E,:F, viz. 
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Take in eachof the straight lines AB, AC, AD any points B, « 4 


C, D, and join BC, CD, DB: then, because the solid angle at B 
is contained by the three plane angles CBA, ABD, DBC, any 
two of them are greater? than the third ; therefore the angles 


CBA, ABD are greater than. the angle DBC: for the same — 
reason, the angles BCA, ACD are greater than the angle DCB; f 
and the angles CDA, ADB, greater than BDC: wherefore the 
six.angles CBA, ABD, BCA, ACD, aan ADB, are preter 
D 


than the threeangles DBC, BCD,CDB: 

but the three angles DBC, BCD, CDB 
are equal to two right angles»: ‘ther €- 
fore the six angles CBA, ABD,,.BCA,. 
ACD,CDA, ADBare greater than two 
right angles: and because the three 
angles of each of the triangles ABC, 


ACD, ADB are equal to two right an- B be wes ee, & 
gles, therefore the nine angles of these three triangles, viz. 


the anglesCBA, BAC, ACB, ACD, CDA, DAC, ADB, DBA, 
BAD are equal to'six right angles: of these the six angles 
CBA, ACB, ACD, CDA, ADB, DBA are greater than t 
right angles : therefore the remaining three angles BAC, DAC, 
B AD, whichecontain the solid angle at A, are. less mip four 
right ‘angles, 
'N ext, ‘let the solid angle at A be contained by any hes 


of plane angles BAC, CAD, DAE, EAF, FAB ; these together 


are less than four right angles. 


Let the planes in which the angles are, be cut bya plane, and 
A 


Iet the common section of it with those 
planes be BC, CD, DE, EF, FB: and 

ecause the solid aete at B is contain- 

d by three plane angles CBA, ABP, 
FBC, ef which any two are greater? 
than the third, the angles CBA, ABF 
are greater than the angle FBC: for 
the same reason, the two plane ae 


the angles which are at the bases ofthe ~ 
triangles, having the common vertex 
A, are greater than thethird angle at Do 
the same point, which is one of the an- | 


gles of the polygon BCDEF: there- 
“Yore all the angles at the bases of the sriepaate ate ‘Scale 


 RCSi ee ee 


¥ 
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eféester than ail the angles of the, polygon : and beeduse all Book XIN 
the angles of the triangles are together equal to twice asma- CH 
ny right angles as there are triangles >; that is, as there are b 32. 1. 


sides in the polygon BCDEF: and that all the angles of the 


polygon, together with four right angles, are hkewise equal 
to twice as many right angles as there are sides in the poly- 


the angles of the polygon together with four right angles, 
But all the angles at the bases of the triangles are greater 
than all the angles of the polygon, as has been proved. Where- 


fore the remaining angles of the triangles, viz. those at the 


vertex, which contain the solid angle at A, are less than four 
right angles. Therefore every solid angle, &c. Q. E. D. 


PROP. XXII. THEOR: 


IF every two of three plane angles be greater than 
the third, and if the straight lines which contain them 


be all equal; a triangle may be made of the straight 


lines that join the extremities of those equal straight 


os 5 
» 


Let ABC, DEF, GHK be three plane angles, whereof eve- 


ry two are greater than the third, and are contained by the 


equal straight lines AB, BC, DE, EF, GH, HK’; if their ex- 
tremities be joined by the straight lines AC, DF, GK, a tri- 


' gon ¢: therefore all the angles of the triangles are equal to all¢ 1. Cor.32, | 


6 


See Note. 


angle may be made of three straight lines equal to AC, DF, - 
GK ; that is, every two of them are together greater than the © 


third. Bane 
IF the angles at B, E, -H be equal: AC, DF, GK are also 


¢qual*, and any two of them greater than the third: but ifg 4, 1, 


the angles be not all equal, let the angle ABC. be not less 


_than either of the two at E, H; therefore the straight line AC 


is not less than either of the other two DF, GK; and it ish 4. ot 24, 


plain that AC, together with either of the other two, must be 


-. ‘greater than the third: also DF, with GK are greater’ than 
_A€: for, at the point Bin the straight line AB makee the c 93.7, 


1, 


216 ) THE ELEMENTS _ 


Book Xr, angle ABL equal to the angle GHK, and make BL equal to 
teva one of the straight lines AB, BC, DE, EF, GH, HK, and join - 4 
AL, LC; then because AB, BL are equal to GH, HK,and. ~ 

the angle ABL to the angle GHK, the base AL is equal to 

_the base GK: and because the angles at E, H. are greater 

than the angle ABC, of which the angle at His équalto ABL; 

: therefore the remaining angte at Eis greater than the angle 


B E Screws 


LBC: and because the two sides LB, BC are equal to the — 

two DE, EF, and that the angle DEF is greater than the an- _ 

224.1. gle LBC, the base DF is greater4 than the base LC: and it 
ae -has been proved that GK is equal to AL; therefore DF and 

e 20. 1. GK are greater than AL andLC : but AL and LC are greater® 


than AC: much more then are DF and GK greater than AC. > 


Wherefore every two of these straight lnes AC, DF, GK are 
¥ 22.1. greater than the third; and, therefore, a triangle may be madef, | 
the sides of which shall be equal to AC, DF, GK. Q. E. D- 


ib ake 
Wee 48 \ 4 ; 
MGS oe \ * 
be petal v 


_- / -. PROP. XXIII. PROB. 


~ gee'Note. TO make a solid angle which shall be contained 


by three given plane angles, any two of them being 
"Piers than the third, and all three together less than 

our right angles. — on ea . 

Let the three given plane angles be ABC, DEF, GHK, 
any two of which are greater than the third, and all of them 
. together less than four right angles. It is required to make a 

solid angle contained by three plane angle$ equal to ABC, 

DEF, GHK, each to each, : | 


+ 


t 


& 
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From the straight lines containing the angles, cut off AB, Book. XI, 
BC, DE, EF, GH, HK, albequal to one another; and join AC, “w= 
DF; OR: then neieeey may be made * of three er ght lines 2.22 11. 


B 


equal to AC, DF, GK. Let this be the triangle LMN), so } 22. at 
that AC be equal to LM, DF to MN, and GK to LN; and | : 
about the triangle LMN describe® a circle, and find its cen-¢ 5: 4 
tre X, which will either be within the triangle, or in one of 
its sides, or without it. 
First, let the centre X be within the triangle, and join LX, 
' MX, NX: AB is greater than LX: if not, AB must cither be 
: equal to, or less than LX; first, let it be equal: then because 
-AB is equal to LX, and that AB is also equal to BC, and LX. 
to XM, AB and BC are equal to LX and XM, each to each; , 
and the base AC is, by construction, equal to the base LM: 
é bee the angle ABC is equal to the angle LKM 4.48. ¢ 
“or the same reason, the angle DEF is equal to the angle 
MXN, and the angle GHK to the 
angle NXL; therefore the three 
angles ABC, DEF, GH Kare equal 
to the three angles LKM, MXN, .. . 
NXL: but the three angles LXM, _ 
MXN, NXL are equal to four right 
angles e: therefore also the 
three angles ABC, DEF, GHK, 
are equal to four right angles: but, 
by the hypothesis, they are less — 
than four right. angles, which is 
absurd; therefore AB is not équal 
“toLX: but neither can AB be less 
than LX: for, if possible, let it be 
less, and upon thestraight line LM, 
the side of it on which is the centre 
~X, describe the triangle LOM, the 
sides LO, OM of which are equal to AB, BC; aa because 
., the: base. LM i is equal to the base AC, the anigle LOMi is eq 


b aE 


, 


318 THE ELEMENTS 


, 7 . eS a4 
Book XI, to the angle ABC*: and AB, that is, LO, by the hypothesis, is | 


L-—_ less than LX; wherefore LO, OM fall within the triangle 
a8. 1. LXMi; for, if they fell upon its sides, or withoutit, they would 
f21.1, - be equal to, or greater than LX, XM‘ therefore the wer « 

LOM, that is, the angle ABC, is aM 

greater than the angle LXM*: 
in the same manner it may be 
proved that the angle DEF is 
greater than the angle MXN, 
and the angle GHK greater “vhan 
the angle NXL. Therefore the 
three angles ABC, DEF, GHK 
are greater than the three an- 
gles LXM, MXN, NXL; that 
is, than four right angles: but 

the same angles ABC, DEF, 

GHK are less than four right 

angles; which is absurd: there- _ 

fore AB is not less than LX, 

and it has-been proved thatit is 

hot equal to LX; wherefore AB. ap e§ 
is greater than i, :, age 
~ Next; letuthe centre X of the circle fall in one of the sides 

of the triangle, viz. in MN, and aa 

join XL: in this case also AB is 

greater than LX. If not, AB is. 

either equal to LX, or less than it : 
first, lett be equal to XL: there-} 
fore AB and BC, that is, DE and 

EF, are equal to MX and XL, that | 

is, to MN: but, by the construc- 

tion, MN is equal to DI ; there- 
fore DE.) * are. equal to DF, ME&— 
£90: 1. which is “impossible + : wherefore 
AB isnot equal to LX; noris it — 
less; for then, much more, an ab- 
sur dity would follow,: therefore Ae 
AB is greater than LX ids 
- But let the centre X of the circle fall without the triangle 
: LMN, and join LX, MX, NX." In this case likewise AB is 
greater than LX : if not, itis either equal to or less than LX: 
first, let it be equal ; it may be proved in the same manner, 
as in the first case, that the angle ABC is equal to the angle 
“XL, and GHK to LXN: therefore the. whole angle MXN 
is equal to the two angles ABC, GHK; but ABC and GHK © 
are together greater than the angle - ‘DEF; ‘therefore also 
the angle MXN is greater th 1an DEF. And because DE, 


. 


Pe, 
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iF are sane: to MX, XN, and the base DF to the base MN, Book XI, 
the angle MXN is equal to the angle DEF : and it has been Gens 
proved that it is greater than DEF, which is absurd. There-d 8, 1. 
fore AB is not egual to LX, Nor yet is itless; forthen, as 
has been proved in the first case, the angle ABC is greater 

than the angle MXL, and the angle GHK greater than the 

angle LXN. At the point Bin the straight line CB make 

the angle CBP equal to the angle GHK, and make BP equal 


B Ii 


ae “ 
X.. 


_ 
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to HK, and juin CP, “AP. And because CB is oat to GH; 
CB, BP are equal to GH, HK, each to each, and they contain 
equal angles; wherefore the base CP is equal to the base GK, 
that issto LN. And in the isosceles triangles ABC, MXLy 
because the angle ABC is greater than the angle MXL, there- ~ 
' ‘fore the angle MLX at the base is greater ¢ than fie angle & 32. f. 
ACB at the base. For the same reason, because the angle 
GHK, or CBP, is er eater than 
the angle LXN, the angle 
XLN is greater than the angle 
BCP. Therefore the whole . 
angle MLN is greater than ~ 
the whole angle ‘ACP. And 
because ML, LN are equal 
to AC, CP, each to each, but 
the angle MLN is greater 
than the angle ACP, the base 
MN is greater 4 than the base 
AP. And MN is equal to 
DF ; therefore also DF is 
greater than AP. Again, be- 
cause DE, EF are equal to 
“AB, BP, but the base DF 
- greater than the base AP, the : 
angle DEF is greater * than | Ks 
the angle ABP. And ABP is Sahar to ‘the two angles ‘ABC, 25.3. 
CBP, that is, to the two angles ABC, GHK; therefore the 
angle DET is Bteater than the two angles ABC, GHK; 


Poe 


« 
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Book X%1. but it is also ieee than these; which is. impossible. There- i - 
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Lema” fore AB is not less than LX, and it has been proved that i it is 


get. 


“b Bedef. 11. 


. 
oa 


it. 


A 


e 47.1. 


a8. 
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not equal to it; therefore AB is gréater'than LX. 

From the point X erect? XR at right angles to the plas 
of the cirle IAMN. And because it has been proved in all the 
cases, that AB is greater than LX,’ find a square ue to the 
excess of the square of AB above | 
the square of LX, and make RX 
equal to its side,and join RL, RM, . 
RN. Because RX is perpendicu-. 
lar to the plane of the circle LMN, 
it is» perpendicular to each_of the 
straight lines LX, MX, NX. And 
because LX is equal to MX, and 
XR common, and at right angles’ 
to each of them, the base RL IS\4 
equa] to the base RM. For the 
same reason, RN is equal to each 
of the two RL, RM. Therefore the 
three straight lines RL, RM, RN 
are all equal. And because the 
square of KR is equal to the ex- 
cess of the square of AB above 
the square of LX ; therefore the 
Square of AB is equal to the squares of LX, XR. But the 
the square of RL. is equal* to the same squares, because LXR 
is aright angle. Therefore the square of AB is equal to the’ 
square of RL, and the straight line AB to RL. But each ofthe 


straight lines BC, DE, EF, GH, HK is equal to AB, and €ach 
of the two RM, RN is equal to RL. Wherefore AB, BC, DE, . 
EF, GH, HK are each of them equal to each of the straight — 


lines RL, RM, RN. And because RL, RM are equal to AB, 
BC, and the base LM to the base AC ; the angle LRM is equal 


1to the angle ABC. For thé’same reason, the angle MRN is . 
equal to the angle DEF, and NRL to GHK. Therefore there _ 


is made asolid angle at R, which is contained by three plane 


angles LRM, MRN, NRL, which are equal to the three given | 
plane angles ABC, DEF, GHK, each to cach. Which was 


to be done. 


| OP EUCLID: 
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IE “ich of two. oad angles be contained by sees 
plane angles equal’ to one another, each to each; the 


| * te in which the equal angles are, have the safne 


elination to one scpuaivalle¢ ; 


Let there be two solid ete: at the me A,B; and let 


the angle at A be contained by the three plane angles CAD, 


CAE, EAD; and the angle at B by the three plane angles 


FBG, F BH, HBG; of which the angle CAD. is equal to the 
angie FBG, and CAEK to FBH, and EAD to HBG: the planes 
in which the equal angles are, have the same inclination to 
ove another. ~~ 


In the straight line AC take any point K and in the plane 
CAD from K draw the straight line KD at right oe 
: 5 


to AC, and in the 
plane © CAE: ‘the 
straight line KL. at 
right angles to the 
same AC: therefore 
the angle DKL is 
the inclination @ of 
the plane CAD to the 
plane CAE. In BF 
take BM equal to 


See Note. 


a. def, 1. 


AX, and from the point M draw, 3 in thie planes. FBG, FBH, 


the straight lines MG, MN at right angles to BF; therefore 
the angle GMN ts the. inclination ® of the plane FBG to the 
plane PBH: jom LD, NG; and eas in the triangles 
KAD, MBG, the anples KAD, MBG are equal, as also the 
right angles AKD, BMG, and that the sides AK, BM, adja- 
cent to the equal angles, are equal to one another ; therefore 


\) KD is equal» to MG, and AD to BG: for the same reason, p 96, 1, 


in the triangles RAL, MBN, KL is equal to MN, and AL to 
BN: and in the thangles LAD, NBG, LA, AD are equal to 


NB, BG, and they contain equal angles; therefore the base 


LD is equal* to the base NG. Lastly, in the triangles KI.D, c74. 1. 


MNG, the sides DK, KL are equal to GM,MN, and the base 


LD to the base NG; therefore the angle DKL is equal to d $1. 
the angle GMN: but the angle DKU is the inclination of the 


plane CAD to the plane CAE, and the angle GMN is the in- » 


Book xe 
eed 
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clination of the plane FBG to the plane FBH, which planes. ~ 


have therefore the same inclination® to one another: and in 


3 hie def. 11. the same manner it may bé, demonstrated, that the other planes 


See Note. 


aA. li. 


in which the equal angles are, have the same inclination to one 
another. Therefore, if two solid 9 eit Sec. iQ. EoD. 
: * ie hee 


uA 


PROP. B. THEOR. — 


If two solid ines be odaltgunieas each ‘ by (hree’ 


plane angles which are equal to one ‘another, each to 
each, and alike situated ; these solid angles are equal 
to one apatier we BEEN is 


‘Let there be t two solid angles at/A and B, of whichthe solid 
angle at A is contained by the three plane angles CAD, CAE, 
EAD ; and: that at B, by the three plane angles FBG, FBH, 
HBG; of which CAD i is equal to FBG ; CAE to FBH; and 
EAD to HBG: the solid angle at A is equal to the solid an- 
gle at B. 

Let the solid angle at A bé applied to the solid angle at B; 


and, first, the plane angle CAD being applied to the plane angle 


FBG, so as the point A may coincide with the point B, and the 
straight line AC with BF ; then AD coincides with BG, Doe 
cause the angie CAD is equal 
to the angle FBG: and because 
the inclination ofthe plane CAE. 
to the plane CAD is equal® to — 
the inclination of the planc 
FBH to the plane FBG, the 
ee CAE coincides with the 
ane BH, because the planes 


| Cay, FBG conincide with one 


& A. 8, I. 


another; and because the straight lines AC, BF coimcide, aoa 
that the angle CAE is equalto the angle FBH; therefore AE 
coincides with BH, and AD coincides with BG: wherefore 
the plane EAD coincides with the plane HBG: therefore the 
solid angle A coincides with the solid angle B, and conse- 
quently they are equal? to one 2 een “QE De 


FY EUCLID. 


be are he sae 


PROP. ©. THEOR. 
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SOLID auidies contained by the same number of see Note. 


“equal and similar’ planes alike situated, and having 
none of their solid angles contained by more than 
three plane angles; are equal and similar to one an- 
other. of ¢ 


Let AG, KQ be tivo solid ites contained by the same 
number of similar and equal planes, alike situated, viz. let the 
- plane AC be similar and equal to the plane KM, the plane AF 
to KP; BG to LQ; GD jo QN; DE to NO; and lastly, FH 
similar and equal to PR: the solid figure AG is equal and 
similar to the solid figure KQ. 

“Because the solid angle at Ais contained by the three plane 
angles BAD, BAE, EAD, which, by the hypothesis, are equal 
to the plane angles LKN, 'LKO, OKN, which contain the solid 


angle at K, each to each; ther efore the solid angle at A is equal’ a B. 12, 


to the solid angle at K: in the same manner, the other solid an- 
gles of the figures are equal to one another. If, then, the solid 
figure AG be applied to the solid figure KQ, fir st, the sti 
figure AC being — 
applied to the HH Met Sed Roses |} 
plane figure KM; A Tete 

the straight line 3 ee Diy ge \p 
AB . coinciding | : 

with KL, the fi- . Gr ON M 
gure AC must” ane | Nee | 
coincide with the A SOR made Boel g 
figure KM, be- + ied Ri ee 

cause they are equa! and similar: dievitore the straight lines 


AD, DC} CB, coincide with KN, NM, MI. each with each; s 


and the points A, D, C, B, with the points K, N,.M, L: and 
the solid angle at A coincides with® the solid angle at K; 
wherefore the plane AF coincides with the plane KP, and the 
figure AF with the figure KP, because they are equal and 
similar to one another: therefore the straight lines AE, EF, 
FB, coincide with KO, OP, PL; and the points E, F, with 
the points O, P: In the same manner, the figure AH coin- 
cides with the figure KR, and the straight line DH with 


NR, and the adint H with the point R: and because the solid 


angle at B is equal to the solid angle at L, it may be proved, 
in the same manner, ‘that the fants ay coincides with the 


J 


‘ 


i¢ 
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way G with the point Q: since, therefore, all the planes and sides 


See Note. 


216, 11. 


b10, 12. 


¢ 4.1. 


d 34.1. 


of the solid figure AG coincide with the planes and sides of 
the solid figure KQ, AG is equal and similar to KQ: and, in 


the same manner, any other solid figures whatever contained 


by the same number of equal and similar planes, alike. situ- 
ated, and having none of their solid angles contained by more 
than three plane angles, may be proved to be equal and simi- 


- Jat to’one another. Q: E, Den) ; ‘ 


... PROP. XXIV. THEOR. 


IF a sclid be contained by six planes, two and two 
of which are parallel; the opposite planes are similar 
and equal parallclograms. Se Rey Shige a 


Let the solid CDGH be contained. by the parallel nie | 


AC, GF; BG, CE; FB, AE: its opposites planes are simi- 
lar and equal parallelograms, ss sats Ma ERAS 
Because the two parallel planes-BG, CE are cut by the 
plane AC, their common sections AB, CD. are: parallels. 
Again, because the two parallel planes BY,,AE are cut by 
the plane AC,-their common sections AD, BC are. parallel a: 
and AB is parallel to CD; therefore’ AC is a parallelogram. 
In like manner, it may be proved ORAS 
that each of the figures CE, FG, EGA inchs, cae A 
GB; BF, AE is a parallelogram: = 47 Ho 
join AH, DF; and because AB is re 
parallel to DC, and BH to CF; the A LG. 
two straight lines AB, BH, which _ RIE Pig 
meet one another, are paralleltoDC_ . 


and CF which meet one another, and . — ) aie 
are not in the same plane with the ee er 
other two; wherefore they contain D! : Soca G 
equal angles>; the angle ABH is | Agee 


therefore. equal to’ the angle DCF; 


and because AB BH are equal to DC, CF, and the angle ABH 


equal tothe angle DCF ;. therefore the base AH is equal ¢ to the 
base DF; and the triangle ABH to the triangle DCF: and the 
parallelogram BG is double4 of the triangle ABH, and the pa- 


lclogram BG is equal and similar to the parallelogram CE. In 


the same manner it may be proyed, that the parallelogram AC | 


2 rf 
fag 
Me 

mt 
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tallelogram CE double of the triangle DCF; therefore the paral- ” 


¥ 
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is 8 equal and similar to the parallelogram GF, and the ees allelo-. Book Xi, 
gram AE to BF. Tea if a solid, &c. Q. E.D aan deena 
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IF a solid. parallelopiped be cut by a plane parallel 8° Ne ae 
to two of its opposite planes; it divides the whole into ; 
two solids, the base of oge of which shall be to the 4 
base of the other, as the one solid is to the other. : 


Let the solid parallelopiped ABCD be cut bythe plane EV, 
which is parallel-to the opposite planes AR, HD, and divides - 
the whole into the two solids ABFV,EGCD; as the base 
AEFYof the first is to the base EHCF of the other, so is 
_ the solid ABFV to the solid EGCD. 

Produc® AH both ways, and take any number of straight lines 
HM, MN, each equal to EH, and any number AK, KL each ' 
equal to EA, and complete the parallelograms LO, KY, HQ, 
’ MS, and the solids LP, KR, HU, MT: then, because the’ 
straight lines LK, KA, AE are all equal, the parallelogram’ _ 


Sika Be aE : 
SSSENISIS | 
ae aS : 


AL | 


Goes. Yas) Wecsey hh GO aaee 


LO, KY, AF are equal: and likewise the -par enone Kya 96 

KB, AG*; as also> the parallelograms LZ, KP, AR, because h 24, ay . 
‘they are opposite planes: for the same reason, the parallelo~: 

erams EC, HQ, MS are equal 4; and the parallelo-- 


‘ “prams HG, HI, IN, as also» HD, MU, NT: therefore 


three planes of the solid LP, are equal and similar to three. 
planes of the solid KR, as also to three planes of the solid AV: 2 


_ but the three planes opposite to these three are equal and si- 


milar> to them in the several solids, and none of their solid © C, i. 


. angles are contained by more than three plane angles: there- 
*. fore the three solids LP, KR, AV are equal¢ to one another: 


for the game reason, the three solids ED, HU, MT areequak 


he Ag one: e'another : therefore what multiple: soever the base I, 7 


re | 2h 


ie ‘ \ 
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Book XI. is of the base AF. the same multiple is the solid LV of the - 


solid AV: for the same reason, whatever multiple the base 
NF is of the base HF, the same multiple is the solid NV of 


the solid ED: and if the base LF be equal to the base NF, ~ 


cC 11, the solid LV is equale to the solid NV; and if the base LF be 
greater than the base NF, the solid LV is greater than the so- 
did NV; and if less, less: since'then there are four magni- 


tudes, viz. the two bases AT’, FH, and the two solids AV, — 


ae ee B hg ade eh 
Bis Wir Stoo ta ares nes | ae ae 
‘ _—}—— . — 4 
4 a bade 
boob dae PTAC ab gah td es ‘YN 
LX Pies. . i 
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ED, and of the base AF and. solid AV, the base LF and solid 
LV are any equi-multiples whatever; and of the base FH 
_ and solid ED, the base FN and solid NV are any equimulti- 


ples whatever; and it has been proved, that if the base LF is — 
greater than the base FN, the solid LV is greater than the | 


dé.def,  S0lid NV; and if equal, equal; and if Jess, less.. Therefore 4 
i. . as the base AF is to the base F'H,’so is the solid AV to the 
solid ED. Wherefore, if a solid, &c. Q. E. D, 


PROP. XXVI: PROB. 


“ See;Note. AT a given point in a given straight line, to make 
a solid angle equal to a given solid angle contained ‘by 
phree plane angles. — Bre oe, ge ee 


Let AB be a given straight line, A a given point im it, and 
1) a given solid angle contained by the three plane angles 
DC, EDF, FDC: it is required to make at the point.A in 
the straight line AB a solid angle equal to the solid angle D. 

In the straight line DF take any point F, from which draw 


, a itat.. * 1G perpendicular to the plane EDC, meeting that plane in 


G; join DG, and at the point A in the straight line AB 

b 23.1.  make>the angle BAL equal to the angle EDC, and in the 
; piane BAL make the angle BAK equal to the angle EDG: 

¢.12. 1, then make AK equal to DG, and from the point K erecte KH 
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at Pia angles to the phine BAL; and ' aig KH PS to Book XE. 
GF, and join AH: then the solid angle at A, which is contain- Wo. 
ed by the three plane angles BAL, BAH, HAL, is equal to ~ 
the solid angle at D contained by the three plane angles EDC, 

EDF, FDC. - : 
Take the equal straight lines AB, DE, and join HB, KB, 
tae F K, GE: and because FG is perpendicular to the plane EDC, 
bee? oe inakes right angles@ with every straight line meeting it ind 3 det. 1 
| that plane : therefore each of the angles FGD, FGEis a right 
angle: for the same reason, HKA, HKB, are fpht angles: and 
because KA, AB are equal to GD, DE, each to each, and 
contain equal angles, therefore the base BK is equalé to thee 4% 
base EG:-and KH is equal to GF, and HKB, FGE are right 
angles, therefore HB is equal® to FE: again, because AK, 
KH are equat to DG, GF, and contain right angles, the 
base AH is equal to the ie DF; and AB is equal to DE; 
_ therefore HA, AB are equal to FD, DE, and the, base HB is 
equal tothe base FE, sis 9 Va Cc 
therefore the angle 
BAH is equal’ to 
the angle EDF: for 
the same reason, the 
angle HAL is equal B 
to ‘the’ angle FDC. >") Nat 1 
Because if ALand x ‘<S) 
DC be made equal, FH: 
and KL, HL, GC, FC be joined, since the whole angle BAL 
is equal *to-the. whole EDGE, and the parts of them BAK, EDG 
are, by the construction, equal: therefore the remaining angle 
KAL is equal to the remaining angle GDC: and because. KA 
_ AL are equal to GD, DC, and contain equal angles, the base 
~ KL is equal® to the base GC: and KF is equal to GF, so that 
LK, KH are equal to CG, GF, and they contain right angles; 
therefore the base HL is equal to the base FC: again, because 
FIA, AL are equal to FD, DC, and the base HL to the base 
FC, the angle HAL, is equal’ to the angle FDC: therefore, 
bacauee the three plane angles BAL, BAH, HAL, which con- . 
tain the solid angle at A, are equal to the three plane angles Pe 
EDC, EDF, FDC, which contain the solid angle at D, each to | 
ig ve and are situated in the same order, thie: solid angle at 
esas equals to the solid angle at D. ‘Therefore, at a giveng B. 11. 
point in a given straight line, a solid angle has been made . 3 
aM equal to a given solid angle contained by three plane pet | . ‘ 
. Which was to be done. 


£1. 


eh 


So 6 SRE eirpieers 
‘gs _ PROP. XXVII. PROB. 


“ 


“TO describe from. a “given straight line a solid. - 


pafallelopiped similar: and similarly tena to one 


4, Ziven. 


t 


Let AB be the given straight line, and CD the given solid 
parallelopiped. It is required from, AB to describe a solid 


, . par allelopiped similar and similarly situated to CD. 


At the point A of the given straight line AB, make® a solid 
angle equal tothe solid angle at C, and let BAK, HAH, HAB, 
be the three plane’ angles. which contain it, sa, that BAK be 


equal to the angle ECG, and KAH to GCF, and HAB to 


#CE: and as EX to CG, so make> BAto AK; and as GC to 


CF, so make» KA to AH; wherefore ex @gualit, as EC to | 


CF, so is BA to AH: complete the baralclonren BH, and 
the solid AL: and L 
because, as EC to iy 
CG, so BA to AK, POU NG D 
the sides about the. Sarin ee er 
equal angles ECG,  {. \ | 
BAK are propor- ~ ss 
uonals: therefore K x. ; C 
oe paralleiogram™ \.}. | \ 
Kis ‘similar to bse 
EG. For the same A B C E 
reason, the parallelogram KH is similar to GF, and HB to FE. 


W herefore three parallelograms of the solid "AL are similar 


to three of the solid CD ; and the three opposite ones in cach 


solid are equal‘ and Sinthee to these, each to each. Also, be- « _ 


cause the plane angles which contain the solid angles of the 
fivures are equal, Sak to each, and situated in the same order, ‘ 
the solid angles are equal¢, each to each. Therefore the solid” 
AL is similarf to the solid CD. Wherefore from a given 


straight line AB a solid par allelopiped AL has been described 
* similar and similarly ie to the given one ‘ep, Witch 


was to be done. 
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Newer meee’ 
- PROP. Sxvifh THEOR. 


IF. a ‘solid parallelopiped be cut ig a plane passing See Note 
through the ‘diagonals of two of the opposite planes ; | 
: shall be cut in two equal parts. 


Let AB bea solid parallelopiped, and DE, CF the diagonals 


_ of the opposite parallelograms AH, GB, viz. those which are 


drawn betwixt the equal angles in each: and because CD, FE 


- are each of them parallel to GA, and not in the same plane with 


it, CD, FE are parallel; wherefore the diagonals CF, DE are a9. 11. 

in the plane i in which the parallels are, = C B 

and are themselves parallelsb; andthe b 16, 11, 

plane CDEF shall cut the solid AB in- G: od 

to two equal parts. ~ eae F 
Because the triangle CGF is equal ¢ NE ce 34, 1, 

to the triangle CBF, and the triangle | | 


lelogram CA is equal? and similar to uP Hg o4. 1h, 
the opposite one BE; “ind the paral- A, 
lelogram GE to CH: therefore the | i 
prism contained by the two triangles’ 
CGF, DAE, and the three parallelograms CA, GE, EC, is 
equal © to the prism contained by the two triangles CBF, DHE, © 
and the three parallelograms BE, CH, EC; because they are 
contained by the same number of ‘equal and: similar planes, 
alike situated, and none of their solid angles are contained by 
more than three plane angles. Therefore the solid AB is cut 
into two equal parts by the plane CDEF. Q. E. D.! 

‘N-B. The insisting straight lines of a parallelop:ped, men- 
_* tioned ‘in the next and some following propositions, are the 
‘ sides of the parellelograms betwixt the base and the opposite 
‘ plane parallel to it.’ 


PROP. XXIX. THEOR. 


- SOLID parallelopipeds vpon the same base, and of 


: the same altitude, the insisting straight lines of which 


are termifated in the same straight lines. in the plane ‘see Note. 


: CHposite to the base, are equal to one another. 


+ 
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Let the solid parallelopipeds AH, AK be upon the same base 


AB, and of the same altitude, and let their insisting straight: 


Jittes AF, AG, LM, LN be terminated in'the same straight | 
line FN, and CD, CE, BH, BK. be terminated in the same — — 


straight line DK; the solid -AH is equal to the solid AK. 
First, Let the parallelograms DG, HN, which are opposite 


to the base AB, have a common side HG: : then, because the so- * © 


lid AH is cut by the plane AGHC passing through the diago- 
nals AG, Cii of the opposite plan’ ALGF, CBHD, AH is cut 


into two equal parts® by the plane AGHC: therefore the solid _ a 
~ AH is double of the prism which is contained betwixt the tric |” 


angies ALG, CBH: for the- 
same reason, because the solid 
AK is cut by the plane LGHB. 
through the diagonals LG, BH 
of the opposite planes ALN G,. 4 
CBKH, the solid AK is double 
of the same prism which isC % 
contained betwixt the triangles — 


‘AUG/OCBEH: Therefore the abe ae i oars 


lid AH is equal to the solid AK. 3 
But, Lot the parallelograms DM, EN opposite to thie Basa, 


have no common side : then, because CH, CK are paraliclos 


grams, CB is equal >to each of the opposite sides DH, EK ; 
whereiore DH is equal to EK: add, or take away the common 
part HE; then DE is equal to HK: wherefore also the tri- 
angle CDE is equals to the triangle BHK: and the parallelo- 
gram DC is equal 4 to the parallelogram HN: for the same — 
r#ason, the triangle AFG is equal to the triangle LMN, and 


_ the par allelogram CF is equal to the Ste ncn ti BM, and 


Hie Ree yee ae 


EAN 6 | a 


: on f L 


- €Gto BN; for Hey are baal “Therefore the etic which 


f€.11. 


is contaimed by the two triangles AFG, CDE, and the thres 


parallelograms AD, DG, GC is equal fto the prism contain- 


ed by the two triangles LMN, BHK, and the three parallelo- 


grams toe MK, KL. if therefore the fp ie! EM NSTh be ; 
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ie from the solid of which: the base is the parallelogram AB, 2 aok: aT 


and in which FDKN is the one opposite to it; and if from this 
same solid there be taken the prism AF GCDE; the remaining 
solid, viz. the parallelopiped AH, is equal to the remaining pa- 
seieaniees AK, Ther efore solid par sh baleen kc. Q. E. D. 


PROP. XXX. THEOR. 


SOLID parallelopipeds upon the same base, and 
of the same altitude, the insisting straight lines of 
which are not terminated in the same straight lines 
in the plane app ene to the base, are equal to one 
another, | 


Let the iekuliclnpaneds cM, CN be upon the same base AB, 
and of the same altitude, but iKeit insisting: straight lines AF, 
AL, LM, LN, CD, CE, BH, BK, not terminated in the a 
straight lines : the solids CM, CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one ano- 


ther in the points O, P, Q, R; and join AO,LP, BQ, CR: and. 
because the plane LBH Mis parallel tothe apposite planeACDF, 


and that the plane LBHM is thatin which are the facuiek LB; 
e MHPQ, i in which alsois the figure BLPQ; and the plane ACDF 
is that in which are the parallels AC, FDOR, in which also is 


the figure CAOR ; therefore the figures BLPOQ, CAOR are in 


parallel planes: in like manner, because the plane ALNG is pa 


xallel to the opposite plane CBKE, and that the plane ALNG is 
that i in vse ae are the Par allels AL, OPGN, in  WpACh also is the 


See Note. 


t 
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Book 1. figure ALPO; and the plane CBKE is that in whicha are the sia : 
ay rallelsCB, RQEK, i in which also isthe figure CBQR ; therefore =~ 
| the Geures ALPO,CBQR are inparalle] planes: andthe planes” 


2 29. 11. 


See Note. 
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ACBL, ORQP are parallel ; therefore the solid CP isa paralte- 
lopiped ; but the solid CM, of which the baseis ACBL, to 


which FDHM is the opposite parallelogram, is equal*to the 
solid CP, of which the base is the parallelogram AC BL,t@ — | 


which ORQP i is the one opposite ; because jit are upon the 
same base, and-their insisting straight lines AF, AO, CD, 
CR ; LM, LP, BH, BQ are in the same straightlines FR, MQ: 


and the solid CPi is €qual ® tothe solid CN ; for they are upon — 


the same- base ACBL, and their insisting ‘straight lines AO, 


AG, LP, LN; CR, CE, BQ, BK are in the same straight lines 


ON, RK: therefore the solid CM is equal to the solid CN, 


. Wherefore age parallelopipeds, &c.. Q. E. DE” | 


; PROP. XEXL Gedrok : 


SOLID paraticlopipeda which are upon n equal bases, 
and of the same altitude, are equal to one another. 


‘Let the solid parallelopipeds AE, CF be upon equal isos 
AB, CD, and be of the same altitude ; the solid. neo is Pua! 
to the solid CF. 


Frist, Let the insisting straight lines be at right apie to the. 


bases AB, CD, and let the bases be placed in the same plane; 


1 ey 


QF RUCLID ) | | ee 


and ¢0 as that the sides CL, LB bein a straight line; there? Book XI. 

fore thé straight line LM, which is at right aigles to the plane Cy 

in which the bases are, in the point L, is common * to the twoa 31,1L. 

solids AE, CF; let the other insisting lines of the solidsbe {  , 

AG, HK, BE; DF, OP, CN: and first, let. the angte ALB be ¢ 

equal tothe anglé CLD; then AL, LD are ina straight line». b 14. 1. 

- Produce OD, HB, and jet them meet in Q; and compiete the 

solid parallelopiped LR, the base of whi¢his the parallclogram 

LQ, and of which LM is oné of its insisting ‘straight lines: 

therefore, because the paraliclogram AB is equal to. CD, as 

the base AB is to the base LQ, so is¢ the base CD to the same c 7, 5. 

LQ: and because the solid paralielopiped AR is cut by the 

plane LMEB, which is paraliel to the opposite planes AK, 

DR; as the base AB is to the base LQ, sois4 the solid AE’ to d 95. 11. 

the solid LR: for the same reason, because the solid paral 

lelopiped CR is cut by the plane LMFD, which is parallel to 

the: opposite ‘planes:) P «i-ae Ports son RS ) 

CP, BR; asthe base =f PRO  egend ? 

CD tothe base LQ, vi ‘M < SE x 

so is the solid CF to L te ;> 

the’ solid LR: but as Leer K 

the base AB to the 9 pe Qed ob 

base LQ, so the base | B 

CD to the base LQ, : 

as before was proved: c LN aN Re 

therefore asthe solid Ns A HT 

AE to the solid LR, so is the solid CF to the solid LR; and 

therefore the solid AE is equale to the‘solid CF, Snes 9; S$} 
But let the solid parallelopipeds. SE, CF be upon equal ~ ‘ 

bases SB, CD, and. be of the same altitude, and let their in- 

sisting straight lines be at right angles to the bases; and place : 

the bases SB, CD. jin the same.plane, so that CL, LB be in a 

straight line; and let the angles SLB, CLD be unequal; the 

solid’ SE is-also in this case equal to the solid CF: produce 

DL, TS until they meet in A, and from B draw BH parallel to 

DA; and let HB, OD produced meet in Q, and complete the 

soilds AE, LR: therefore the sclid AE, of which the baseis the 

parallelogram LE, and AK the one opposite to it, is equal ftof 29. 11. 

the solid ‘SE, of which the base is LE, and to which SX is 

opposite: for they are upon the same base LE, and of the 


 samé altitude, and their insisting straight lines, viz, LA, LS; 


BH, BT; MG, MV, EK, EX; are in the same straight lines 
AT, GX: and because the parallelogram AB is equale to SB, 


t 


v4 


‘Book xi. for they are upon the same ens LS, and between the same_ 
Lony— parallels LB, AT: and that the base SB is equal to the base- a 


sig 1. 


ty 1k. 11, 


129. or 3Cy angles to the bases: and the solid EQ is equal! to the solid 


xd. 


and the angle ALB oj .. 5 ae Vb oon . + 


lid AE i is equal. to 


»the points G, K, E, M; N;S, F, P, draw the straight, lines 
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CD; therefore the . x, . ae oh oy 
base AB -is; equahiii 4.) | Ret i 
to the base CD,.. Nase M i & 2B 


is.equal to the an- POP PE Ae) he 
gle CLD: there-O.}:. D | | 
fore, ‘by the first’: po es 

case, the solid AE. \h_. NY B 
3s equal to the so- C L + : ‘* 
lid CF; but the so KOS Se es 


the, solid) SE, as was Aérabpaeusd: therefore the solid SE is 
equal to the solid CF. 
But if the insisting straight nes AG; HK, BE, LM; CN, 
RS, DF, OP, be not at right angles to the bases AB, CD; ih. 
this case likewise the solid AE is equal to the solid CR: from, ae 


GQ, KT, EV, MX; NY, SZ, FI, PU, perpendicular to the’ 
plane i in ivhidle: -are the: bases AB, CD; and let them meet it « ~ 
in the points Q,.T, V, X; Y¥,Z, 1, U, sha join:-QT, TV, Vx, | 
rei ae an 1U,; ee, then, haeohet GQ,-KE are at right, 


e 


¥ 4 


° : 


AEE. Q Tie oA e ee Mikice stilt ee 
angles to the same plane, they aré parallel! to one another : 
and MG, EK are parallels; therefore the plane MQ, ET, of 
which one ‘passes through MG, GQ, and the other through 

EK, KT, which are parallel to MG, GQ, and not in the same | 


EE Needs ee Te | SP er 


plane with them, are parallel* to one another: for the same. ~ 
reason the planes MY, GT are parallel to one another: there- = 

~ fore the solid QE is a par allelopiped: in like manner, it) may hi 
be proved, that the solid YF is a parallelopiped: but, from 
what has been demonstratéd, the solid EQ is equal tothe so- My 
lid FY, because they are wpon equal bases MK, PS,andiof the . 
a 


same altitude, and have their-imsisting straight lines atright  _ 


a8 Sea ee eT eee 
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AE ; and the solid FY ip the ‘solid CF; Because ihiey are Upon Book XL 
‘the same bases and of the same altitude: therefore the selid aan all 
AE is equal to the solid CF. Wherefore solid. parallelo- 

abe &c. Q. E. D. 7 


PROP. XXXII. THEOR ~ 


“SOLID paleo peas ‘which have the same ati See Not: 
tude, are to one another as their bases, 


‘Let ‘AB, cD be Are parallelopipeds of the same auaidels 
they 2 are to one another as their bases; thatis, as the base, AF. . 
to the base CF, so.is the solid AB to. the. solid CD. — 

To. the straight line FG apply the parallelograth, rH equal® g Cor. 45, 
to AE). so that, the angle FGH be equal to the angle LCG, 1. 
and, completes the solid parallelopiped GK upon the base FH, 
one of whose. insisting lines is FD, whereby the solids CD, 

GK. must be of the same altitude: therefore the solid AB 


is ¢ ual@ to the) < pS 4 2 es BSE. £1). 
aie Gx: = oe Pigs S Pai D K | 
cause “they. pare Ray cy ; fy Peay ‘ 
upon equalbases} \ ee ek 
. AE, FH, and are IY 2 ee i. ea 
ef the same alti-| J mnie 


tude: and. be- : | . 

cause the. solid ~\y a Nepean 

parattelopiped “A = M4 9° C G H 

CK is cut by the 3 ) 

plane’ DG which is parallel to its. opposite aaabe. the base 

_ HF is’ to the base’ FC, as the solid-HD to the solid DC: bute on, ix 

the base HF is equal to the base AB, and'the solid GK to the 

solid ‘AB: ‘therefore, as the base AE to the base CF, so is the 

solid AB to the solid CD. ‘Wherefore solid parallelopipeds, 
Rt. Qe EX Bie 

_ Cor. From this it is manifest that prisms upon triangular 
bases, of the same altitude, are to one another as their bases. 

‘Let.the prisms, the bases of which are the triangles AEM, 

CFG, and NBO, PDQ the triangles opposite to them, have 

the same altitude ; and complete the parallelograms AE, CE, | 
and the solid par allelopipeds AB,.CD, in the first of which let, 
MO, 4nd in the other let GQ be one of the insisting lines. | 
And because the solid parallelopipeds AB, CD hayethe same 

: aphids) they s are to one another as the bse AE is to the base es 


é . 


x 
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BookiXhi’ CE; -wherefére the:prisms, which are their halves4, are: to one 


Neem aera! 
@ 28, 11. 
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aifother as the base AE to the-base CF ; that Pi as the eo 
AEM to the triangle CFG. ey 


PROP.. XXXII. THEOR. 


SIMILAR solid palipieniicis are one to another 


. in the triplicate ratio of their homologous sides. 


Let AB, CD be similar solid parallelopipeds, and the. side ar 


homologous to the side CF : the solid AB has to the solid. CD, 

the triplicate ratio of that which AE has to CF. ~ 
Produce AE, GE, HE, and in these produced take EK 

equal to. CF, EL equal to FN, and EM equal to FR; and 


complete the parallelogram KL, and the solid KO: because 


KE, EL are equal to CF, FN, and the angle. KEL, equal to 


| . the angle CPN, because it is equal to the angle ‘AEG, which 


is equal to CFN, by reason that the solids AB, CD are similar; 
therefore the p 7 Riess am KL is similar and equal to the 
parallelogram CN: forthe same reason, the parallelogram 


‘MK is similar and equal to CR, and also OF to” FD. T here- 


fore three paral- sae i 
lelograms. of the : ; Ce, Sites: 
solid KO are-e- D me : Las it 
qual and similar .— : on Pp JPN A 
to three paral-. BE aes Eh na 
lelograms of the | ~ . 2 ey i 
solid CD: and RTE ING | 
the three oppo- pg: ae phy ae eae 
site ones in each =" ae EE Ter Nd SF: 
solid are equal4 A ae See 2 ee ae 
and slinkae fo 2) (eee 8 | i Ste 
these: therefore fe i ehh : ig tusin § Han 
the solid KO is Mis | eek ei. 
equal» and simi- 4 ne 

lar to the solid CD: Ean slit the Picaticlowcde GK; ahi com- 
plete the solids EX, LP upon the bases GK, KL, so that EH 
be an insisting straight liné in each of them, whereby they 
must be of the same altitude with the solid AB: and because 


Z 


» the’ solids AB, CD are similar, and, by permutation, as 


AE is to: .CPF, so is EG to FN, and so is EH to FR; 


and FC is equal to EK, and FN to EL, and FR to EM: A 
therefore “as AE to EK, so is EG to Eli, and so is 


HE to EM: but, as AE to EK,.soc¢ is the parallelogram 


AG to Bie poe Ns GK; and as GE to ELy,so ist 
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GK cilia as HE to EM, go¢'ig PE toKM: ‘therefore as Book: XE, 
the parallelogram AG to: the. parallelogram. GK, soisGK to teed 
KL, and PE’'to KM: but as AG«to GK, so4 is the solid AB c 1.6. 

to the solid EX ; and as GK ‘to KI.j so4 is the'solid EX to the b 23,11, 
solid PL; and as PE to KM,'so4 is the solid PL to the solid 

KO: and ther efore as the solid ABtto the solid EX, so'is EX 

to PL, and PL to. KO: but if four magnitudes be continual 
proportionals, the first is said to have to the fourth the tripli- 

cate ratio of that which it has to the second: therefore the 

solid A.B has'to the solid KO the triplicate ratio of that-which 

ABrhas toj|EX: but as AB is:to:EX,.so is the parallelogram 

AG: to the! parallelogram GK, and the straight line AE to the 
straight line: EK. Wherefore the solid AB has to the solid KO 
‘the: triplicate: ratio of that which AE has to EK.. Arid the solid 

KO is equal to the solid CD, and the straight line-EK is equal 
to the straight line CF: Therefore the-solid AB has tothe solid 

‘CD. the triplicate ratio of that which the side AE has to the 

homologous side CF, &c. Q. E. D.. . | 


Cor. From this it is manifest, that, if four straight lines be 
continual proportionals, as the first is to the fourth, so is the 
solid parallelopiped described from the first to the similar 
‘ solid similarly described from the second; because the first 
straight line has to the fourth the:triplicate ‘ratio of that which 
it has to the second. we 


PROP. D. THEOR. 


5 ‘SOLID parallelopipeds contained by parallelograms See Note. 


uiangular to one another, ‘each to each, that is, of 
. Which the solid angles are equal, each to each, have to 
one. another the ratio which is the same with the ratio 
compounded of the ratios of their sides. — , 


Let AB, CD be solid paralielanipeds, of which AB is con- 
tained by the paralleloerams AE, AF, AG equiangular, each. 
- to each, to the parallelograms CH, CK, CL, which contain 
the solid CD. The ratio which the solid AB has to the solid 
‘CD, is the same with that which is compounded of the ratios _ 
of the sides AM to DL, AN to DK, and AO to DH. re 


t 
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DL; AQ to DK, and AR:to DH; and compiete! the soli¢ 
parallelopiped AX contained by the parallelograms AS, AT, 


AV similar and equal to CH, CK; CL, each to each. There~ q 
fore the solid AX is equal? to thé solid CD... Complete likes ~~ 


wise the solid AY, the basé 6f whichis AS; and of which AO 
is one of its insisting straight lines. Take any straight line aj 


and as MA to AP, so make a tob; and as NA: to AQ, so 


make:b toc; andas AO to AR, so c tod: then, because the 
parallelogram AE is equiangular to AS, AE is to AS,/as the 
straight line a to c; as is demonstrated.in the 23d. prop.,book. 
6, and the solids AB, AY, being betwixt the parallel, planes. 


BOY, EAS, are of the same altitude. ~Therefore: the solid 


42. 11. 


: 25, 1K. 


Bdef A. 5. 


AB is to the solid AY, as» the base AE. to the base AS jrthaty 


is, as the straight line ais to.c.. And the solid AY is to the 
solid AX, as¢ the base OQ is to the base QR; that is, as the 


ce Be G | ea 
ee ee i, 
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staiunt line OA to AR; that is, as the straight ine c to the | 
" straight line d.. And tis ikedaias the solid AB is to the’ solidtAY, 3 


as.a is to c, and the solid AY to the solid AX asc is. to.d;, ea, 
eguali, the solid AB is te the solid AX, or CD (which As, 


equal to it, as the str aight line a is tod. But the fatio of a a 


to d is said to be compounded #4 of the ratios of ato b, b toe,’ 
and. cto d, which are the same withthe ratios of the: sides 
MA to AP, NA to AQ, and OA to AR, each to each. And 
the sides AP, AQ, AR are equal to the sides DL, DK, DH, 
each to each. Therefore the solid AB has to the solid‘CD 


. the ratio which is the same with that which is compounded 


of the ratios of the sides AM to 0g AN to ee AO te 


DH. Q. E. D. 


f 


Préduce MA, NA; OAito P, Q, ae): so. that, AP be. équalito a Z 


* 


at4 
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on Ue PROB. XXXIV. ‘THEOR. 


yak The Bidses' and altitudes 6 equal sohie ‘pataliclopi? See Note... 


peds, are, reciprocally proportional ; and if the. bases 
and altitudes be reciprocally a phar the solid 
parallelopipeds: are Sue! | 


. Let AB, CD be equal solid ndrallblepindde thelr Bdses are 
reciprocally proportional to their altitudes; ‘that is, as the 


Book Xi; 


Saeetyme 


base EH is to the base NP, so is the altitude of the solid CD 


_ solids AB, CD be equal, 


-parallclopiped CV - of 


to the altitude of the solid AB. 
First, Let the insisting straight lines, AG, EF, LB, HK; 

CM, NX, OD, PR be at right angles to the bases. As the 

base EH to the base NP, | Ma 

so nM to AG. If the K Bea Dp 

base EH be equal to the 6 <:—, “5 aa 

base NP, then actu the |G N, i KM 


to the solid CD, CM shall ' fi : 

be equal to AG. Because} |. lop 0 

if the bases EH, NP be H {7— : 
ual, but the altitudes AG, : ‘ 

CM & be not equal, neither “ig - R23] a 

shall the solid AB be equal to the solid CD. | But the solids 


are equal, by the hypothesis. Therefore the altitude CM is 


not unequal to the altitude AG; that is, “they are equad 
Wherefore as the base EH to the base NP, so is CM to AG. 

Next, Let the bases EH, NP not be equal, but EH greater 
than the other: since then the solid AB 1s equal to the solid 
CD, GM_ is therefore hike 
greater than AG: for, if AUR Ge aN 
it be not, neither also, in K 

this, case, would the ~— | ARS 


which, by the hypothe- CG ee ates 
sis, are equal. Make ee asebad | 
then CT equal to AG, : Ih ; G3 af. 
and complete’ the. solid H a , ne LOT 


which the base is NP, (ag ED E iW oe bua aa 
and altitude CT.  Be- ae, N 
cause the solid AB‘is equat to the solid CD, therefore the 


solid AB is likewise equal , | ‘at 


Wo ee Xi 


solid AB is to the solid GV, as ® the solid cD to the solida 7.5. . 


“ 


4 
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Book X11. CV. But as the solid AB to the solid CV, so® is the base 


- “~~we EH to the base NP; for the solids AB, CV are of the same 
b 32: 11, 


¢ 25.11, 
2 1. & 


eA.5. 


$31, 11. 


ke 


altitude; and as the solid CD to CV, .so* is the base MP te 
the base PT, and so? is the straight line MC to CT; and 


_CT is equal ts AG. , Therefore, as the base EH to the base, 


NP, so is MC to AG. Wherefore, the bases of the solid pa- 
rallclopipeds AB, CD are ‘*ecipiotally proper tional tot leit 
altitudes. EEE TRE M, 

Let now the bases of the solid Sanellebopipdis AB, cD be 
reciprocally proportional to their altitudes 5. viz. as the basc 
EH to.the. bage NP, soithe joven BithatteGes yee: eye 
altitude of the solidC Dito K, . eS rece 8 


the, altitude of the ‘solid eg 8 We TaN: 


AB; the solid AB 1s equal 
to the solid CD. Let the, |. \ 
insisting lines: be, .as be- 
fore, at ‘tight angles to the H ; 
bases» Then; if the base * Ge NR 
EH be equal to the base eevee 

NP, since FH i is to NP, as ek e! = 
the altitude of the solid CD is to the slauute of the Sud AB, 
therefore the altitude of CD. is'equal ¢ to the altitude of AB, 
But solid parallelopipeds upon equal bases, and of the same 


altitude, are equal f to one another : thepptore the solid AB is 


equal to the solid CD. 
But let the bases EH, NP be unequal, and let EH be the 


greater of the two. Therefore, since as the base EH to the 


base NP, so is CM the Bg Yipee 
altitude of the solid CD ii) : ges D 
to AG the altitude of boy 
AB, CM is. eréater*¢ ey POE ' 
than AG. Anas take 4:53 B ~ eter 
CT equal to AG, and ee oe ae 
complete, as before, the ~ |G }7 A caihy SRT. & 
solid-CV. And because ~ ae 
the base EH is to the i) | - 4 pf 
base NP, as CM to AG, # —~ ON 
and that AG is equal to. _\¥_—___» 


lo 


‘CT, therefore the base Toc ome ne No 


EH is to the base NP, 


as MCto CT. But as the base EH i is to NP, soi is ‘a solid 


AB to the solid CV; for the solids AB, CV. are of the. same 
a and as MC to CT; So is thexbase MP. to. the mnie 


“pal 
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PT, and the solid CD to the solide CV: and therefore as the Rook XI. 
solid AB to the solid CY, so is the solid CD to the solid CV ; Ne yme 
‘that is, each of the solids AB, CD has the same ratio to the © 25. 11. 
solid CV ; and therefore the solid AB is equal to the solid CD. 

Second general case. Let the insisting ‘straight lines FE, 
BL, GA, KH; XN, DO,MC,RP not be at right angles to 
the Gases: of the solids ; and fou the points F, B, K,G; X, 
D, R, M draw per pendiculars to the planes in which are the 
bases FH NP meeting those planes in the points 52 i, og & 
25 Ty U, Z; and complete the solids FV, XU, which are pas 
fallelopipeds, as was proved in the last part of prop. 31, of » 
this book. In this case, likewise, if the solids AB, CD be cook 
their bases are reciprocally proportional to their altitudes, 
viz. the base EH to the base NP, as the altitude of the solid 
CD to the altitude of the solid AB. Because the solid AB is 
equal to the solid CD, and that the solid BT is equals to the g 29. or 30. 
solid BA, for they are upon the same base FK, and of the 11. 


K B : AA 3 D 


le. VA, 


a Ne eS -Q 
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same altitude; and that the solid DC is equals to the solid 
DZ, being upon the same base XR, and of the same altitude; 
therefore the solid BT is equal to the solid DZ: but the bases 
are reciprocally proportional to the altitudes of equal solid pa- 
rallelopipeds of which the insisting straight lines are at right 
angles to their bases; as before was proved: therefore as the 
base FK to the base XR, so is the altitude of the solid DZ to 
the altitude of the solid BT: and the base FK is equal to the 
base EH, and the base XR to the base NP; wherefore as the 
- base EH to the base NP, so is the altitude , the solid DZ to 
the altitude of the solid BT: but the altitudes of the solids 
“DZ, DC, as also of the solids BT, BA, are the same. There- 
fore as the base EH to the base NP, so is the altitude of fhe 


2H 
f 
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solid CD to ‘the altitude of the solid AB; thai 3 1S, the pases of 
the solid parailelopipeds AB, CD ‘are repypnoc ally propor- Pe 


tional to their altitudes. 


- Next, Let the bases of the solids AB, CD be reciprocally pro- | 


portional to their altitudes, viz. the base EH to the base NP, as 


g 29. or 3 
71. 


the altitude of the solid CD to the altitude of the solid AB; the | ae 


solid AB is equal to the solid CD : the same. construction bein 


made ; because, as the base EH tothe base NP,so is the alti- | 


tude of the solid CD to the altitude of the solid AB; and that 
the base EH is equal to the base FK ; and NP to XR; there- 


| fore lg base ¥K is to ‘the base XR, as the altitude of the oa 


ed 


solid CD to the altitude of AB: but the altitudes of the solids’ 


AB, BT are the same, as also of CD and DZ; therefore as 
the base FK to the base XR, so is the altitude of the solid DZ 


to the altitude of the solid BT: wherefore the bases of the . 


‘solids BT, DZ are reciprocally proportional to their altitudes ; 


* and their i insisting straight lines are at right angles to the bases; 


- wherefore, as was before proved, the solid BT is equal to the 


0. solid DZ :but BT is equal& to the solid BA, and DZ to the solid 


DC, because they are upon the same bases, and of the same alti- 
tude. The? the solid ABI is equal to the solid CD. Q. Pe D. 


OF EUCLID. , 243 


ft 


PROP. XXXV. THEOR. 


__ IF; from the vertices of two equal plane angles, 5... note. 
there be drawn two straight lines elevated above the 
planes in which the angles are, and containing equal 
angles with the sides of those angles, each to each ; 
and if in the lines above the planes there be taken any 
‘points, and from them perpendiculars be drawn to the 
planes in which the first-named angles are; and from 
the potats in which they meet the planes, straight lines 
be drawn to the vertices of the angles first named; - 
these straight lines shall contain equal angles with the 
straight lines which are above the planes of the angles. 


_ Let BAC, EDF be two equal plane angles; and from the 
points A, D let the straight lines AG, DM be elevated above _ 
the planesof-the angles, making équal angles with their sides, — 
each to each, viz. the angle GAB equal to the angle MDE, and 
GAC to MDF; and in AG, DM let any points G, M be ta- 
ken, and from them let perpendiculars GL, MN be drawn to 
- the planes BAC, EDF, meeting these planes inthe points L, N ; 
and join LA, ND: theangle GAL is equal to the angle MDN. 
=e ; D : el ; 


Make AH equal to DM, and through H draw HK parallel — 
- to GL: but GL is perpendicular to the plane BAC; where- at 

‘ fore HK is perpendicular to the same plane: from the points * °.** 

_ .K, N, to the straight lines AB, AC, DE, DF. draw perpen- 

- diculars KB, KC, NE, NF; and join HB, BC, ME, EF: ~ 


Pe 


, Book XI, _ 
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Book XI. because HK is perpendicular to the plane BAC, the plane 
tex HBK which passes through HK isatrightangles>tothe plane “© 
618.11. BAC; and AB is drawn in the plane BAC at right angles te 
the common section BK of the two planes; therefore AB is 
c 4. def. 11. perpendiculare tothe plane HBK, and makes right angles# 
d3.def. 11. with every straight line meeting it in that plane: but BH meets 
| it in that plane: therefore ABH is aright angle: forthe same ™ 
reason, DEM is a right angle, and is therefore equal to the — | 
angle ABH :-and the angle HAB is equal tothe angle MDE. 
_ Therefore in the two triangles HAB, MDE there are two ans. a 
gles in one equal to two angles in the other, cach to each, and. 
one side equal to one side, opposite to one of the equalangles 
in each, viz. HA equal to DM; therefore the remaining sides” 
are equal®, each to each: wherefore AB is equal to DE, In . 
the same manner, if HC and MF be joined, it may be demon- | 
strated that AC is equal toDF : therefore since AB is equal to 
DE, BA and AC are equal to ED and DF; andthe angle 
D | 


€ 26. 1. 


a 
a A 


BAC is equal to the anele EDF ; wherefore the base BC is e- 
rat _» qual f to the base EF, and the remaining angles to the remain- 
eG ing angles: the angle ABC is therefore equal to the angle 

DEF : and the right angle ABK is equal to the right angle 
DEN, whence the remaining angle CBK is equal to the re- _ 
maining angle FEN : for the same reason, the angle BCK is _ 
equal to the angle EFN ; therefore, in the two triangles BCK, 
EFN, there are two angles in one equal to two angles in ¢he 
other, each to each, and one side equal to one side adjacent 
to the equal angles in each, viz. BC equal to EF 5 the other § 
_ sides, therefore are equal to the other sides; BKthenisequal 
- to EN:and AB is equalto DE; whercfore AB, BK are equal 
to DE, EN; and they contain right angles; wherefore the, 
base AK is equal.to the base DN’: and since AH is equal to 


oth 7, ¥, > . \ « *. nel - 
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F Ok gitapers: : 
_ BM, the square of AH is equal to the square of DM ; but the Book x1. | 
squares of AK, KH are equal to the square § of AH, Decause damned 


AKH is a right angle ; and the squares of DN, NMare equal ® 47.1. 


to the square of DM, for DNMisarightangle : wherefore the 
squares of AK, KH are equal to the squares of DN, NM; and of 
those the square of AK is equal to the square of DN: there- 
fore the remaining square of KH is equal to the remaining. 
square of NM; and the straight line KH to the straight line 
NM ?andbecause HA, AK are equal to MD, DN, each to each, 
and the base HK to the base MN,as has oa proved ; there- 


fore the angle HAK is equal} to the angle MDN. Q.E. D.b8.1 


_ 


Cor. From this it is manifest, that if, from the vertices of 
two equal plane angles, there be elevated two equal straight 
lines containing equal angles with the sides of the angles, each 
to each; the perpendiculars drawn from the extremities of 
the equal straight Jines to the planes of the first mneice are 
“qual to one another, 

/ 


Another Demonstration of the Corollary. 


Let the plane angles BAC, EDF be equal to one another, and eo P 


let AH, DM be two equal straight lines above the planes of 
the angles, containing equal angles with BA, AC; ED, DF, 
each to each, viz. the angle HAB equal to MDE, and HAC 
equal to the angle MDF; ‘and from H, M let HK, MN be 


perpendiculars.to the planes BAC, EDF: HK is equal to MN. © 


Because the solid angle at Ais contaiiied by the three plane 
angles BAC, BAH, HAC, which-are, each to each, equal to 
the three plane angles EDF, EDM, MDF containing the solid 


~ gngle at D ; the solid angles at A and D are equal, and there- 


fore coincide with one another ; to wit, if the plane angle BAC 
be applied to the plane angle EDF, the straight line AH coin- 
cides with DM, as was shownin prop. B of this book : and be- 
cause AH is equal to DM, the point H coincides with the point 
M: wherefore HK,. which is perpendicular to the plane 
BAC, coincides with MNi, whichis perpendicular to the plane. 
EDF, because these planes coincide with one another: therefore ' 
HK is pe ae MN. AQ. BE. D, | \ : 


Ry 
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"PROP. XXXVI. THEOR. 


Tr three. straight lines he bedporicnels, the otha 


parallelopiped described from all three as its sides, is | ~ 


equal to the equilateral parallelopiped described from : 3 


the mean proportional, one of the solid angles of a 
which is contained by three plane angles equal, each 


to each, to the three plane angles’ containing one of mM 


the solid angles of the other figure. 


Let :A, 3B; C be three. proportionals, viz. A to B, as B to C 
The solid described from A, B,C is equal to the ‘equilater al 
solid described from B, equiangular.to the other. | 

Take asolid angle D contained by three plane angles EDF, 


~FDG, GDE: and make each of the straight. Rca ED, DF, 


DG Saute to B, and complete the solid parailelopiped ‘DH: 


- make LK equal to A, and at the point K in the straight line 


3 261%. 


b 14. 6, 


__LK make? a solid angle contained by the three plane angles Bie 
* EKM, MEN, NKL equal to the angles Bera niostoay Niele : 


oe 7 
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each to. bah asia make. KN. equals to B, and KM el to. i 
C; and complete the solid parallelopiped KO; and because as 


' A is to B, sois B to C, and that A is equal to LK, and B q 


to each of the straight lines DE, DF, and.C to KM; there- 


fore LK is to ED, as DF to KM; that is, the sides about the 


equal angles are recipr o¢ally proportional; therefore the pa- ~ 
rallelogram LM is equal to EF; and because EDF,LKM are 


two equaf plane angles, and the two equal straight lines DG, 


KN are drawn from their vertices above their planes, and con- 


_ tain equal angles with their sides; ther efore the perpendicu-- ” 4 
tars from the points G,. Ny to the planes we LKM are 


‘Or mRUCLID 2 Pye a 


équal¢ to,one another: therefore the solids KO, DH are of the Book XI. 
same altitude ; and they are upon equal bases LM, EF; and “~¥-—~ 

. ‘therefore they are equal@ to one another : but the solid KO is ¢ Cor: 35.12, 
described from the three straight lines A, B, C, and the solid 4 31. 11. 
DH from the straight line B. If therefore three straight lines, 

&e. Q. E. D. | | : 


PROP. XXXVIL. THEOR. 


IF four straight lines be proportionals, the similar gee note. 
solid parallelopipeds similarly described from them 
shall also be proportionals. And if the similar paral-) 
lelopipeds similarly described from four straight lines 
be proportionals, the straight lines shall be propor- 
tionals. | | 


\; 


Let'the four straight lines AB,CD, EF, GH be proportion- — 
als, viz. as AB to CD, so EF to GH; and let the similar pa- 
-rallelopipeds AK, CL, EM, GN be similarly described from 
them. AK isto CL,as EMto GN. . : 
Make# AB, CD, O, P continual proportionals, as also EF,a 11. 6, 
GH, Q, R: and because as AB is to CD,so EF toGH; and ~ 
that CD is® to O, as GH to Q, and O to Pyas Q to R; there-b 11, 8. 


: L 
| Coy ae 
LA. Ty Oa eee cer eineeoe 
gee wv 
Re ie 
: mn 3 
ema GOH Qo R 


fore, ex equalit, AB is to P, as EF to R: but as AB to P,, 99, ¢ 
so? is the solid AK to the solid CL; and.as EF to R, sod is yon 39 
_ the solid EM to the solid GN: therefore> asthe solid AK to 4, . 
. the solid CL, so is the solid EM to the solid GN. 


et 
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Book XI. hac let the solid AK be to the “solid CL, as he solid EM 
eye . to the solid GN : the straight line AB is teCD, as EF toGH, 
© 27. 1. Take AB to CD, as EF to ST, and from ST describe®a — 
|  6olid parallelopiped. SV similar and similarly situated to ei. — 
ther of the solids EM, GN: and because AB is to CD, as» 
EF to ST; and that from AB, CD the solid pas 
AK, CL are similarly described ; -and, in like manner, the SO- 
- lids EM, SV from the straight lines EF, ST; therefore AK — 
| is to CL, a as EM to SV: but, by the hypothesis, AK is to CLy 3 


& 


* 


K apis 
< 4. t, 
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A $200 2 
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£9. 5. as RM eS GN: therefore GN is equalf to SV: but it is like. © 4 


wise similar and similarly situated to SV; therefore the 
planes which contain the solids GN,SV are similar and equal, 
and their homologous sides GH, ST equal to one another: 
and because as AB to CD, so EF to ST, and that ST is 
-equal:to GH; ABvis to CD, as EF to GH. Therefore, if i ; 
vee lines, &e. Q. E. D, pe 


+ Ts PROP: KEMVE, THEOR. 


‘* TF a plane be perpendicular to another plane, and 

a straight line be drawn from a point in one of the 
_ * planes perpendicular to the other plane, this straight _ 
** jine shall fall on the common section of the planes. ”” co 


See Note. 


« Let the plane CD be perpendicular to the plane AB, and 
« Jet AD be their common section; if any point E be taken 
‘‘in the plane CD, the perpendicular drawn from E to the 
¢ _ AB shall fall on AD. . 


OF EUCLID. . 249 


For, if 1 it does not, let it, if possible, fall Hnievenss as EF; Book x1 
« and letit’meet the plane AB in the point F; and from F 
« draw, in the plane AB, a perpendicular FG to DA, whicha 12.1.) +" © 
« is also perpendicular > to the plane CD; and join EG: then b 4. def, 11. 
«« because FG is perpendicular » ; 
“to the plane CD, and the 
“ straight line EG, which is in 
“ thatplane, meets it ; therefore 
© FGE is a right angle : but 
«“ Ef’ is also at right angles to 
“ the plane AB ; and therefore 
“« EFGisa right angle : where- 
«“ fore two of the angles of the 
5 triangle EFG are equal toge- 


«‘ ther to two right angles; which is absurd: therefore the” 
«¢ perpendicular from the point E to the plane AB, does not 
“ fali elsewhere than upon the straight line AD; it therefore 
“ falis upon it. If therefore a plane,” &c. Pe! E. D. 


¢ 4. def. 11. 
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PROP, XXXIX. ‘THEOR. Cr2 


IN a solid phicallclopipad. if the sides of two of the See Note. 
opposite planes be divided each into two equal parts, | 

_ the common section of the planes passing through the 
points of division, andthe diameter of the solid paral- 
lelopiped cut each other into two equal parts. | ! 


\ 


Let the sides of D> a ae 
_ theoppositeplanes = : cae: COPE ae de 
CF, AH of the sow J Oh ¥ q 0.” 

-jid parailelopiped S tes | e 
AF, be divided | ; 
each. into two e- Bak ta a i 
qual'parts in the |. | N | 


Boe ae See on LIN} 
; X Ore, Re | det 
anit join KL, MN,. : ave : 
XO, PR}: and be-' eS 
éause DK, CLare , | 8 | 
equal and parallel, 3 a 
KLis parallel to §- RRR | Na Ses 
DC: for the same | PN ae —aw 
reason, MN ispa- ~ : 
rallel to BA: and A. ata Dees G 
BA is parallel to SS . 
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De; therefore, because KL, BA, are aaiahs of ‘them jarallebie’ 


tenet DC, and not in the same plane with it, KL is parallel» to BA; 


69,11, 


d 4.1. 


¢ 14,1. 


< f 15. pH ; 
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- to OE, and XY to | a ca 5 Oe a 
YO, and contain eS eS Be \. 0 
equal angles, the ve 


| 
the other angles Pee nee oe . 
are equal ; there- ne . 
fore the angle 3 


and because KL; MN are each of them paraliel to BA, and — 


not in the same plane with it, KL is parallel® to MN ; where- 
fore KL, MN are in onc plane. In like manner, it may be provy- 
ed, that XO; PR are inone plane. Let YS be the common sec- 
tion of the planes. KN, XR; and DG the diameter of the solid 


parallelopiped AF; YS and’ DG do meet, and cut one another : 


into two‘equal parts. 

Join DY, YE, BS; SG. Because DX is par allel to OF, the 
alternate angles DXY, YOE are eqnal?s * toone another: and be- 
cause DX isequal D . Ki; Me Vess (hc aes 


base DY isequal4 — ike | a Sirs yr 
to the base YE,and gt Sof 


XYD is. equal to: 1. ibs NI 4 
the angle OYE, | RS — 
and DYE is a hitceeL: 3 | 
straight line: for . 
the same reason ise: 
BSG is a straight ep 
line, and BS equal . 
to SG: and ae bs A ‘ shige te G 
cause CA is equal : 3 
and parallel toDB, 

and also equal and pai ‘allel to EG; ther efore: DBi is shia and 


_ parallel.© to EG: and DE, BG join their extremities; there- 
tore DE is. equal and parallel@ to BG’: and DG, YSaredrawn, . 
from pointsin the ene, to points i inthe other ; andare therefore 


in one plane: whence itis manifest, that DG, YS must meet 
one another; let them meet, in T: and becaase DE is paral- 
lel to BG, the alternate angles EDT, BGT are equals; and the 


angle DTY is equal fto the angle GTS: therefore i in the tri- 
angles DYTY, GTS there are two angles in the one. equal | to, 
_ two angles in the other, and one side equal to one side, oppo- — 


site to two of the equal angles, viz. DY to GS 5 for they are 
the halves of DE, BG: therefore the remaining sides are 
equals, each to each. Wherefore DT is equal to TG, pad YT 
any! to TS. - Ny gere fares if'in a \ gogtae Q E. Dey, 


‘ 2 sae 
fe NE x 


t 


OF EUCLID. er 


sd a | i Book XI. 


PROP. XL. THEOR. | 


4 


“Cal there be two triangular prisms of the same alti- 
: tude, the base of one of which is a parallelogram, and 
the base of the other a triangle ; ; if the parallelogram be 
double of the trianglé, the prisms shall be. equal to one 
; another. : ae th. 


Let the prisms ABCDEF, GHKLMN be of the same alti- 
tude, the first wherefore is contained by the two triangles 
ABE, CDF, and the three parallelograms AD, DE, EC ; and 
the other by the two triangles GHK, LMN ‘ond the thrée 
parallelograms LH, HN, NG;\and let one of them have'a _ 
parallelogram AF’, and the other a triangle GHK for its base; 
if the parallelogram AF be double of the triangle GHK, nie 
prism ABCDEF is equal to the prism GHKLMN. 

Complete the solids AX,GO;.and because the parallelogr ane” 
AF is double of the trian gle GHK; and the par Nish ati HE 


M eo) 


ait G K 


double of the’ same triangle ; Ghere fore the: arallélopram AF 4 34,14, 
is equal to HK. But solid parallelopipeds upomequal bases, and 

of the same altitude, are equal® to one another. ‘Therefore the p 31. 11. 
solid AX is equal to the solid GO; and the: prism ABCDEF 

is halfe of the solid AX ; and the prism GHKLMN half of¢ 9g. 11. - 
the solid GO. T herefore the prism ABCDEF is equal to the 

prism GHKLMN. abies oe if poe be two, AG Q.E. D. 

, 


ae See oe 
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BOOK XI. 


LEMMA L : 


Book XML, Which is the first pr oposition of the tenth book, and i is neces- 


See Note. 


than its half, and from the remainder AH | G | 


sary to some of the ea of this book. 


IF fein ‘he greater of two unequal snagnitudes; 
there be taken more than its half, and from the re- 

muinder more than its half, and so on; there shall at 
length remain a magnitude less than the least of the » 
proposed em 7 


Let AB m* C be two unequal magnitudes, of which AB is 
the greater. If from AB there be taken more 
than its half, and from the remainder more than | a D Pes 
its half; and so on; there shall a a lenge remain A.) 3 
a magnitude less itian Cc. | 

For C may be multipli¢d SO, as at length to 
become greater’ than AB. Let it. be so multi-~ Er 
plied, and let’ DE. its multiple be greater than - Daa 
AB, and let DEvbe divided into DF, FG, GE, ; | 
each equal to C. From AB take BH. oreater H 


take HK greater than its half, and so on, until | 
there be as many divisions in ’AB as there are 
in DE: and let the divisions in AB be AK, 
KH, HB; and the divisions in ED be DF, FG, r 

GE. And because DE i is greater than AB, and B € E 
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that EG taken. from. DE is not greater tham its half, but BH ta- Book XII. 
ken from AB is greater than its half; therefore the remainder oxpaed 
GD is greater than the remainder HA. Again, because GD is } 
greater than HA,’ and that GF is not greater than the half of 
GD, but HK is greater than the half of HA ; therefore the re- 
mainder FD is greater.than the remainder ‘AK. And FD is 
equal to C, therefore Cis greater than AK; that is, AK is less 
than ARO. Dd: 
And if only the halves be taken 8 a the same hn may 
in the same way be rong nb ra | 


? i 4 - 
PROP. I. \THEOR. 


. SIMILAR polygons inscribed i in circles are to one 
| another as the squares of their diameters. : : 


Pes ABCDE, F GHKL ae two Giicles; and in them: the-si-' 
milar polygons ABCDE, FGHKL,; and let BM, GN be the di- 
ameters of the circles ; as the square of BM is to the square © 
of GN, so is the polygon ABCDE to, the polygon FGHKL. 

_ Join BE, AM, GL, FN: and because the polygon ABCDE is 
_ similar to the polygon FGHKL, and similar polygons are divi- 
_ ded into similar triangles ; the triangles ABE, FGL are simi- — 


re and. equianwuanas and ie totre ‘the: te AEB i is equal b 6. 6. 

to the angle FLG: but AEB is equal ¢to AMB, because they’e 21.3 

stand upon the same circumference ; and the angle FLG is, 

for the same reason, equal to the angle FNG : therefore also 

the angle AMB is equal to FNG: and the right angle BAM 

is €qual to the right 4 angle GFN ; wherefore the remaining g 37, n. 
angles in the triangles ABM, FGN are oi and they are 


ota eh ee OTHE ELEMENTS" 


Book XI. equiangular to one another: therefore as‘'BM to GNy:soe. is 


“~~ BA to GF; and therefore the duplicate ratio of BM to GN, 
e 4 6. is the same with the duplicate ratio of BA to GF: but. the © 
10. def, §, ratio of the square of BM to the square of GN, is the dupli- 
%& 22.5 cate® ratio of that which BM has to GN; and the ratio of the 
§ 20.6 polygon ABCDE to the polygon FGHKL is the duplicate & _ 


: ‘of that which BA has to GF ; therefore, as the équare of BM 
2 to the square of GN so is the polygon ABCDE, to the poly- 
~ gon FGHKL, Wherefore similar polygons, &c. Q. E. D. 
) fp ft wer 4 pe this A ee 
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See Net. CIRCLES are to one another as the squares of 
their diameters. acres 


Let ABCD. EFGH be two circles, and BD;.FH their di- 
ameters: as the square of BD to the square of FH, sois the 
circle ABCD, to the circle EFGH. ~ Be gare fe eigen, 

For, if it be not. so, the square of BD. shall be to the square 
of FH, as the circle ABCD is to some space either legs/ than the 
circle EFGH, or gréater than it*., First let it be toa space © 
‘S less than thé circlé EFGH; and in: the ~circle EFGH 
describe the square EFGH: this square is greater than 
half of the circle EFGH ; because if, through aaa» 
E, F,G, H, there be drawn tangents to the circle, the squar = 


*For there is ome 'saildre equal to the circle ABCD; let P be the’ 
. side of it, and to three straight lines BD, FH, and P, there can be a’ 
fourth proportional ; let this he Q; therefore the squares of these four 
straight lines are proportionals; thatis, to the squares of BD, FH, and. 
the circle ABCD, it is possible there may be a fourth proportional, 
Let this be S. And in like manner are to be understood some things ih 
some of the following propositions. . 
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EF GH is ‘half a "of the square described about the circle: and Book Xi. 
the circle is less than the square described about it; therefore yas 
the square EFGH is greater than half of the circle. Divide thea 41.1. 
circumferences EF; FG, GH, HE, each into two equal parts in 

the points K, L, M, N, and join EK, KF, FL,LG, GM, MH, 

HN, NE: ahs each of the triangles EKF, F LG, GMH, ' 
-HNE is greater than half of the segment ofthe circleit stands 

in; because, ifstraight lines touching the circle be drawn through 

the points K, L, M, N,.and parallelograms upon the straight * 
lines EF, FG, GH, HE be completed; each ofthe triangles EKF, : 

_ BELG, GMH, HNE shall be the half* of the parallelogram in | 

_ which itis: but every segment is less than the parallelogram in 

which itis: wherefore each of the triangles EKF, FLG, GMH, 

. HN Eis: greater than half the segment of the circle w hieh con- 

tains it: and if these circumferences before named be divided 

each into two equal parts, , and their extremities be joined by 

attoignt lines, by aaa to do this, there will at length re- 


my 
7 . } 
ee . 
. - 
Z 


main segments of the circle, which, thecthes, shall be less than 
the excess of the circle EFGH above the space S: because, by 
the preceding lemma, if from the greater of two unequal mag- 
nitudes there be taken more than its half, and from the remain- 
der more than its half, and so on, there shall at length remain a 
magnitude less than the least of the proposed magnitudes. Let 
then the segments EK, KF, FL, LG, GM, MH, HN, NE, be 
those that remain and are together less than the excess of the 
circle EFGH above S: therefore the rest of the circle, viz. the 
Pp olygon EKFLGMHN, is greater than the space S. Describe 
_ Tikewise in the cirele ABCD the polygon AXBOCPDRsimilar 
» to the polygon EKFLGMHN: as, therefore, the square of BD 
4s tothe square of FH, so» isthe polygon. AXBOCPDR tothe b 1, 19, 
polygon EKFLGMHN: but. the, square, of BD is also.to the 
Square of FH, as the, circle ABCDI is’ to the Space 5; therefore, 


oe . aye Stitt) GRBs 
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as the circle ABCD is to- the space S, so is¢ the polygon 
AXBOCPDR to the polygon EKFLGMUN: but the'circle 


- ABCD is greater than the polygon contained in it: wherefore 


the space S is greater4 than the polygon EKFLGMHN : ut 


is likewise less,.as has been demonstrated; whichis impos- — 


sible. Therefore the square of BD is not to the square of FH, 
as the circle ABCD is to any space less than the circle EFGH. 
In the same manner, it may be demonstrated, that neither is 
the square of FH to the square.of BD, as the circle EFGH is 


to any space less than the circle ABCD. Nor is the square of q 
BD tothe square of FH, as the circle ABCD is to any space | 


greater than the circle EFGH: for, ifpossible, let it be so to T; 
a space greater than the circle EFGH: therefore, inversely, as 


the square of FH tothe square of BD,so is the space T to the cir- 
f ms A is j 1 Sa eye ye AE SAREE gs 


a 
ty! 
a ar 
? 
ee Mee i, 
t 
tO a, ee 4 
" if 
€ im i. % 
6 + ty 5 napiet) 4 ‘ 
s 5 (EP Y/ pee staked ee Ales PP . ry oe 
ee te HE UStia OEY Oo Oe Duis Nee 
¥ z f : 
7 % r . c : ‘ « ae F; d ‘ of aL 
. et} eater t aie ease oars a ‘ wi a : 
a Sa AB OR ey edie i aT: ete ck 5 Be ‘ 14%, : ‘ 
cl eee wy ‘ Ee SE Ie se A oy ; 2 Mee ae 
4 or 4 x my BA tS Be rat j : ee 4 DAs 5 


cle ABCD. Butas the spacet T is to the circle ABCD, sois the 
circle EFGG tosome space, which must be less@ than the circle 


s ae ¥ f 1 


ABCD, because the space Tis” reater, by hypothesis, than the 


a¥ 


circle EFGH. Therefore as the square of FH is to the square — 


ble there‘could be a fourth proportional to the squares'of BD, FH, and 
the circle ABCD, which wasinamed S. So inlike manner there can be 
a fourth proportional to this other space, named T, and the circles 


t For, as in the foregoing note at *, it was explained how it was possi- 


"ABCD, EFGH. And the like is to be understood in some of the fol 
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lowing propositions. 
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of BD, so is the circle EFGH to a space less than the circle Book XI. 


' ABCD, which has been demonstrated to be impossible : there- 
fore the square of BD isnot to the square of FH, as the circle 
ABCD is to any space. greater than the circle EFGH: and it 
has been demonstrated, that neither is the square of BD to the 
square of FH, as the circle ABCD to any space less than the 
circle EFGH: wherefore, as the square of BD to the square 
of FH, so is the circle ABCD to the circle EFGH*. Circles 
therefore are, &c. Q. E. D. 


PROP. III. THEOR, 


a 


EVERY pyramid having a triangular base, may 
be divided into two equal and similar pyramids having 
triangular bases, and which are similar to the whole 
pyramid; and into two equal prisms which together 
are greater than half of the whole pyramid. 


Let there be a pyramid of which the base is the triangle 
ABC and its vertex the point D: the pyramid ABCD may be 
divided into two equal and similar pyra- D 
mids having triangular bases, and similar 
to the whole; and into two equal prisms 
_ which together are greater than half of the 
whole pyramid. ve 

Divide AB, BC, CA, AD, DB, DC, each 
into two equal parts in the points E, F, G, 
H, K, L, and join EH, EG, GH, HK, KL, 
LH, EK, KF, FG. Because AE is equal to 
EB, and AH to HD, HEisparallelato DB: 
for the same reason HK is parallel to AB: 
therefore HEBK is a parallelogram, and 
HK equal’to EB: but EBis equal to AE; 
therefore also AE is equal to HK: and AH 
is equal to HD; wherefore EA, AH are 
~ equal to KH, HD, each to each; and the an-B F. Cc 


Sonat 


See Note. 


ele EAH'is equal¢ to the angle KHD; Re c gb. 


therefore the base EH is equal to the base 


_ * Because as a fourth proportional to the squares of BD, FH, and the 
_ Circle ABCD is possible, and that it can neither be léss nor greater 
than the circle EFGH, it must be equal to it, : 

| GS aan. 
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Book XU, KD, ond the tr iangle AEH equal 4 and similar to the trighgle ‘ a 
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DL’ 
‘them, they contain equal¢ angles; ther efore the angle EHG 


-ADB is equiangulareto the triangle HDK, 


DKL; and the triangle ADC to the trian- °K 


‘= 
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HKD: for the same reason, the triangle AGH is equaland 
similar to the triangle HLD: and because the two straight 7 
lines EH; | HG which meet one another are parallel to KD, 4 
iat meet one another, and-are not in the same plane with — 


is equal to the angle KDL. Again, because EH, HG, are 4 
equal to KD, DL, each to each, and the angle EHG equal to ee 
the angle KDL; therefore the base EG is equal to the base 

KL; and the triangle EHG equal* and similar to the triangle 

KDL: for the same reason the triangle AEG is also equal - 
and similar to the triangle HKL. Therefore the pyramid of 4 
which the base is the triangle AEG, afd of which the vertex ) 
is the point H, is equal and similar to the pyramid the hase 
of which is the triangle KHL, and vertex) _ | Be 
the point D: and because HK is parallel to — 
AB a side of the triangle ADB, the triangle 


and their sides are proportionalsé : there- 
fore the triangle ADB is similar to the 
triangle HDK: and for the same reason, the 
triangle DBC is similar to the triangle 


gle HDL; and also ‘the triangle ABC to 
the triangie AEG: but the triangle AEG 
is similar to the triangle HKL, as before 
was proved ; therefore the triangle ABC is 
similar’ to the triangle HKL. And the py- 
ramid of which the base isthe tfiangle ABC, 
and vertex the point D, is therefore simi-) ae a 
Jari to the pyrafuid of which the base is” : il 
the triangle HKL, and vertex the same point D : but the pyr a= a 
mid of which the base is the triangle HKL, and vertex the 


_ point D, is similar, as has been proved, to the pyramid the base 


of $hich | is the triangle AEG, anid vertex the point H: where- =~ 
fore the pyr amid, the base of which is thetriangle ABC, andver- ~ | 
tex the point D,is similartothe pyramidofwhichthe base isthe = 7 
triangle AEG and vertex H: therefore each of the pyramids 
AEGH; HKLD is similar to the whole pyramid ABCD: andbe- 


_ cause BF is equal to FC, the parallelogram EBFG isdouble*of 


the triangle GFC: butw hen thereare two prisins of the same al-- 
titude,of which one has a parallelogram fcrits base,and the other be 
a triangle that is half of the parallelogy am, these-prisms are 7 


y equal * ¢o one another ; therefore the prism having the par allelo- 


gram EBFG for its base, and the straight line KH opposite to it, 97 


Sis equal to the prism havi ing the triangle GFC for its base, and 7] 
- the triangle HKL opposite to it ; for they ¢ are of the same alti- 


- 7 


ae 


: ideal bevause they are betiveen the parallel planes ABC, Book Xt. 


HKL: and it is manifest that each of these prisms is greater ew) 


than either of the pyramids of which the tri gles AEG, HKL b 15. 11. 


are the bases, and the vertices the points H, ; beoanse ifEF 
be joined, the prism having the parallelogram EBFG for its 


base, and KH the straight line opposite to it, is greater than 
_ the pyramid of which the base is the triangle EBF, and ver- 


tex the point K; but this pyramid is equal¢ to the pyramnl ¢ C, 1%, 
the base of which i is the triangle AEG, and vertex the point 

Hi; because they are contained by equal and similar planes: 
wherefove the prism having the parallelocram EBFG for its - _ 
base, and opposite side KH, is greater than the pyramid of 

which the base is the triangle AEG, and vertex the point H: 

and the prism of which the base is. the parallelogram EBFG, © : 
and opposite side KH, is equal to the prism having the trian- i 
gie GFC for its base, and HKL the triangle opposite to it; 


and the pyramid of which the base is the triangle AEG, and 


- vertex H, is equal to the pyramid of which the: base i is the tri- 


<® 


angle HKI., and vertex D: therefore the two prisms beféte 
mentioned are greater than the two pyramids of which the 
bases are the triangles AEG, HKL, and vertices the points 
H, D.: Therefore the whole pyramid.of which the base is the 
triangle ABC, and vertex the point D, is divided into two 
equal pyramids similar to one another, and to the whole pyra- 
mid ; and into two equal prisms; andthe two prisms are tog¢ée 


7% See than half of the whole pyramid. Q.E, D- 
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4parts by the planes OMN, STY, because the 
- GC, HF are cut into two equal parts in the 
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PROP. IV. THEOR. 


IF there be two pyramids of the same altitude, up- 


on triangular bases, and.each of them be divided into 


two equal pyramids similar to the whole pyramid, and 
also into two equal prisms; and if each of these pyra- 
mids be divided in the same manner as the first two, 
and so on: as the base of one of the first two pyra- 
mids is to the base of the other, so shall all the prisms 
in one of them be to all the prisms in the other, that 
are produced by the same number of divisions. © 


Let there be two pyramids of the same altitude upon the 
triangular bases ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equal 
pyramids similar to the whole, and into two equal prisms ; and 
let each of the pyramids thus made be conceived to be divided 
in the like manner, and so on: as the base ABC is to the base 
DEF, so are all the prisms in the pyramid ABCG to all the 
prisms in the pyramid DEFH made by the same number of 
divisions. a 

_ Make the same construction as in the foregoing proposition ; 
and because BX is equal to XC, and AL to LC, therefore XL 
is parallela to AB, and the triangle ABC similar to the tri- 
angle LXC : for the same reason, the triangle DEF is similar 
to RVF: and because BC is double of CX, and EF double of 
FV, therefore-BC is to CX, as EF to FV: and upon BC, CX 


~ are described the similar and similarly situated rectilineal , 


figures ABC, LXC; and upon EF, FV, in like manner, are 
described the similar figures DEF, RVF : therefore,as the tri<_ 
angle ABC is to the triangle LXC, so > is the triangle DEF to 
the triangle RVF, and, by permutation, as the triangle ABC. 
to the triangle DEF, so is the triangle LXC to the triangle 

RVE: and because the planes ABC, OMN,as also the planes» 
DEF, STY are parallel¢, the perpendiculars drawn from the 


points G, H ta the bases ABC, DEF, which, by the hypothe- 


sis, are equal to one another, shall be cut each into two equal 
, straight lines 
oints N, Y by 
the same planes: therefore the prisms LXCOMN, RVFSTY 
are of the same altitude ; and therefore, as the base LXC to 


ty 
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- ‘the base . RVF; that is, as the triangle ABC to the triangle Book x, 


DEF, so® is the prism having the triangle LXC for its base, “~~ 
and OMN the tr jangle opposite to it, to the. prism of which * Cor. 32. 
the base is the triangle RVF, and the opposite triangle STY : ". 


and because the two prisms in the pyramid ABCG.are equal ' 
to one another, and also the two prisms in the pyramid DEFH 
_€qual to one another, as the prism of which the base is the pa- 
rallelogram KBXL and opposite side MO, tothe prism haying 


the triangle LXC for its base, and OMN the triangle gas 

site to it, so is the prism of which the base > is the parallelo. > 9. 
gram PEVR, and opposite side TS, to the prism of which the | 
base is the triangle RVF, and opposite triangle STY. There- 

fore, reat ali as the prisms KBXLMO, LXCOMN ba 


G 


gether are unto the prism LXCOMN, so are the prisms. 
PEVFTS, RVFSTY, to the prism RVFSTY: and, permu- 
tando, as the prisms KBXLL.MO, LKCOMN are to the prisms 
PEVRTS,RVFSTY, so isthe prism LXCOMN tothe prism ‘ 
RVFSTY:butasthe prism LKCOMN tothe prism RVFSTY, 
so is, as has been proved, the base ABC tothe base DEF: 
therefor "ey as the base ABC to the base DEF, so are the twe 
prisms in the pyramid ABCG to the two prisms in the pyra- 


-. mid DEFH: and likewise if the pyramids now made, for ex- 


ample, the tvo OMNG, STYH, be divided inthe same man- 


ner; as the base OMN is to the base STY, so shall the 
two prisms in the pyramid OMNG be to the two prisms in 


_the pyramids STYH: but the base OMN is to the base 


STY, as the base ABC to the base DEF ; therefore, as. the 


Bonk XII. ‘Base ABC to the base DEF, so are the two prisms iene py-. 
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pyramids which remain undivided in the pyramid DEFH be, : 
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ramid ABCG to the two pr isms in the pyramid DEFH; and — 


so are the two prisms in the pyramid OMNG to the two prisms: 3 


inthe pyramid STYH; and so are all four to all four: and 


the same thing may be shown of the prisms made by divid- 
ing the pyramids AKLO and DPRS, ana of all made by the | 


same number of divisions. Q. E. D. 


| an PROP. V. THEOR. 


¥ 


PYRAMIDS of the same altitude hich have trie ) ; 


angular bases, are to one another as their bases. 


Let the pyramids of which the triangles ABC, DEF arethe 3 
bases, and of which the vertices are the points G,H,beof the. 
- game altitude: as the base ABC to the base DEF,, soisthe 7 
pyramid ABCG tothe pyramid DEFH. ~~ - 
For, if it be not so, the base ABC must be to the ‘Bake DEF, q 
as the pyramid ABCG to a solid either less than the pyramid 


DEFH, or greater. than it*. First, let it be to asolid less than 


it, viz. to the solid Q: and divide the pyramid DEFH into. — 
two equal pyramids, similar to the whole, and into two equal ~ i 
prisms: therefore these two prisms are greater® than the half - 
of the whole pyramid. And again, let the pyramids made by 7% 


this division be in like manner divided, and so on, until the 


all of them together, less than the excess of the pyramid DEFH 


above the solid Q: Jet these, for example, be the pyramids i 
DPRS, STYH: therefore the prisms, which make the rest of —~ 
the pyramid DEFH, are greater than the solid Q: divide liké- | 


wise the pyramid ABCG in the same manner, and into as 


many parts, as the pyramid DEFH: therefore, as the base — 4 
ABC to the base DEF, so> are the prisms in the pyramid ae 


ABCG to the prisms in the pyramid DEFH: butas the base 


ABC to the base DEF, sb, by hypothesis, is the pyramid ABCG a 
to the solid Q; and therefore, as the pyramid ABCG to the | © 


solid Q, so are the prisms inthe pyramid ABCG to the prisms 


in the pyramid DEFH; but the pyramid ABCG is greater . @ 
than the prisms contained init; whereforécalsothe solid Qis | 
eréater: than the prisms in the. ‘pyramid. D eH. ‘Butitisalso . A 
less, which is impossible. Therefore the bas e ABC is not ta ©" 


* This may be explained the same way as at thé: fiote i, in. proposi- ae 
ete POs bala a "i 
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the bage DEF, as the pyr amid ABCG to ay Solid which is ey pa 
‘than the pyramid DEFH. In the same manner it may be de- Geen 
monstrated, that the bfse DEF is nottothe ABC,asthe = 
_ pyramid DEFH to any solid which is less than the pyramid 
ABCG. Nor can the base ABC be to the base DEF, as the py- 
- ramid ABCG to amy solid which is greater than the pyramid 
-DEFH. For, if it be possible, let it be so to a greater, viz. 

“the solid Z.~ And because the base ABC is to the base DEF. 
as the pyramid ABCG to the solid Z; by inversion, as the base aye ! 
DEF to the base ABC, so isthe solid Z to the pyramid ABCG. ; 
But as the sokd Z is to the pyramid ABC ae sc is the pyramid 
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“DEFH to some solid” which must be iean than the sient 14.5. | 
ABCG, because the solid Z i¢-greater than the pyramid - 

~ DEFH. And-therefore, as the base DEF to the base ABC, so x 
is the pyramid DEFH to a solid less than the pyramid ABCG; — 
the contrary to which has been proved. Therefore the base 
ABC is not to the base DEF, as the pyramid ABCG-to any 
solid which is greater than the pyramid DEFH. And it has 
been proved, that neither is the base ABC to the base DEF, 

- as the pyramid ABCG to any solid which is less than the py- au Ee 
ramid DEFH. ‘Therefore, as the base ABC is to the base sh JS TR 
DEF, so is the pyramid ABCG to the pyramid DEF H. ee 
Wherefore pyramids, &c. Q. E. D- eh om 
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, PROP. VI. THEOR. a 


See Note. PYRAMIDS of the same altitude which have 
polygons for their bases, are to one another as their | 
‘bases. ib : 


Letthe py ramids which have the polygons ABCDE,FGHKL — 
for their bases, and their vertices in'the points M, N, be of th 
same altitude: as the base ABCDE to the base FGHKL, so 

\ is the pyramid ABCDEM to the pyramid FGHKLN. Ms 
} Diyide the base ABCDE into the triangles ABC, ACD 
| ADE; and the base FGHKL into the triangles FGH, FHK 
FKL: and upon the bases ABC, ACD, ADE let there be a 
many pyramids of which the common vertex is the point M,’ 

and upon the remaining bases as many pyramids having their ~ 

common vertex in the point N: therefore, since the triangle — 

a5, 12. ABC is to the triangle FGH, as® the pyramid ABCM tothe —% 
pyramid FGHN ; and the triangle ACD to the triangle FGH, 
as the pyramid ACDM to the pyramid FGHN; and also the 


+a 


OB Ci ee H a 

| triangle ADE to the triangle FGH, asthe pyramid ADEM 
iNet to the pyramid FGHN; as. all the first-antecedents to their 
.b 2. Cor, 24. common consequat, so» are all the other antecedents to their ~ 
The common consequent : that is,as the base ABCDE'to the base 
be FGH, so is the pyramid ABCDEM to the pyramid FGHN: 
_._ and,for the same reason, as the base FGHKL to the base — 
. FGH, so isthe pyramid FGHKLN tothe pyramid F@HN: and, __ 

~ . . by inversion, as the base FGH tothe base FGHKL, soisthe py- 
ramid FGHN tothe pyramid, FGHKLN: then, because asthe | 

base ABCDE, tothe base FGH, so is the pyramid ABCDEM __ 
yo the pyramid FGHN; and‘as the base FGH to the base ~ 

FGH KL, sois the pyramidFGHN tothe pyramidFG HKLN; — 
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Fierefokiel er erica, asthe base ABCDE to the base FGHKL, 6k xq. 
_ so the pyramid ABCDEM to the pyfamid FGHELN. There- jw 


fore ac creegee Wisin! es De apie ay . © 22,5, 


; é ; ree &. RC eR. 


Le PROP. VIL. ‘THEOR.. 


“EVERY prism having. a + triangular. base may be 


- divided into three. pyramids that have Wiangular bases, 
_and’are equal to one another. 3 


Let there bea prism of which the base is the Maable ABC, 


and let DEF be the triangle opposite to it: the prism 


ABCDEF may be divided into three equal Py ramids having 
triangular bases. 
Join BD, EC, CD; and because ABED isa parallelogram 


ef which BD ‘is the diameter, the triangle ABD is equal to, 94 x. 


 is‘a parallelogram of which the diameter 


the triangle EBD ; therefore the pyramid of which the base 


_ is the triangle ABD, and vertex the point C, is equal> to the, 5 Bh 


pyramid of which the base is the triangle EBD, and vertex 


- the point 'C; but this pyramid i is the same with the pyramid 


the base of ‘whieh j is the triangle EBC, and vertex the point 
D; for they-are contained by the same "ilarien ¢ therefore the 
pyramid of which the base is the triangle ABD, and vertex 
the point C, is equal to the pyramid the base of whith 3 is the. 
triangle EBC, and vertex the pone again, because FCB, 
is CE, the triangle ECF is equal to the E 
triangle ECB: therefore the pyramid ‘of © 
which ‘the base is the triangle ECB, and yy 
vertex the point D, is equal to the pyra- 
mid, the base of Which | is the triangle ECF, 
and vertex the point D: but the pyramid 
of which the base is the triangle ECB, and ° a 
vertex the point D, has been proved equal on 
to the pyramid of which the base is the A - 
triangle ABD, and vertex the point C. You 
Therefore the prism ABCDEF is divided into hives equal 


Hb 


- pyramids having ttiancular: bases, viz»into the py ramids 


ABDC, EBDC, ,ECFD: -and because’ the pyramid of which 


~ the base is the étiangle ABD, and vertex the “point ‘CG, isthe “ 


same with the pyramid. of which thease is the triangle ABC, 
and vertex the point D, for they are contained by the same 
planes ; and that the pyramid of which the base is the-tr langle 
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Book XII. ABD, and vertex the point C, has been demonstrated to bes 2 
hen third part of the prism, the base of which is the triangle ABC, 


c 6. 19. 
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and to which DEF is the opposite triangle; therefore the | 
pyramid of which the base is the: triangle ABC, and vertex - : 
the point D, is the third part of the prism which has the same > a 
base, viz. the triangle ABC, and DEF is the ‘opposite 
triangle. Q. E. Dr” 

Cor. 1. From this it is manifest, that every pyramid 1 1s ther $ 
third part of a prism which has the same base, and is of an. 4 4 
equal altitude with it; for if the base of the prism be any — 
other figure than a triangle, it may be divided into. prigms. 5 sa 
having triangular bases. ie 

Cor. 2. Prisms of equal altitudes are to one another. aS 2 . 
their bases; because the pyramids upon the same bases, and — 
of the same altitude, are ¢ to one another as their bases. - 


| PROP. VIE THEOR. iat hayley 3a 


SIMILAR prtonaie iesitoo: triangolae basen are | 
one to another inthe rene ratio of that of their 
homologous sides. 


Let the pyramids fine the ‘taongles ABC, DEF for their 
bases, and the points G, H for their vertices: be similar, and 
similarly situated; the pyramid ABCG has to. the pyramid’ 
DEFH, the triplicate ratio of that which the side BC has to. i 
the hoinalogoits. side EF. ae 

Complete the parallelograms ABCM, GBCN, ABGK, and 
the solid parallelopiped BG ML contained oY tear’ BINS and 


my eT: dees H Mm oe , 7 
. R ae 
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. AY . — Ey Vee ae ca ae : 
: j a: oe oj as rae [oe ae ny oe ae 
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‘eae opposite to ten and, i inlike manner, ieetipicta the solid 
5 arallelopiped EHPO contained by the three piiidacrawa tt : i es, 
EFP, HEFR, Dey and those aerate to tems and, be- 4 


} 


| Me 


side EF. Q.E.D. | 
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pens 
cause the pyramid ABCG is similar to the pyramid DEFH, Book XII. 

_ the angle ABC is equal to the angle DEI’, and the angle + . 
GBC to the angle HEF, and ABG to DEH: and AB is» toa 11. def. 12. 

‘ BC, as DE to EF; that is, the sides about the equal angles> 1 def. 6. 

are proportionals ; wherefore the parallelogram BM is simi- 

Jar to EP: for the same reason, the parallelogram BN is si- 

milar to ER, and BK to EX: therefore the three paralle- 

lorrams BM, BN, BK are similar to the three EP, ER, EX: 

but the three BM, BN, BK, are equal and similar’ to-the¢ 24. 11. 
three which are ‘opposite to them, and the three EP, ER, 

EX, equal and similar to the three opposite to them : where- 

fore the -solids BGML, EHPO are contained by the same . 


number of similar planes ; and their solid angles are’ equal 4; d B. 11, 
and therefore the solid BGML,.is similar-4 to the solid 
EHPO:: but similar solid parallelopipeds have the triplicate ee 33. 11. 
ratio of that which their homologous sides have : therefore the 

- solid BGML has to the solid EHPO the triplicate ratio of 

that which the side BC has'to the homologous side EF; but 

‘as the solid BGML is to the solid EHPO, so is f the pyra-f 15. 5. 
mid ABCG tothe pyramid DEFH ; because the pyramids are ! 
the sixth part of the solids, since the prism, which is the halfs g 28. 11. 
of the solid parallelopiped is triple of the pyramid. Where- y 7, 12. 
fore likewise the pyramid ABCG has to the pyramid DEFH, 

the triplicate ratio of that which BC has to the homologous 

Cor. From this it is evident, that similaf pyramids which See Note: 

have multangular bases, are likewise to one another in the 
triplicate ratio of their homologous sides : for they may be 
divided into similar pyramids having triangular bases, because 

the similar. pelygons, which are their bases, may be divided 


~ into the same number of similar triangles homologous to the 


whole polygons ; therefore as one of the triangular pyramids 
in the first multangular pyramid is to one of the triangular 
- pyramids in the other, so are all the triangular pyramids in 
the first to all the triangular pyramids in the other; that is, 
so is the first multangular pyramid to the other: but one tri- 
angular pyramid is to its similar triangular pyramid, in the 
triplicate ratio of their homologous sides; and therefore the 
first multangular pyramid has to the other, the triplicate ra- 
tio of that which one of the sides of the first has to the homo- 
 Jogous side-of the other. + are | | 
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a planes and those opposite to them: and because the pyramid 


’ EHPOto the altitude of the solid BG ML: -but the altitude of - a 
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PROP. IX. THEOR. Metecis 


eS: 


“THE bases and sintade! of equal aces oes 
triangular bases are. reciprocally proportional : and- 
triangular pyramids of which the bases and altitudes” 
are reciprocally i Hie gern are equal: to One. an 
other. | | | 


ca 


Let the pyramids. of which the ‘ideale ‘ABC, ‘DEF are 
the bases, and which have their vertices in the points G, stds 
be equal to one. another: the bases and altitudes of thespyra-_ Me 
mids. ABCG, DEFH are_ reciprocally proportional, viz. the — 
base ABC is to the base DEF, as the altitude of the pyramid a 
DEFH to the altitude of the pyramid ABCG. a 

Complete the parallelograms AC, AG, GC, DF, DH, HF, ae 
and the solid par aati BGML, EH PO contained by these — eB 


=, 


* 
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ABCG is equal to the pyramid DEFH, and that the solid. 
BGML, is sextuple of the pyramid ABCG,. and the solid’ ee 
EHPO sextuple of the pyramid DEFH; therefore the solid’ 
BGML is equal# to the solid EHPO: but the bases and al- i 
titudes of equal solid parallelopipeds are reciprocally. Pro-. 
portional®; therefore as the hase BM to the base EP,-s0, is’. 
the altitude of the solid EHPO to the altitude of the : solid 
BGML: but,as the base BM to the base EP, so is¢ the tri- 
angle ABC to the triangle DEF; 3 therefore as the triangle 
ABC to the triangle DEF, so is tle altitude. ‘of the solid 


the solid EHPO is the same with the altitude of the pyramid =~ 
DEFH, and the ites of the solid EGMLy the same with the eae 


* a het 
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altitude of } he pyramid ABCG: therefore, as the base ABC to Pook Kt, 


the base D \F, so is the altitudeof the pyramid DEFH to the 
altitude ie the pyramid ABCG: wherefore the bases and alti- 
- gudes of the pyramids ABCG, DEFH are reciprocally pro- 
_ portional. oi 

Again, Let the bases and altitudes of the pyramids ABCG, 


| DEFH be reciprocally proportional, viz. the base ABC to the 


base DEF, as the altitude of the pyramid DEFH to the alti- 
tude of the pyramid ABCG: the pyramid ALCG is equal to 
the pyramid DEFH. | 

The same construction being made, because as the base 
ABC to the base DEF, so is the altitude of the pyramid DEFH 
to the altitude of the pyramid ABCG: and as the base ABC 
to the base DEI",so is the parallelogram BM tothe: par allelo- 
gram EP: therefore the parallelogram BM is to EP, as the 
altitude of the pyramid DEFH to the altitude of the pyramid 


-ABCG: but the altitude of the pyramid DEFH is the same 


- with the altitude of the solid parallelopiped EHPO; and the 
_ altitude of the pyramid ABCG is the same with the altitude 
of the sclid parallelopiped BGML: as, therefore, the base BM 
_ to the base EP, so is the altitude of the solid parallelopiped 
- EHPO to the altitude of the solid parallelopiped BEML. But 
solid parallelopipeds having their bases and altitudes recipro- 


~ cally proportional, are equal? to one another. Therefore the b 34. 11. 


solid parallelopiped BG ML is equal-to the solid parallelopiped 
EHPO. And the pyramid ABCG is the sixth part of the solid 
BGML, and the pyramid DEFH is the sixth part of the solid 
-EHPO. Therefore the pyramid ABCGis equ tothe pyramid 
BAe hea efore the bases, &c. . - E.D 
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: 


“EVERY cone is the third part ofa cylinder’ which 
Hie the AM base, and i is of an equal altitude with it. 


“Let a cone se the same base with a cylinder, viz. the 
¢ircle ABCD, and the same altitude. The cone is the third 
part of the cylinder ; that is, the cylinder is triple of the cone. 

If the cylinder be.not triple of the cone, it must either be 


greater than the triple, or less than it. First, Let it be greater 


than the triple: and describe the square ABCD in the circle; 
tus panare is S  Srentes than the half of the circle ABCD*: 


A 


* As was shown in BRP of this book: 


* 


ioe 


+ 


a 
Book xu Upon the square ABCD erect a prism of the same altitude - .@ 
=~ with the cylinder; this prism is greater than half of the cy: “ 
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b 2 Cor. 7. parallelopipeds ». And the segments of the cylinder which aA 


¢ Lem 


Me 


/ 


. of these triangles of the same altitude ~ 


~completed upon the same -AB, BC, 
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linder ; because if a square be described about the circle, and _ 
@ prism erected upon the square, of the same altitude with the 
cylinder, the mscribed square is half of that cir cumscribed ; ; 
and upon these square bases are erected solid parallelopipeds, | 
viz. the prisms of the same altitude; therefore the prism upon 
the. square ABCD is the half of the prism upon the square 
described about the circle: because they are to one another 
as their bases?: and the cylinder is less than the prism upon. 
the square described about the circle ABCD: therefore the - 
prism upon the square ABCD of the same altitude with the 
cylinder, is greater than half of the cylinder. Bisect the cir i 
cumferences AB, BC, CD, DA in the points E, F, G, H; and — 
join AE, EB, BF, FC, CG, GD, DH, Has then, eben ofthe 
triangles AEB, BFC, CGD, DHA is greater than the half oF ad 
the segment of the circle in which it Be 
‘Stands, as was shown in prop. 2. of: 
this book. Erect prisms upon each — 


with the cylinder; each of these — 
BD coh is greatér than half of the seg- - 
“ment of the cylinder in which it is; Bt 
because’if, through the points E, F, _ 
_G, H, parallels be drawn to AB, BC, 
€D, DA, and papal lStoerarns be 


CD, DA, and solid parallelopipeds os Ot ae 
be erected upon the parallelégrams; the prisms upon the 
triangles AEB, BYC, CGD, DHA are the halves of the solid » ~ 
are upon the segments of the circle cut off by AB, BC,CD, DA, — ™ 

are less than the sofid par allelopipeds which contain them.) 
Therefore the prisms upon the triangles AEB, BF GC; CGD, Be. 
DHA, are greater than half of the segments of the cylinderin .- © 
which they are; therefore, if each of the circumferences be — Bs 
“divided into two equal parts, and straight lines be drawn from ~ 
the points of division to the extremities of the circumferences, ae 
and upon the triangles thus made, prisms be erected ofthesame | 
altitude with the eylinder, and so on, there must at length re- 
main some segments of the cylinder which together are ess . ae 
than the excess of the cylinder above the triple of the cone. 
Let them be those odes the eee nts of the cba AE; EB, Br, 24 
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Cas GD, DH, HA. Therefore the rest of the ’cylin+ Book xih 
a thatis, the prism: of which the :;basesis the polygon Cx 
AEBF CGDH, and of which the altitude is the same with that 
of the cylinder, is greater than the triple of the cone: but this 
prism i is triple ¢ of the pyramid upon the same base, of which 4g 1. Cor, 
the vertex. is the same with the vertex of the cone; therefore 12. 

th pyramid upon the base AEBFCGDH;, having the same ver= 

tex with the cone, is greater than the cone, of which the base 

is the circle ABCD: but it is also less, for the pyramid is 
Shiaied within the cone. which is impossible. Nor can the 
cylinder be Jéss than the ‘tiple of the cone. » Let it be less, 

if possible: therefore e, inversely, the cone is greater than the © 

third part of thecylinder., In the circle ABCD describe a» 

square; this square is greater than the half of the circle: and 

upon the square ABCD erect a pyramid having the same 
‘ vertex with the cone: this pyramid is greater than the half 

of the, cone ; because,.as was before demonstrated, if a square 
; be described about the circle, the H 7 

Square ABCD is the half of it3-and 

if, upon these squares, there be erect- A pl 
@a solid parailelopipeds of the same | 
~ altitude with the cone, which are also 
prisms, the prism upon the square 
ABCD shall be the half of that whichE G 
is upon the square described about 
‘the circle; for they are to one ano- 
ther as their bases¢; as are also the ° R ZC e 32. 12, 
_ third. parts of them: therefore the oe 
_ pyramid,’ thé base of which is the ~~ Re 
square ABCD, is half of the pyramid | 
upon the square described about the circle: but this last py- 
ramid, is greater than the ‘cone which it contains;. therefore 
the: pyramid upon the square ABCD, having the same vertex 
with the cone, is greater than the half of the cone. Bisect 
the: circumferences AB, BC, CD; DA in the points E, F, G, Hy. 
and join AE, EB, RF, FC, CG, GD, DH, HA: therefore 
cach of the triangles AEB, BFC, CGD, DHA is greater than 
_half of the segment of the circle in which it is: wpon-each of 
these triangles erect pyramids having: the same vertex with 
the.cone.. Therefore each of these pyramids is greater than 
the half of the segment of the cone in which itis, as before 
was) demonstrated of the prisms and segments of the cylinder: 
and thus dividing each of the circumferences into two equal 
parts, and joining the points of division and their extremities 

~ by ‘straight lines, and. upon the triangles erecting pyramids 
having their vertices the same with that of the cone; and se 
on, there must at length remain some segments of the cone, | 
: which together shall be less than the exeess of the cone above 


gv 


‘Book XII. the third part of the cylinder. - Let these be the se wea 
be eal upon AE, EB, BF, FC, CG, GD, DH, HA. _ Therefore “the 


yee 
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See Note. 


AEBFCGDH, and of which the ver-- [A 


' ABCD. But it.is also less; for it is’* pe Baile ba.) apa 


the ada) and apyr said beer ected upon ityhaving the’ same vers” 
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rest of the cone, thati As, the pyramid, | 
of which the .base is the polygon 


tex is the same with that of the cone, ~ 
is greater than the third part of the 1/} | 
cylinder. “But this pyramid is the EL hah 
third. part of the prism upon the same “‘{~ 

base AEBFCGDH, od the same bigs wiktate) | 
altitude with the cylinder. Therefore |\fPo fy 
this prism is greater than the cylin- [RN [Zo Cl. 
der of which the. base is the circle ' ron 


contained within the cylinder’ ; which is impossible. Therefore. 4 
the cylinder is not less than the triple of the cone. - And it 4 
has been demonstrated that neither is it greater than, the triple. - 
Therefore the cylinder is triple of the cone, or the cone is “am 
@ ED. part of the a Wherefore every Cony Se. a 


eee Ter 


: 


“PROP. XI. THEOR, kde 


CONES and colindee of the same alia, are eo 


one another as their bases ntvil fa ae oe a 
ee the cones ‘and cjakideray 4 of Which seh wines’ are thie a 
circles. ABCD, EFGH, and the axes KL, MN, and AC; EG a 
the diameters of their bases; be of th same altitude. As the | 4 
circle ABCD to the circle pee as so. is ‘the cone AL to ay 
cone EN. & 

If it be not so, let the twee ABCD be: to the cinéle EFGH, _ a 
as the cone Ali to some solid’ cither less than the cohe EN, . a 
ar greater thamit. First,et it be to a’solid less than EN, viz. ie 
tothe solid X ; and let Z be the solid which is equal to the’ Cee 
cess of the cone EN above the solid X ; ‘therefore ‘the cone 
EN is equal to the solids X, Z together. In the'circle EFGH 
describe the square EFGH, therefore ‘this square js'greater | 
than the half of the circle: upon the square EFGH erect a 
pyramid of the sme altitude with the cone ; this pyramid is | 
greaterthan halfofthe cone, For, ifa square be described about: 
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of the pyramid circumscribed about it, because theyare to one “md 


_ pyramid in: what fo 
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3 ( z 3 ; aber 
tex with the cone*, the pyramid inscribed in the cone is half Book XI, 


another as, their bases *#:,but the cone is less than the circum-a 6, 12. x 
scribed pyramid; therefore the pyramid of which the:base is. — } 
the square EFGH, and its vertex the same with that of the cone, 

is greater than halfof the cone: divide the circumferences EF, 

PG, GH, HE, each into two equal parts in the points O, P, R, 

S, and join EO, OF, FP, PG, GR, RH, HS, SE: therefore. each 


of the triangles EOF, FP@,GRH, HSE is greater than half of 


ae Sy 5! Moe VA | 
\ } 


the segment of the circle in which it is: ‘upon each of these 
eg ise a pyramid having the same vertex withthe cone; 
each‘of these pyramids is ereater*than the half ofthe segment 
of the’¢one’'in which it is : and thus dividing each of these cir- 
cumfexencés into two equal parts, and from the points of division 
drawing straight lines to the extremities of the circumferences, 
and upon each of the triangles thus made erecting pyramids, 
having the same vertex’ with the cone, and so on, there must at 
Jength remain some segments of the cone which’are together 


» less than the solid Z : let these be the segments upon EO, OF,b Lem.%, 


'* Vertex is putin plage of altitude which is in theGreek, because the 
lows, is supposed to be circumscribed about*the 

cone, and so must have the same vertex. And the samg change is 
made in some places following. 
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Book: x11. FP, PC, GR, RH, HS,SE: therefore the remainder af nee Cee 

Se, viz: the pyramid of whiththe base is the polygon EOFPGRHS, 
and its: vertex the same with that of the cone, is greater than’ a 
‘the solid X: in the circle ABCD describe thé’ polygon hy 

/ ATBYCVDQ similar to the polygon EOFPGRHS, and upon — a ’ 
it erecta pyramid having the same vertex with the cone AL: 
21.12,  andbecauseas'the square of AC istothe square of EG,so#is 
_ the polygon ATBYCV DQ to the polygon. EOFPGRHS; and’ 
as the square of AC to the square of EG, so isb,the circle 

cll.5. ABCD to the circle EFGH ; therefore the circle ABCD isto 
the circle EFGH, as the polygon ATBYCVDQ to the poly- — 
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gon. sop PORTS: but as the circle wARCDE tothe circle ate [ 
s0, is the cone AL to the solid X; and as the. poly gon 1 aa 
a6 et ATBYCV DQ) to the polygon EOFPGRUHS, so is the ‘pyres p 
jig maid of w hich the base is the. first « of these polygons, and yer-— C 
‘tex, L, to ‘the: pyramid of which the base i is the other, poly On, i 


or its ‘vertex N: ther eas: as. the. cone, AL to the, ye cv $0 4 
Wiraad re 
$45. % a 
tansthe Pym inthe sane BS but it ds Tess, as ‘vas shown, ee 
Ae pkg. | sth ‘ € opp ot, a 
snide? ee 
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. which is hdeghs therefore the circle ABCD is not tothe circle Book XL 
EFGH, as the cone AL to any solid which is less than the cone a 
EN. Inthe’same manner it may be. demonstrated. that the circle ag 
* EFGH isnot tothe circle ABCD, as the cone EN to any solid , 
less than the cone AL. Nor can the circle ABCD be.to the circle 
EFGH, as the cone AL to any solid greater than the cone EN: 
_ for, if it bé possible, letit be so to the solid I, whichis greater 
than the cone EN : therefore, by inversien, as the circle EFGH 
to the circle ABCD, so” is the solid Itothe cone AL: butas ~~ 
the solid I to the cone AL, so is the cone EN to some. Solid, 
which must be less? than the cone AL, because the solid J is 2 14.5. 
_ greater than the cone EN: therefore as the circle EFGH is to 
the circle ABCD, so is the cone EN to a solid less than the 


_.cone AL, which was shown to be impossible: therefore the 
~ circle ABCD is not to the circle EFGH, as the cone AL is to 


any solid greater than the cone EN : and it has been demon- 
strated that neither is the circle ABCD to the circle EFGH, 
as tle cone AL to any solid less than the cone EN ; there fore 
the circle ABCD is to the circle EFGH, as the cone. AD to 
the cone EN: but as the cone is to the cone, so> is the cy-b 15. 5. 
linder to the cylinder, because the cylinders are triple * of the ¢ 10, AZ. 
Gone, each to each. Therefore, as the circle ABCD to the 
circle EFGH, so are the cylinders upon them of the same al- 


titude. Wherefore cones and cylinders of the same altitude 


are to one another as their bases. Q. E. D. 


_PROP. XII. THEOR. a 
SIMILAR cones and cylinders have to one Soe 
the triplicate ratio of that which the diameters of their 
bases have. 4" 


Ste-Nat. 
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Let the cones and cylinders of which the bases are the cir- 
cles ABCD, EFGH, and the diameters of the bases AC, EG, 
and KL;JMN the axis of the cones or cylinders, be similar; 
the cone of which the base is the circle ABCD, and vertex 
‘the point L, has tothe cohe of which the base is the circle 
_EFGH, and‘ vertex N, the tr poEee ratio of that which AC 


- aes to: HCE dos i 


~ For, if the cone ABCDL has not to thas cone. EFGHN ihe tri- 
plicate ratio of that which AC hastoEG,the cone ABCDLshali 
are the triplicate of at ratio to Somme oa which 1 is ine or. 
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0 6, 6, 


greater than the cone EFGHN. First, letit have ‘itto.a less, 
viz. to the solid’ X. Make the same construction as in the p: . 
_ ceding proposition, and it may be'demonstrated the very same 
way as in that proposition, that the pyramid of which the base 
is the polygon EOF PGRHS, and vertex N, is greater than the — 
solid X.. Describe also lin ‘the. cirele ABCD the polygon — 


1 . 2 


ATBYCVDQ similar tothe polygon EOFPGRHS, upon which 


erect a pyramid having the same vertex with the cone ; and let 


LAQ be one of the triangles containing the pyramid upon the 


polygon ATBYCVDQ the vertex of which is L; and let NES 
be one of the triangles containing the pyramid upon the poly- 


rns aly. B 


1% 4 vs he 
ae 5 oe Sie i F; ie ne | EEE 
qs ; P ee Uae 

oI 


gon EOFPGRH S of which the vertex is N; and joi KO: 4 


MS + because then the cone ABCDL is similar to the cone 
EFGHN, AC is* to EG, as the axis KL to the axis MN; and 
as AC to FG, sob is AK to EM ; therefore as AK to EM, 
so is KL to MN ; and, alternately, AK to KL, as EM to 


MN: and the right angles AKL, EMN are equal ; therefore. 
the sides about these equal angles being proportionals, the 
_ triangle AKL is similar ¢ to the triangle. EMN. Again, be- 
cause AK is toKQ, as EM to MS, and that these sides are & 
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or 


about pee Ted ako; EMS; because these amples are, each. pook XI. 
of them;the sami part of fourright angles atthe centres K,M; Goxmd 
therefore the triangle AKQ is sinilar® to the’ ‘triangle EMS: a 6.6.7" ” 


and because it has been shown that'as-AK to KL, so is‘EM to 


MN, and that AK?is equal to/KQ, and EM'to MS, as QK to. 


KL, so is SM to MN;; and therefore the sides about the right 
angles QKL, SMN: being proportionals, the triangle LKQ is 
Similar to the triangle NMS: and because of the similarity of 
the triangles AKL, EMN, as LAis to AK, so is NE to EM; 

and by the similarity of the triangles AKQ, EMS, as KA to 


AQ, so ME’to ES; ex equali>, LA is to:AQ, as NE to ES. p 99, 5, 


Again, because of the similarity of the’ triangles LQK, NSM, 
as LQ to QK, so NS to SM; and from the similarity of the 
tr iangles KAQ, MES, as KQ to QA, so MS to SE; ex equalir, b 
L.Q is to QAs. as NS to SE: and it was proved that QA is to 
AL as: SE to EN; therefore, again, ex eqguali,.as QL to LA, 


"0 is SN to NE: wherefore the triangles LQA, NSE, having 


the sides‘about all their angles proportionals, are equiangu- 


lare and similar to one another : and therefore the pyramid of © 5. be 


which the base is the triangle AKQ, and yertex L, is similar 
to the pyramid the base of whichis the triangle EMS, and 


vertex N, because their solid angles are equal 4 to one another, d B. 11. 


and they are contained by the same number of similar planes : 


but similar pyramids which have triangular bases have to one ~ 
.another the triplicatee ratio of that which their homologouse 8. 12, 


sides hav é; therefore the pyramid AKQL has to the pyramid 
EMSN the triplicate ratio of.that which AK hasto EM. In 
the same manner, if straight lines be drawn from the points 
D, V,C, Y, B, T to K, and from the points H, R, G, P, F, 
O to M, and pyramids be erected upon the triangles having: 
the same vertices with the cones, it may be demonstrated that 
each pyramid in the first cone has to-each in the other, taking 
them in the same order, the triplicate ratio of that Wehakdi the 
side AK has to the side EM; that is, which. AC has to EG: 

but'as one antecedent to its consequent, so are all the antece- 


dents to all the consequents‘; therefore as the pyramid AKQLf12. 


to the pyramid EMSN, so is the whole pyramid the base of — 
which is the polygon DQATBYCV,, and vertex L,° to the 


whole pyramid of which the base is the polygon HSEOFPGR,. — 


and vertex.N. Wherefore also the first of these two last nam- 


ed pyramids has to the other the triplicate ratio of that which | 


AC has to EG. ‘But, by the hypothesis, the cone of which the 
base is the circle ABCD, and vertex L, has to the solid X, 
the triplicate ratio of that which AC hasto EG ; thereforeas the 
cone of which the base is the circle ABCD, diag vente L, is te 
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Book If, the solid X, so isthe pyramid the base of Which is: dis. ebies n ‘ 3 
eee DQATBYCV; and vertex L, to'the pyramid the base’ oka teak | 
. is the’polygon HSEOFPGR and vertex N >but the said cone 


a 14. §. 


impossible: therefor e} ‘the one of Veen 7 cai is the circle - 


THE ELEMENTS 


is greater than the pyramid contained in it, therefore the solid © 4 
X is greater’ than the pyramid, the base of which is'the poly- : ‘s a. 


gon HSEOFPGR, and vertex N; but it is also less; whichis 
4 


y a a 


: ABCB, <i as vertex: L, hag not to. rly solid whichis jess cud i ‘ a 


cone of which the base is the circle EFGH and vertex N, the 
triplicate ratio of that which AC hasto EG. Inthesameman- _ 
ner it may be dernonstrated that neither has thecone EFGHN 


_to any solid which isless than the cone ABCDL, the triplicate 4 


ratio of that which EG has’ to AC. Nor can the’coné ABCDL 
have to any solid whichis greater than the cone: EFGHN,the — 

triplicate ratio of that which AC has to EG : for, if it be possi- 
ble, let it have it to a greater, viz. to the solid Z : therefore, 
inversely, the solid Z hasto the cone ABCDL, the tr iplicate — he 
tao of that which EG has to. ee but as rat solid Z is to 
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tions with it, are parallel; where- 
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ra cone ABCDL, so is the cone. ‘EFGHN to some Sates 1 ook XID 


which must be less® than the cone ABCDL, because the solid 


Le 


Z. is Fo ceitg than, the cone EFGHN: ‘thekefobe the coneal4, $.— 


N has to a solid which is less than the cone’ ABCDL, 
the triplicate, ratio of that which EG has to AC, which was de- 


monstrated to be impossible: therefore the cone ABCDL has _ 


not to any solid greater than the cone EFGHN, the triplicate 


" ratio of that which AC has to EG; and it was demonstrated 


that it could not have that ratio to any solid less than the cone 
EFGHN: therefore the cone ABCDL has to the. cone 
EFGHN the triplicate ratio of that which AC has to EG: 
but as the cone is to the cone, so> the cylinder to the cylinder; 


. for every cone is the third part of the cylinder upon the same 


base, and ofthe same altitude : ther efore also the cylinder has 
to the cylinder the triplicate ratio of that which AC has to. 
_EG. Wiherelore similar cones, &c. Q.E.D. 


PROP. XII THEOR, 


~* 2 ry 


IP a ‘cflindet be cut by a plane paraliel to its op- 
posite planes, or bases ; it divides the cylinder into two 
cylinders, one of which § is to the other as the axis of 
the first to the axis of the, other. _ 


Let ie cy linder AD be cut by the 
plane GH, parallel to the opposite O 
planes AB, CD, meeting the axis 
EF in the point K, and let the line 
GH be the common section of the 
plane GH and the surface of the ey-» 
linder AD: let AEFC be the paral- 
lelogram, in any position’ of it, by the 
revolution of which about the straight - Ak 
liné EF the cylinder AD is described; 
and let GK be the common section — {| 
of the plane GH, and. the plane 
AEFC: and Wersuse the — parallel 
planes AB, GH are cut by the plane © 
AEKG, AE, KG, their ‘common sec- 


Py 


aa 


F = 


Hi 


Tv 


fore AK is a parallelogram, and GK 


G 
C 

equal to EA the straight line from , T xs 
Vv 


the centre of the circle AB: for the 
same reason each of the straight lineg 
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Book XI. drawn from the point K to the line GH may be proved to be _ 


s 


a 15, def. 1. 


parallel to AB, CD pass through the Oo rue “p i a 
points L,N, X,M: therefore thecommon | aA 


b 11. 12. 


equal to those which are drawn from the centre of the circle 
_ AB to its circumference, and are therefore all equal to one | 
another. Therefore the. line GH is the. citeumference, Oka, 
circle 2, of which the. centre is the point K: therefore the plane ‘' a 
GH divides the cylinder AD info the cylinders AH, GD; for 
they are the same which would be described by the r evolution - 
of the, ‘parallelogr ams AK, GF, about the straight lines EK, | 
KF: and it is to be shown, that the cylinder AH is to she cy- 
linder HC, as the axis EK to the axis KF. . . 

Produce the axis EF both ways; and take any. shat of 
straight lines EN, NL, each equal to EK; and any. number FX, 
XM, each equal to EK; and let planes © 


sections of these’ planes with the cylinder 
produced are circles, the centres of which 


are the points L, N, X, M,as wasproved K. K— 
PS 


of the plane GH ; atid these planes cut 
off the cylinders, PR, RB, DT, TQ: and 
because the axes LN, NE, EK are all 


NS a 
equal, therefore the cylinders PR, RB,. A ae B- , 4 

K 

by 

X 


BG are» to one another as their bases; 
but their bases are equal, and therefore |)... 
the cylinders PR, RB, BG are equal: and 
because the axes LN, NE, EK are equal 
to one another, as also the cylinders PR, 
RB, BG, and that there are as many axes © 


as dpunders ; therefore, whateyer multi- SS 
ple the axis KL is of the axis KE, the ~~ 
same multiple is the cylinder PG of si 
the cylinder GB: for the same reason, — _ Roitay 
whatever multiple the axis MK is of the V <= Mu oa 
axis KF, the same multiple is the cylin- ~~ | 

der QG of the cylinder GD: and if the axis KLt be equal to tie. 
axis KM, the cylinder PG is. ‘equal to the cylinder GQ; and — 
if the axis KL be greater than the axis KM, the cylinder PS 
is greater than the cylinder QG; and if less, less: since there-_ 
fore there are four magnitudes, viz. the axes EK, K KF, and 
the cylinders BG, GD, and that of the axis EK and cylinder 
BG, there has been taken any oo whatey oe viz. the 


¥ 
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«axis KL and cylinder PG; and of the axis KF and cylinder GD, pook xm, 
any equimultiples whatever, viz. theaxis KM and cylinderGQ: Woy 
and it has been demonstrated, if the axis KL be greater than 

the axis KM, the cylinder PG is greater than the cylinder GQ; 

and if equal, equal; and if less, less: therefored the axis wee 5, def. 52 
is to the axis KF, as the cylinder BG to the es GD 
Wherefore, if a cylinder, &c. Q. Fuck). | 


PROP. XIV. eek 


CONES and cylinders upon aan: bases are to one 
another as their altitudes. 


Let the etadtys EB, FD be upon the equal bases AB, CD: 
as the cylinder EB to the cylinder FD, so is the axis GH to 
. the axis KL. 
Produce the axis KL to the point N, and make LN equal 
to the axis GH, and let CM be acylinder of which the base is 
CD, and axis LN; and because the cylinders EB, CM haye 
the same altitude, they are to one, another as their bases*: buta 11. 1% 
their bases are equal, therefore also the cylinders EB, CM are 
equal. And because the cylin- 
der FM is cut by the plane 
CD parallel to its opposite ~ 
planes, as the cylinder CM to 
the cylinder FD, so isb the 
axis LN to the axis KL. But E{ 
the cylinder CM is equal to 
the cylinder EB, and the axis 
LN to the-axis GH: ‘therefore 
asthe cylinder EB to the cylin- 
der FD, so is the axis GH. to 
the axis KL: and as the cylin- AX 
der EB to the cylinder FD, so 
ise the cone ABG to the cone CDK, because the cylinders, 45 5. 
~ are triple¢ of the cones: therefore also the axis GH is to theg 19. 12s 
axis KL, as the cone ABG to the cone CDK, and the cylin- 
der’ a to the cevencer FD, Wheretor Ps cones, kc. Q. E. D. 
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PROP. XV. THEOR.. 


See Note. THE bases and altitudes of equal cones and cylin- 
ders are reciprocally proportional; and, if the bases 
and altitudes be reciprocally proportional, the cones. — 
_and cylinders are equal to one another. 


Let the circles ABCD, EFGH, the diameters of which are 
‘AC, EG, be the bases, and KL, MN the axes, as also the alti- 
tudes, of equal cones and cylinders; and let ALC, ENG be 
the cones, and AX, EO the cylinders: the bases and altitudes 
of the cylinders AX, EO are reciprocally proportional; that 
is, as the base ABCD to the base EFGH, so ig the altitude 
MN to the altitude KL... t a 
Either the altitude MN is equal tothe altitude KL, orthese, ~ 
altitudes are not equal. First, let them be equal;-and the cy- 
linders AX, EO being also equal, and cones and cylinders of 
411.12. ‘the same altitude being to one another as their bases*, there- 
bA.5. fore the base ABCD is equal» tothe base EFGH; and as the 
base ABCD is to the base EFGH, so is the altitude MN to 
the altitude KL. , 
But let the alti- 
tudes KL, MN 
be unequal, and 
MN the greater 
of the two, and 
from “MN take 
MP equaltoKL, 
and through the 
point P, cut the 
cylinder EO by 
the plane TYS, © 
parallel to the | p 
/ opposite planes of the circles EFGH, RO; therefore the com- 
mon section of the plane TYS and the cylinder EO is a cir- | 
cle, and consequently ES is a cylinder, the base of which is the 
circle EFGH, and altitude MP: and because the cylinder AX 
is equal to the cylinder EO, as AX is to the cylinder ES, so ~ 
c 7.5. ¢ is the cylinder EO to the same ES. But as the cylinder AX 
to the cylinder ES, so «is the base ABCD to the base EPGH; 
for the cylinders AX, ES are’ of the same altitude; and as the 
d 13.99. . cylinder EO to the cylinder ES, so is the altitude MN to 
the altitude MP, because the cylinder EQ is cut by the plane 
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TYS parallel to its opposite planes. Therefore as the base Book XI, 


“ABCD to the base EFGH, so is the altitude MN to the alti- 
tude MP: but MP is equal to the-altitude KL; wherefore as 
the base ABCD to the base EFGH, so is the altitude MN to 
the altitude KL; that is; the bases and altitudes of the equa} 
cylinders AX, EO are reciprocally proportional. 

But let the bases and altitudes of the cylinders AX, EO be 
~ reciprocally proportional, viz. the base ABCD to the base 
EFGH, as the altitude MN to the altitude KL: the cylinder 
AX is equal to the cylinder EO. — 

First, let the base ABCD be equal tothe base EFGH; then 
because as the base ABCD is to the base EFGH, so is the alti- 
tude MN to the altitude KL; MN is equal» to KL, and there- 
fore the cylinder AX is equals to the cylinder EO. 


Neogene! 


b A. §. 


And let the bases ABCD, EFGH be unequal, and let ABCD 8 11. 12. 


be the greater; and because as ABCD is to the base EFGH, 
so is the altitude MN to the altitude KL; therefore MN is 
greater> than KL. Then, the same construction being made 
as before, because as the base ABCD to the base EFGH, so 
is the altitude MN to the altitude KL; and because the alti- 
tude KLis equal to the altitude MP; therefore the base ABCD 
is® to the base EFGH,as the cylinder AX to the cylinder ES; 
and as the altitude MN to the altitude MP or KL, so is the 
cylinder EO to the cylinder ES: therefore the cylinder AX 
is to the cylinder ES, as the cylinder EO is to the same ES; 
‘whence the cylinder AX is equal to the cylinder EQ: and the 
‘game reasoning holds in cones. Q. E. D. 


PROP. XVI. PROB. < 


TO describe, i in the greatet. of two circles that have 
the same centre, a polygon of an even number of equai 
sides, that shall not meet the lesser circle. 


het ABCD, EFGH ‘be two given circles having the same 
centre K: it is required to inscribe in the greater circle ABCD 
a polygon of an even number of equal sides, that shall not 
MIncet the lesser circle. 


Through the centre K draw the straight line BD, and from 
the point G, where it meets the circumference of the lesset 


4 


. 
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Book Xu, circle, dr > GA at right angles to BD, and produce it to. C; 
i= therefore AC touches® the circle EFGH: then, if the dr. wig 
a 26.3. cumference BAD be bisected, and the half of it be again bisec- 
b Lemma. ted, and so on, there must at length remain a circumference. 
_ less» than AD: let this be LD; and 
from the point L, draw LM. per- 
~pendicular to BD, and produce it, . 
to N; and join LD, DN. There-. /. 
fore LD is equal to DN: and be- B, 
cause LN is parallel to AC, and that 
AC touches the circle EFGH; 
therefore LN does not meet the 
_ circle EFGH: and much less shall 
. ‘the straight lines LD, DN meet the 4 
circle EFGH: so thatif straight lines equal to LD be applied. a 
in the circle ABCD from the point L around to N, there shall ~ a 
be described i in the circle a polygon of an even number of |” 
equal sides not meen the reaper circle. Which ‘was to be 
done. 7 


LEMMA Il. 


ge IF two trapeziums ABCD, EFGH be inscribed in 
the circles, the centres of which are the points K, L; 
and if the sides AB, DC be parallel, as also EF, HG: a 
and the other four sides AD, BC, EH, FG be all a 
equal to one another; but the side AB greater than” 
£¥, and DC greater than HG: the straight line KA 
from the centre of the circle in which the greater sides 
are, is greater than the straight line LE drawn from 
the centre to the circumference of the other circle, vo 


If it be possible, let KA be not greater than Le; then KA 
monst be either equal to it or less. First, let KA be equal to 
L¥ + therefore, because in two equal circles, AB, BC in the 
one, are equal to EH, FG in the other, the circumferences 
20.3. *D, BC are equal? to the éircumferences EH, FG;butbe- A 
* _ eatrse the straight lines AB, DC are respectively greater than = “4 
EF, GH, the circumferences AB, DC are greater than EP, 
pt HG: therefore the whole circumference ABCD is greater 
than the whole EFGH; but it is also equal to it, which is 
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ade 


| ‘impossible 5 therefore the straight line KA is not equal to Book 1a 


Lac 3 

But let KA be less than LE, and make LM equal to KA, 
and from the centre L, and distance LM, describe the circle 
MNOP, meeting the straight lines LE, LF, LG, LH, in M, 
N, O,P; and join MN, NO, OP. PM, whichare respectively 


Y 


parallel ® to and less than EF, FG, GH, HE: then, because EH a2. & ~ 


_% greater than MP, AD is greater than MP; and the circles 


ABCD, MNOP are equal ; therefore the circumference AD is 
ereater than MP: for the same reason, the circumference BC 
_ is greater than NO; and because the straight line AB is greater 
than EF, which is greater than MN, much moreis AB greater 
- than MN: therefore the circumference AB is greater than MN; 
and, for the same reason, the circumference DC is greater than 
PO: therefore the whole circumference ABCD is greater 
than the whole MNOP ; but itis likewise equal to it, which is 
impossible: therefore KA is not less than LE; nor 1s it equal 
to it: the straight line KA must therefore be greater than 
LEIQsh. D, 

Cor. And if there be an isosceles triangle, the sides of which 
are equal to AD, BC, but its base lessthan AB the greater of 
the two sides AB, DC; the straight line KA may, in the same 
manner, be demonstrated to be greater than the straight line 
drawn from the centre to the circumference of the circle de- 
scribed about the triangle. | | 


See Note. TO describe in the greater of two spheres which — 


» 
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c 18, 11. 


THE ELEMENTS 


have the same centre, a solid polyhedron, the superfi= 
cies of which shall not meet the lesser sphere. 


Let there be two spheres about the same centre A; itis re- 


' quired to describe in the greater a solid polyhedron, the su- 


perficies of which shall not mect the lesser sphere. 


PROP. XVII. PROB. __ a 
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Let the spheres be cut by a plane passing through the centre; { 


the common sections of it with the spheres shall be circles; 


because the sphere is described by the revolution of a semi- 
circle about the diameter remaining unmoveable ; so that in 
whatever position the semicircle be conceived, the common 
section ofthe planeinwhich itiswith the superficies ofthe sphere 


is the circumference ofa circle; and this is a great circle of the 


sphere, because the diameter of the sphere, which is likewise 
the diameter of the circle, is greater® than any straight line 
in the circle or sphére : let*then the circle made by the section 
of the plane with the greater sphere be BCDE, and with the 
lesser sphere be FGH ; and draw the two diameters BD, CE 
at right angles to one another; and in BCDE, the greater of 
the two circles, describe > a polygon of an even number of 
equal sides, notmeeting the lesser circle GH ; and let its sides, 


in BE, the fourth part of the circle, be BK, KL; LM, ME; join 


KA and produce it to N ; and from A-draw AX at right an- 
gles to the plane of the circle BCDE, meeting the superficies 


of the sphere in the point X ; and let planes pass through AX, | 
and euch of the straight lines BD, KN, which, from what has - 
been said, shall produce great circles on the superficies of the — 


sphere, and let BXZ, KXN be the semicircles thus made 


upon the diameters BD, KN : therefore, because XAisatright 


angles to the plane of the circle BCDE, every plane which pas- 


ses through XA is at right¢ angles to the plane of the circle . 


BCDE; wherefore the semicircles BXD, KXN are at right 
angles to that plane ; and jase the semicircles BED, BXD, 
KXN, upon the equal diameters BD, KN are equal to one an- 
other, their halves BE, BK, KX, are equal to one another: 
therefore, as many sides of the polygon as are in BE, sq 


many there are in BA, KX equal to the sides BK, KL. LM; a 


ME: let these polygons be described, and their sides be 


BO, OP, PR, RK; KS, ST, TY, YX, and join OS, PT, ~ g 
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RY; and from the points O, S, draw‘OV, SQ perpendiculars Book XII. 
to ‘AB, AK: and because the plane BOXD | isat Tight angles Cyr 
to the plane BCDE, and in one of them BOXD, OV, is 

drawn perpendicular to AB the common section of the planes, 

therefore OV is perpendicular to the plane BCDE: for the 4 4. def, 11, 
same reason SQ is perpendicular to the same plane, because 

the plane KSXN is at right angles to the plane BCDE. Join 

NQi ; and because in the equal semicircles BAD, KXN the 


circumferences BO, KS are equal, and OV, SQ are perpen- 

dicular to their diameters, therefore? OV is equal to SQ,d 26.4 

~ and BV equal to KQ: but the whole BA is equal to the whole 

KA, therefore the remainder VA is equal to the remainder 

QA: as therefore BV is to VA, so is KQ to QA, wherefore 

VQ is parallele to BK: and because OV, SQ are each ofe2. 6 
them at right angles tothe plane of the circle BCDE, OF is 

: "parallel € toSQ; and it has been proved that it is also equal f6. 11. 

_ to it; therefore QV, SO are equal and parallel 6: and becaus€ ¢ 35, 1. 
QV is parallel to SO, and also to KB, OS is parallel 4 to BK; p 9, ah 
. and therefore BO, KS which j ‘inn them are in the same plane 


= 
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Book X11. in-which these parallelgpre, and the quadrilateral figure KBO _ 
hen“ Is In one plane: and if PB, TK be joined, and perpendiculars _ 


29.11. 


b 2. il, 


be drawn from the points P, T to the straight lines AB, AK, — 
it may be demonstrated, that TP is parallel to KB in the very | 


Same way that SO was shown to be parallel to the same KB; | 


wherefore FP is parallel to SO, and the quadrilateral figure | 
SOPT is in one plane: for the same reason, the quadrilateral — 
TPRY isin one plane; and the figure YRX is alsoin one plane, 


Therefore, if from the points O,S,P, T, R,Y there be drawn 
straight lines to the point A, there shall be formed a solid po- 
lyhedron between the circumferences BX, KX composed of 


‘pyramids, the bases of which are the quadrilaterals KBOS, — 


SOPT, TPRY, and the triangle YRX, and of which the com- 
mon vertex is the point A: and if the same construction be ~ 


‘ade upon each of the sides KL, LM, ME, as has been done 


upon BK, andthe like be done also in the other three qua- 
drants, and in the other hemisphere ; there’ shall be for- 
med a solid polyhedron described jn the ‘sphere, compo- — 


OMe id 
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sed of pyramids, the bases of which are the aforesdid quadri- 
lateral figures, andthe triangle ¥YRX, and those. formed in 
the like manner in the rest of the sphere, the common vertex 
ef them all being the point A: and the superficies, of this so- 
lid polyhedron does not meet the lesser sphere in which is the 
circle FGH: for, from the point A draw* AZ perpendicular 
to the Ae of the. quadrilateral KBOS, meeting it in, Z,.and 
join BZ,! ZK: and because AY is perpendicular to the plane 
KBOS, it makes right angles with every straight line meeting 
it in that plane ; therefore AZ is perpendicular to BZ and ZK : 
‘and because AB is equal to AK, and that the squares of AZ, 
_ ZB, are equal to the square of AB; and the squares of AZ, 
| ZK to the square of AK*; therefore the squares of AZ, ZB 
| are equal to the squares of AZ, ZK: take from these equals 
the square of AZ, the remaining square of BZ is equal to the 
remaining square of ZK; and therefore the straight line BZ 
is equal to ZK: in the like manner it may be Geronstrated, 
that the straight lines:drawn from the point Z to the points QO, 
S are equal to BZ or ZK : therefore the circle described from 
the centre Z, anddistance ZB, shall pass through the points K,O 


$, and KBOS shall be a quadrilateral figure in the circle: aie 


because KB is greater than QV, and QV equal to SO, there- 
fore KB is greater than SO: but KB is equal to each of the 
straight lines BO, KS ; wherefore each of the circumferences 
cut off by KB, BO, KS i is greater than that cut off by OS; and 
these three circumferences, together with a fourth equal to one 
of them, are greater than the same three together with that cut 
off by OS; that is, than the whole circumference of ‘the cir- 
. ele; therefore the circumference subtended by KB is greater 


than the fourth part of the whole circumference of the circle 


| KBOS, and consequently the angle BZK at the centre is yreat- 
er than a right angle: and because the angle BZK is obtuse, 
_ the square of BK is greater® than the squares of BZ, ZK; 

. that is,, greater than twice the square of BZ. Join KV, and 
| because in the triangles KBV, > BV,KB, BV are equal to OB, 
BV, and that they contain: equal angles : the angle KVB is 
_ equal’ to the angle OVB: and OVB is a right angle; there- 
fore also KVB is a right angle : and because BD is less than 
twice DV, the rectangle contained by DB, BV is less than 
' twice the rectangle DVB; that is’, the square of KB is less 
- than twice the square of KV: but die square of KB is greater 
than twice the square of BZ; therefore the syuare of KV is 
greater than the square of BZ: and because BA is equal to 


AK; and that the squares of BZ, ZA are equal together to the. 


- Sanat of BA, and the squares of KV, VA to the square of. 

: 5 therefore the squares of BZ, ZA are equal to the squares 

of KY, YAS 3 and of these the square of KV i is greeteh an the 
20 
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- strated that the plane TPRY falls without the same sphere, as 


ceding proposition, is was shown than KV falls without the 


angles to AG, and join AU. If then the circumference BE be © 
which is subtended by a straight line equal to GU, inscribed i 


BAK 1 is obtuse, as was proved i in the preceding, therefore BK — 


ae THE) ELEMENTS ; “aD 


germane uP Aj and the stright line AZ. pater tHias VAP 
much more then is AZ greater than AG; because, in the pre- 


circle of FGH: and AZ is perpendicular to the plane KBOS; y 
and is therefore the shortest of all the straightJines that can 
be'drawn, from “A, the centre of the sphere to that plane.” 7 
Therefore the plane KBOS does not meet the lesser sphere. — 

‘And that the other planes between the quadrants BX, KX 7 
fall without the lesser sphere, is thus demonstrated : from th 
point A draw Al perpendicular: to the plane of the. quadrila- > 3 
teral SOPT, and join 10; and, as was demonstrated .of the — 
plane KBOS and the point Z, in the same way it may be show 
that the point 1 is the centre GE a circle described about Sv) IPT 5 
and that OS is ereater than PT; and PT was shown to be pa" 
rallel to OS; therefore, because the two trapeziums KBOS, — 
SOPT inscribed i in Circles have their sides BK, OS parallel, as | 
also OS, PT; ‘ahd their other sides BO, KS, OP, ST all equ 4 
to one ah ERS and that BK is greater than OS, ‘and ‘OS 
greater than PT, therefore the straight line ZB is greater’ ™ 
than 10. Join AO which will be equal to AB; and because — 
AIO, AZB are right angles, the squares of AT, IO are equal | 
to the square of AO or of AB; that is, to the squares of AZ, ~ 
ZB; and the square of ZB is greater than the square of 10; 
therefore the square of AZ is less than the square of AI; and» aM 
the straight line AZ less than the straight line AI: andit was 
proved that AZ is greater than AG: much more then ‘is Al 
ereater than AG; therefore the plane SOPT falls wholly with- } 
out the lesser sphere: in the same manner it may be. demén-~ 


also the triangle YRX, viz. by the cor. of 2d lemma. “And” 
after the same way it may be demonstrated that all the planes’ oa 
which contain the solid polyhedron, fall without the lesser sphere. 4 
Therefore in the greater of two spheres which have the same _ 
centre, a solid polyhedron is described, the superficies of whie 
does not meet the lesser sphere. Which was to be done. 

But the straight line AZ may be demonstrated to be greate 
than AG otherwise, and ina shorter manner, without the hélp — 
of prop. 16, as follows. From the point G draw GU at’ right” 


bisected, and its half again bisected, and’ so on, there will a 
length Ge Teh a circumference less than the Paes Pxeaie 


the circle BCDE : let this be the circumference KB: therefor 
the straight line KB is less than GU: and’ because the angl 


is greater than BZ: but GU is greater than BK ; much aie a 


: ee 2, 
a rt ‘ > ‘ 


OF BUCEID.. : ¢ 


a chetid is GU ereater, than BZ, sa the. square oF GU: than the 
) scuare of BZyand AU is equal to. AB; therefore the square 
) of AU, thati is, the squares of AG, GU are equal to the square 
) of AB, that is, to the squares of AZ, ZB; but the square of 
| BZ is less than the square of GU ; “therefore the square of AZ 
. is greater tham the square of AG, atid the straight line AL ‘con- 
4 reaueney greater than the straight line AG. y 

} Cor. And if inthe lesser sphere there be described a solid 
4 polyhedron, by drawing: straight lines betwixt the points in 
| which the straight lines from the centre-of the sphere drawn 
to all the angles of the solid polyhedron i in the greater sphere 
 meetthe superficies of the lesscr; in the same order in which 
| are joined the points in which the same lines from the centre 
méet the superficies of the greater sphere; the solid polyhe- 
} dron in the sphere BCDE has to this other solid polyhedron 
) the.triplicate ratio of that which the diameter of the: sphere 
|) BCDE has to the diameter of the other sphere: for if these 
‘two solids be divided into the same number of pyramids, and 
im the same order, the pyramids shall be similar to one -ano- 
ther, each to each; bceause they have the solid angles at their 
3} common vertex, the centre of the sphere, the same in each py- 
ramid, and their other solid angle at the bases equal to one 
another, each to each* y because they are contained by three 
| plane angles equal each to each: and the pyramids are contained 
) by the same number of similar planes; and are therefore similar” 
to one another, each to each: but similar pyramids have to 
7) one another the triplicate’ ratio of their homologous ‘sides. 
“Therefore the pyramid of which the base is the quadrilateral 
} KBOS, and vertex A, has to the pyramid i in the other sphere 
} of the savie order, the triplicate ratio of their homologous 


} greater sphere has to the’ straight line from the same centre to 
} the superficies of the lesser sphere. And in like manner, each 
pyramid in the greater sphere has to each of the same order in 
thé lesser, the triplicate ratio of that which AB has to the se- 


Wherefore the whole solid polyhedron in the greater sphere 
thas to the whole solid polyhedron in the other, the triplicate ratio 
of that which AB, the semidiameter of the first, has to the semi- 
“diameter of the other; that is, which the diameter BD of the 
beac has te the Sistheter of the other Bees: 


sides; that is; of that ratio which AB from the centre of the 
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midiaweter of the lesser sphere. And as one antecedent is to its — 
consequent, so are all the antecedents to all the consequents. 
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PROP. XVIII. THEOR. ae ia | 


“SPHERES have to one another the triplicate ratio. | 
of that which their diameters have. ATE MRED 


Let ABC, DEF be two stew of hicty: the dinmneths — 
BG, “EF. The sphere ABC has to the: sphere: DEF the: trie | 
plicate ratio of that which BC hasto EF.) > aq 

or, if it has not, the sphere ABC shall nse toa sphere | 
either less or greater than DEF, the triplicate ratio of - that — 
which BC has toEF. First, let it have that ratio to 4 less, viz, © 
to the sphere GHK ; and let the sphere: DEF have the same 7 
centre with GHK; and in the ated “sphere cong describe’ | 


cate ratio of that which BC has to EF: for, if it can, let <it es 


triplicate ratio of that which E}’ has to BC. Nor can the © 


a solid polyhedron, the superticies of which does not meet the — 
lesser sphere GHK; and in the sphere ABC describe another. 
similar to that in the sphere DEF : therefore the solid polyhe- 
dron in the sphere ABC has to the solid polyhedron in the. 
- sphere, DEF the triplicate ratio” of that which BC hes to EF, “4 
But the sphere ABC has to the sphere GHK, the triplicate ra- 
tio of that which BC has to EF ; therefor 'e, as the sphere ABC 
to the sphere GHK,S0 is the solid polyhedron in the sphere ABC 
to the solid polyhedron in the sphere DEF: but the sphere _ 
_ ABC is greater than the solid. polyhedron in it; therefore’ al- ” 
so the sphere GHK.is greater than the solid polyhedron in the — 
sphere DEF; but it is also less, because it is. contained within 
it, which is impossible : therefore the sphere ABC has not to 
any sphere less than DEF, the triplicate ratio of that which — 
BC has to EF. In the same manner, it indy be demonstrated 
that the sphere DEF has not to any sphere less than ABC, the — 


sphere ABC have to any sphere greater than DEF, the tripli- . 
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have that ratio toa iteates sphere LMN : therefore, by i inver- B. XIL 
}sion, the sphere LMN has to the sphere ABC the triplicate etcfitas 
jratio of that which the diameter EF has to the diameter BC. 

} But, as the sphere LMN to ABC, so is the sphere DEF to’ 

} some sphere, which must be less*that the sphere ABC, because a 14, 5_ 
}j the sphere LMN is greater than the sphere DEF: therefore 

the sphere DEF has to a sphere less than ABC the triplicate 
ratio of that which EF has to BC ; which was shown to be im- 
possible : therefore the sphere ABC has not to any sphere great- 

er than DEF the triplicate ratio of that which BC has to EF: 

Hl and it was demonstrated, that neither has it that ratio to any 

|] sphere less than DEF. Therefore the sphere ABC has to the aa 
1} sphere DEF the triplicate ratio of that which BC has to EF. 
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NOTES, &c. 


DEFINITION I. BOOK I. 


It is necessary to consider a solid, that is, a magnitude whic 
has length, breadth and thickness, in order to understand aright 
the definitions of a point, line, and superficies; for these all 
arise from a solid, and exist in it: the boundary, or bounda- 
ries, which contain a solid are called superficies, or the boun- 


dary which is common to two solids which are contigueus, or. . 


which divides one solid into two contiguous parts, is called a 
superficies: thus, if BCGF be one of the boundaries which 
contin the solid ABCDEFGH, or which is the common boun- 
dary of this solid, and the solid BKLCFNMG, and is there- 
fore in the one as well as.in the other solid called a superficies 
and has no thickness: for, if it have any, this thickness must 


either,be a part of the thickness  . HYG M 
of the solid AG, or the. solid : 
BM, or a part of the thickness of f / |, N 


each of them. It cannot ks a’ 
part of the thickness of the solid 
BM ; because, if this solid be re- 


moved from the solid AG, the D 2 . 
superficies. BCGF, the boundary : 
~of the solid AG remain still the oo See 

same as it was. Nor: canitbea A B K 


part of the thickness of the solid AG; because, if this be re- 
meved from the solid BM, the superficies BCGF,the boundary. 
of the solid BM, does nevertheless remain : therefore the super- 
. ficies BCGF has no thickness, but only length and breadth. 
The boundary of a superficies is called a line, or a line is the: 


common boundary of two superficies that are contiguous, or 
which divides one superficies into two contiguous paris: thus, 
if BC be one of the boundaries, which contain the. Superficies 


» ABCD, or which is the comion boundary of this superticies, | 
andof the superficies KBCL,, which is contiguous to it, this 


boundary BC is called a line, and has no breadth: for if it 


_ have any, this must be part either of the breadth of the super- 
-ficies ABCD, or of the superficies KBUL, or part of each of 
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Book ¥% them. Ij is not part of the breadth of the wupiticien KBCL; a 
eye for, if this superficies be removed from the superficies ABC D, a 

the line BC, which is the boundary of the superficies ABCD, a 
remains the same as it was: nor can the breadth that BC is sup- ae 
posed to have be a part of the breadth of the superiicies ABCD; 1 
_ because, if this be removed from the superficies KBCL, the line 
BC, whitch is the boundary of the superficies KBCL, does never- 


_theless\remain: therefore the line BC has no breadth: and be- 3 
cause the line BC is « superficies, and that.a superficies has no 
thickness, as was shown ; therefore a line has neither breadth nor 
thickness but only léngth. ~ ; 

The boundary of a line is called a point, or a point is the 
common boundary or. extr etnity H G M 
of two lines that are contiguous: : 
thus, if B be the extremity of the a N 
line AB, or the common extremi- E- [7 
ty of the two lines AB, KB, this TE 
extremity is called a point, and epee) tae 
has no length; for, if it have any, Dh mr eer A, fi 
this length must either be partof i [~ |r: a 
the length of the line AB, orofthe A B K 


line KB. It is notpartofthelength 
of KB; for if the line KB be removed from AB, the point By 
which is the extreviity of the line AB, remains ‘the same asit . 
was ; nor is it part of the length of the line AB; for, if AB be 
| removed from the line KB, the point B, which is the extreinity 
\ of the line KB, does heverhelees remain: therefore the point 
B has no length: and because a point is in a line, and a-line has __ 
neither breadth nor thickness, therefore a point has no haa es 
breadth, nor thickness. And in this manner the definitions of 2 
point, line, and sipericies are to be understood. 


Spat Coe Pi 


DEE. VIL. B love 4 

Instead of this definition as it is in the Greek copies, a more ig 
‘distinct one is given from a property of a plane superficies, . 

/ Which is manifestly supposed in the Elemenis, viz., ‘that a 
straight line drawn from any he in.a plane to any. other i in it ; 


/- wholly in that plane, 


DEF VIL B. I. 

It seems that he who made this defirdtion designed that it 
should comprehend not only a plane angle contained by two 9 
‘straight lines, but likewise the angle which some conceive to _ a 
~ ‘be made by a straight line and a curve, or by {wo curve lines, ’ 
dps meet one another in a plane: by though the meaning of © 


i 7 


| NOTES. 


7 once, that is, in a straight hee or in the same 
direction, be’ lain, when two ‘straight lines are said to be ina 
straight line, it does not appear what ought to be understood 
by these words, when a straight line and a curve, or two curve 
lines, are said to be in the same direction ; at least it cannot be 
explained i in this place; which makes it. probable that this defi- 
nition, and that of the angle of a segment, and what is said of 


the words 


- the arigle of a semicircle, and the angles of segments, in the 


Book I. 


16th and 31st propositions of book 3, are the additions of some — 


less skilful editor: on which account, especially since they are 


quite useless, these definitions are distinguished from the rest 
by invérted double commas. 


DEF. XVII. B. I. 


The words, s which also divides the circle into two equal 
“‘ parts,” are added at the end of.this definition in all the copies, 
but are now left out as not belonging to the definition, being 
only a corollary from it. Proclus demonstrates it by conceiving 
one of the parts into which the diameter divides the circle, to 
be applied to the other; for it is plain they must coincide, else 
the straight lines from the centre to the circumference would 
not be all equal: the same thing is easily deduced from the 3!st 


prop. of book 3, and the 24th of the same; from the first of . 


which it follows that semicircles are similar segments of a cire 
cle :.and from the other, that they are equal to ene anether. 
us ; oe “34 7 b v « ‘es ? 2 i 


TEN ee ER REE: Be Le 


This definition has one condition more than is necessary ; be- 
cause every quadrilateral figure: which. has its opposite sides 
equal to one another, has likewise its’ Opposite angles equal ; 

and on the contrary. 

Let ABCD be a quadrilateral, figure, af which the opposite 
sides AB, CD are equal to one another 5 
as also AD and BC: join BD; the two 
sides AD, DB are equal to the two CB, 
BD, and the base AB is equal to the 
base CD; therefore, by prop. 8, of book | 
rE, the angle ADB is equal to the angle B Cc 
; CBD; and, by prop. 4, book 1, the angle 

BAD is equal to the angle DCB, and ABD to BDC; and there: 
a also the angle aa 1S —* to the shel Abe. | 


oh 
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Book. = And if the angle BAD be equal to the opposite angle BCD, 
ae and the angle ABC to ADC, the opposite sides are equal; be- 


cause by prop. 32. book 1, all the angles of the quadrilateral 
figure ABCD are together equal to A Bae Sa 


four right angles, and the two angles 


BAD, ADC are together equal to : a ‘ 
the two angles BCD, ABC: where- 
fore BAD, ADC are the half of all . : 


the four angles; that is, BAD and op MG 
ADC ave equal to two right angles: and therefore AB, CD are 


parallels by prop. 28, B. t. In the same manner, AD, BC are — 


parallels : therefore ABCD is a parallelogram, and its opposite 
sides are equal, by prop. 34, pook.1. 


PROP. VIL Bel. | 


‘ 


There are two cases of this proposition, one of which is not 


in the Greek text, but iss necessary.as the other: and that 
the case left out has been formerly in the text, appears plainly 
from this, that the second part of prop. 5, which is necessary 


to the demonstration of this case, can be of no use at all in the — 


Elements, or any where else, but in this demonstration: because 


the second part of prop. 5 clearly follows from the first part, — 


and prop. 13, book 1. This part must therefore have been added 
to prop. 5, upon account of some proposition betwixt the 5th 
and 13th, put none of these stand in need of it except the 7th 
proposition, on account of which it has been added: besides, 
the translation from the Arabic has this case explicitly demon- 
strated. And Proclus acknowledges, that the second part of 
prop. 5 was added upon account of prop. 7, but gives a ridicu- 


ious reason for it, “ that it might afford an answer to objections - 


“ made against the 7th,”’ as if the case of the 7th, which is left 


out, were, as he expressly makes jt, an objection against the | 


proposition itself. Whoever is curious, may read what Proclus 
says of this in his commentary on the 5th and 7th propositions ; 
for it is net worth while to relate his trifles at full length. 

It was thought proper to change the enunciation of this 7th 
prop., so as to preserve the very same meaning; the literal 
translation fron, the Greek being extremely harsh, and difficult 
to be understood by beginners. | WIRE 9 KO 
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earn the Elements, as not to per- 
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A ey 1s added to this PIAERION, which is necessary to 
Prop. i, cg and otherwise. 


+ 


| PROP. XX. and XXI. B, I. 


Proclus, i in his commentary, relates, that the Rpicuresis de- 


_rided ‘this proposition, as being manifest even to asses, and need- 


ing no demonstration ; and his answer is, that though the truth 
of it be manifest to our senses, yet it is science which must give 
the reason why two sides of a triangle are greater than the third: 
but the right answer to this objection against this and the 21st, 
and sonie other plain propositions, is, that the number of axioms 
ought not to be increased without necessity, asit must be if these 
propositions be not demonstrated, Mons. Clairault, inthe pre- 
face to his Elements of Geometry. pu ‘lished in French at Paris, 
ann. 1741, says, That Euclid has been at the pains to prove, 
that the two sides of a triangle which is included within another 
are together less than the two sides of the triangles which in- 
cludes it; but he has forgot to add this condition, viz. that the 


triangles must be upon the same base: because, unless this be! 


added, the sides of the included triangle may be greater than the 
sides of the triangle which includes it, in any ratio which is less 
than that of two to one, as Pappus Alexandrinus has demon- 
strated, 1 in prop. 33 ‘B. = one his mathematical collections. | 


PROP. XXII. Buk 


Some authors blame Euclid, hacailee he does not demonstrate 


that the two circles made use of in the construction of this 


problem must cut one ahother: but this is very plain from tae | 
determination he has given, viz., that any two of the straight, 
lines DF, FG, GH, «ust be great- 


er than the third: for who ts so 
dull, though only beginning to: 


Ceive that the circle . described 
from the centre F, at the distance 


FD, must meet FH betwixt F and D M FG : H 
Hy, because FD is less than FH; 
and that, for the like reason, the circle described from the centre 
~G, at the pens GH, or GM, ust meet DG betwixt D 
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Book % and G; and that these circles must meet one smother, because : 


‘Simpson derives from it, and puts _, 


order to make with it the angle EDG D 


‘the second edition of his Elements of 
Geometry, printed anno 17 60, observes, 


WOTES.© 25. ges 


FD and GH are together greater 
than FG? And this determina- 
tion is easier to be understood 
than that which Mr. Thomas~ 


instead of Euclid’s in the 49th 
page of his Elements of Geome- D M FG H 


_ try, that he may supply the omis- 
sion he blames Euclid for; which datedrniniricey’ is, that any of 


the threé straight lines must be less than the sum, but greater 
than the Uniisrente of the other two: from this he shows the 
circles must meet One another, in one case ;. and ‘says, that it 


may~be proved after the same manner in any other case: but — 


the straight line GM, which he bids take. from GF, may be 
ereater than it, as in the figure here annexed; in hich case 
his demonstr ation must be i isrgdl see into Aopen ak 


PROP. XXIV. Me K, 


To this is added, “ of the tive sides DE,’ DE, let DE be 
“ that which is not greater than the other;” that is, take that 
side of the two DE; DF which is not greater than the other, in 


wo 


equal to BAC; ‘because, without this - 
restriction, there might be three differ- 
ent cases of the preperws as Campa- 

nus and others make. 

_ Mr. Thomas Simpson, in . 262 of 


in his notes, that it ought to have been 


. shown that the point F falls below the E=_—"——— ae 
line EG; this probably Euclid omitted, ee Li 
“as it is very easy to perceive, that DG * 


being equal to DE, the point G is in the circumference of a cir- 
cle described from the centre D, at the distance. DF, and n ust 


~ be in that part of it which is slaiees the straight line EF, because 


DG falls above DF, the pase EDG being ste than ihepn- 
gle EDF, dos fa ae 


ph 


PROP. 2 B. 


The ptoposition wir is ans called the sth bieetllate, or 
vith axiom, by some: the sige on whieh this 29th depends, has 


:s * 


<-or BD. 
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given a Br 2 ‘ deal to do, both to ancient and modern geome- Book I 
ters: it seems not to be properly placed among the axioins, as, ““v— 
indeed it is not self-evident; but it may be demonstrated thus : 


DEFINITION 1. 


A 
} 


i The distance of a point from a straight line, is the perpendi- 
cular drawn to it from the point, ye 


DEF. 2. Di ai 


One straight line is said to go nearer to, or further from, 
another straight line, when the distance of the points of the first 
from the other straight line becomes less or greater than they 

were, and two straight lines are said to keep the same distance 
from oné another, when the distance of the points of one of 
them from the other is always the same. 


‘ AXIOM. — 
A straight line cannot first come nearer to another straight r 
line, and then go further from it, be- 4 eu. 
fore it cuts it; and, in like manner, a Bb } 
° . ee oA ; —————ee 
straight line cannot go further fromy HERS 


__another straight line, and then come y. 
| i } ‘i eis elie I 
nearer to it; nor can a straight line Hates : —H 


keep the same distance from another G 
straight line, and then come nearer to it, or go further from it 5. - 
for a straight line keeps always the same direction. > 
For example, the straight line ABC cannot first come nearer | | 
to ‘the straight line DE, as from the ea i see 
point A to the point: B, and then, A Seeger “2PM “ 
from the point B tothe point C, go D : ~ See the 
further from the same DE: and, in F— acoA E figure 
like manner, the straight line FGH . _— G ane 


cannot go further from DE, as from F to G, and then, from G 
to H, come nearer to the same DE: and so in the last case, as 
in figure 2. , , Pap kee acianed 
. PROP. ESS cau 
if two equal Straight lines, AC, BD, be each at right angles 

fo the same straight line AB; ifthe points C, D be joined by 
_ the straight line CD, the straight line EF drawn from any point } 
£.in AB unto CD, at right angles to AB, shall be equal to AC, _ | 

If EF be not equal to AC, one of them must. be greater 

than the ether; let AC be the greater; then, because FE is 
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“a4. 1. 


b 8.1. 


e 10. def. 
1, 


»the straight line CFD is further 


NOTES. 


less than CA, the straight line CFD is nearer to the “straight 
line AB at the point F than at the i 

point @, that is, CF comes. nearer : 

to AB from the point C to FP: but C =a 
because DB is greater than FE, te eae: : 


from AB at the pdint D than at F, 
that is, FD goes further from AB ibs: 
from F to D: therefore the straight E B 
line C!'D first comes nearer to the straight line AB, and then 


‘goes further from it, before it cuts it; which is i: possible. If 


FE be said to be greater than CA, or DB, the straight line CFD 
first goes further from the straight line AB, and then comes 
nearer to it; which Is also impossible. Therefore FE is not 
unequal to AC, that is, it is equal to it. ny 


PROP. 2. 


if two equal straight lines AC, BD be each at eal angles to — 


the same str-ight line AB; the straight line CD, which joins 
their extremities, makes right angles with AC and BD. 

Join AD, BC; and because, in the triangles CAB, rai 
CA, AB are equal to DB, BA, and the angle CAB equal : 


the angle DBA; the base BC is equal* to the base AD ; mee 


in the ‘triangles ACD, BDC, AC, CD are equal to BD, DC, 
and the base AD is equal to the base 


BC: therefore the angle ACD is © ¥ D 
equal’ to the angle BDC: from any [FS "6 a 
point Ein AB draw EF unto CD, Br, gee | 2. 


at right angles to AB: therefore, by 
prop. 1, EF is equal to AC or BD; 3 
tier Tose: as has been just now ‘A bite Rec Bp 
shown, the angle ACI’ is equal to the 


angle EFC: in the same manner, the angle BDF i is equal to the 


angle EFD; but the angles ACD, DBC are equal; therefore 
the angles EFC and EFD are equal, and right angles® ; where- 
fore also the angles ACD, BOS are Tight errs 
j 

Cor. Hence, if two str aight ites AB, CD a at right angles 
to the same straight line AC, and if betwixt them a straight 
line BD be drawn at right angles to either of them, as to AB ; 
then BD is equal to AC, and BDC isa right angle. 

If AC be not equal to BD, take BG equal to AC, and 
join CG: therefore by this proposition, the angle ACG is a 


right angle ; bug ACD is also a right angle ; wherefore the « an= 


y ae 


¢ ) AG ee. ‘are nae to one ney which i is impossible. Book IL is 
. ‘Therefore BL vis equalito eos and by, ibis Beenie BDC is 
ae right: angle. id Peace fi eet i : bas 
i : rice : oD : < ies 4 TAD, wiht rs : v Lae 2 ¥ os 
: Me eae ay aay bey ee 
oar ee PROP. SS a Ot gaat wee 


ee | ‘two straight lines’ which contain an aigle be ppdaucllly : 
~, there may be found i in either of them a ‘point from which the- ; 
“3 perpendicular drawn ‘tothe other shall be greater than any gi- ih 
cs ven straight line. | 
Let AB, AC be two straight lines which make an angle swith, 
one another, and let AD be the given ‘straight line ;.a point may 
be found either in AB or-AC, asin AC, from which the per= 
pendicular drawn to thesother AB shall be greater than AD.” 
In AC take any point E, and draw, EL perpendicular to 
CAB: produce AE to G, so that EG- be equal to. AE; and 
prodtice FE to A, afd make EH equal to FE) and join HG. 
Because, in the triangles AEF, GEH, AE, EF are equal to 
GE, ‘EH, each to each, and contain equal*. angles, the angle a 15. 1. 
- GHE is therefore equal’ to the angle. AFE, which is a right p*4, 1, 
angle : draw GK perpendicular to ‘AB; and because the straight Greece 


Se 


lines FK, HG are — Be ic hes « R je. Cae 
“at right angles to ~~» | Te 2 as 
“FH, and. KG at. uy Eten eos) pee Gere ese : 
right angles tor Ks T pr |e ee ae | : 
KG is equal to’ FH, ce Po eevee 1 ) 


hi; 

. by cor. pr. 2. , that is, , 1 FS ae ot . Se cece. 
‘tothe double of FE; ARG i 
Inthe same man- P ~~ Aa ay . eet 
ner, if, AG-be pro--" ‘ Ne , 

-. danced to L, so that GL, he équal to kG, anal LM be draw “4 

perpendicular to” AB, then LM is. double of GE, andsoon. | |. 

~ Tn AD take AN -equal to FE, and AO equal to KG,. that is, 
to the double of FE,-or AN; also, take AP equal.to LM, that. 
is, to the double of KG, or “AO; and let this be. done till the _ 
straight line taken be greater than AD: let this straight lineso | 
taken be, AP, and because AP is equal to LM, therefore LMis. 


me ou greater than AD. Which was to 5 Gig ine - : 
ae Sg HY « Seas at Pe a 
aN eye at RRO. 4 : Sa v4 : 


“ie go straight ines AB, CD oie sseoal angles EAB, ECD 
“with another straight line EAC: towards the suine parts‘of its o0 
AB and oD: are. at right angles to-some straight dine. 


m4 


306 


Book I. 


Sv CH in the straight line CD equal to AG, and on the contrary. : 
side of AC to that on which AG is, and join FH: therefore, _ 


a 48.<1; 
b 4. 1. 


€°1351; 
ad°14, 1, 


ec 
wo 
Go 
peo 


b 13. 1. 


° NOTES. ae 
Bisect AC in nF and dkaw FG per pendiéular {0 AB; take 


in the triangles AFG, CFH, the sides F ae AG are cqual to 
FC, CH, each to each, and the angle i 

FAG, that* is, EAB is equal to the 
angle FCH; wherefore’ the angle 
AGF is equal to CHF, and AFG tog - wa B 
the angle CFH > to these last add the —— 

common angle AFH; therefore the : ae 
two angles AFG, AFH are equal to FF. 

the two angles CFH, HFA, which Be SEN 
two last are equal together to two aa Whe: mee 
right angles’, therefore also AFG,c° H Rea Ds 
AFH are equal to two right angles, and consequently GF and | 
FH are in one straight line. And because AGF is a right angle 
CHF which is equal to it is also a right angle ; therefore the 
straight lines AB, CD are at right ne to GH. 


oS 


If two straight lites AB, CD be cut by a third ACE so as 
to make the interior angles BAC, ACD, on the same side of 
it, together less than two right angles; ‘AB and CD being pro- 
duced shall meet one another towards the parts on which are 


the two angles which are less than two right angles. fs 
At the point C in the straight line CE make * the angle 


ECF equal to the angle EAB, and draw to AB the straight 
line CG at right angles to CF: then, because the angles ECF, 
gl a 


- FAB are equal to one an- 


other, and that the angles 
ECF,FCA are together e- 


qual’ to two right angles, Me oo 3 
the angles EAB, FCA are M £ ‘ £ Yee uke 


equal to two right angles. fe Mose 
But, by the hypothesis,the WI/ |. Dp oo 
angles EAB, ACD are to- eA | i ae 
gether less than two right 7 oe ae 
angles; therefore the angle A ©. ae Sg ks) Pest 


FCAis greater than ACD. 
and CD falls between CF and AB: and betause CE and CD 


make an angle with one another, by prop. 3 a point may be 


found in either. of them CD, How which the perpendicular: 
drawn to CF shall be greater than the straight lipe CG. * Let 


NOTES. 

this point b be! H, and draw HK perpendicular to CF, meeting 
AB in Li: and because AB, CF contain equal angles with AC 
on the same side of it, by prop. 4, AB and CF are at right angles 
to the straight line MNO, which bisects AC in N and is perpen- 
_. dieular to CF : therefore, by cor. prop. 2,CG and KL which are 
\ at right angles to CF are equal to one another: and HK is 
greater than GG, and therefore is greater than KL, and conse- 
quently the point H is in KL produced. Wherefore the straight 
line CDH drawn betwixtthe points C, H, which are on contrary 
sides of AL, must ROces ans cut the straight line AL. 


PROP. XXXV. B. L. ! 


The demonstration of this proposition is cheng eds because, if 
the method which. is ysed in it was followed, there would be 
three cases to be separately demonstrated, as is done in the 
ranslation from the Arabic; for, in the Elements, no case of a 
proposition that requires a different demonstration, ought to be 
omitted. On this account, we have chosen the method which 
Mons. Clairault has given, the first of any, as far as I know, 1 in 
‘his Elements, page 21, and which afterward Mr. Simpson gives 
in his page 32. Butwhereas Mr. Simpson makes use of prop. 

26, b. 1, from which the equality of the two triangles does not 
immediately follow, because, to prove that, the 4. of b, 1, must 
likewise be made use. of, as may be seen in the very same case 
in the 34 prop. b. : it was thought better to make use amy of 
the 4 of b. 1. | 


PROP. ‘XLV. B. I, 


The el line KM is proved to be parallel to ET, from the 


33 prop.; whereas KH is parallel to FG. by construction, and 
KHM, FGL have been demonstrated to be straight lines. A 


bee corollary is ‘added from Comma: as being often used. 


, 


PROP. XII. B. IL 
[A this proposition only acute angled ae at * entioned, 
whereas it holds true of every triangle: and ‘the demonstra: 


tions of the cases omitted are added: Commandine and Clayius 


have likewise given their demonstrations of these cases. 


PROP. AIV. B. i. ee 


“In the Jemensteeaee of this, some Gr eek editor has i ignorant: 


ty inserted the w ords'* « butt ness one of the’two a ED is the 


. 


bbs, 
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Book I. “ greater ; let EB be the ereatcr, ose staedite it. 0 Ky” as 5 if it’: 
_-yv~_~was of any consequence whether-the greater or lesser be pro-. .\ 


* 


3 ick nL | GEVERAL xithors, especially among the modern medion. 


a 


” 


a P . , a ger » 


NOTES. ir 


2 


‘ duced: therefore, instead of these words, there ought to be réad 
ony: & butif be produce BE to oh ERO Save foe 


PROP. DP Bs HI ent 


ticians and: logicians 3 inveigh too severely against. indirect or 


- Apagogic: demonstrations, and sometimes ignorantly enough,: : 


not being aware that there are some things that. canpot be de- 
monstrated any otlrer way: of this the present. proposition is a 
very cleaf instance, as no direct demonstration can be given of 

ats because, besides the definition of'a circle, there is'ne princi 

, **s ple-or property relating to a circle.antecedent to this problem, 
from which either a direct or indirect dernonstration can be. de 

_ duced :- wherefore if is necessary:that the: point found by the. 


construction of the ptobleny be proved to be-the cehtre of the © 


_ circle, by. the help of this definition, and soine of the preceding” 
_ propositions : : and because, 1 in the demonstration, this proposi- 
‘tion must be brought in, viz. straightJines from the centre of a 
-eircle to the circumferencé are équal, and that the point found 
_ by the construction cannot be assumed as the’ centre, for this is 
the thing to be demonstrated ; ‘it is manifest-some,other point 

- must. be assumed as the centre; and if from this assumption an 
~ absurdity follows, as*Euclid demonstrates there must, then it ig 
not true. that the’ point assumed is the centte ; and as any point 
‘whatever was assur’ ‘ed, it follows that no point, except that found 
by the construction, can be the cenire, from which the ues 
ofan indirect demonstration i in this cage is evident, 


.j ’ % GS z ? <p Y y qr se: 4 
‘ ; 2 ‘4 , 


wv 


Retina’ i “ ; fe 


A A ees te 


OG AeA Oe ee A ; 
te ‘ _ PROP. RIT. iegaane NE ae? 
QR I Fe deat et *s fm / 
_As it is $ much easier to imagine that two circles” may’ ‘soul 
a one another within, in-more points than 6ne, upon the same 
side, than upon opposite sides ; ; theigure of that case ought 
ot to have “been omitted; but the construction in the Greek 
text would not have suited with this ficure so well, because the 
centres of the circles. must-have been placed neat to the :cir- 


AGS 


cumferences } : on which account another construction and de-* 


- whonstfation is-given, which is the same with the second part. 
"of that which. Serie has translated fyom the rats 


~ 


Sen ‘ beh 


| 


we 


y 


“ 
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7 ot ‘ t " Ged is + 
_where without apy reason the demons is div’ Hed tito'two 4 

Pare. - iss y . bs fake - “ 

3 3 va sl Ls 6 e 9 af ~ 3 fy ' * of + 
* Me Fs “f oe pe 4 3 
The converse of the feo part of this proposition is want: 
ing though in the’ preceding, the converse is added, in a like 
"ease, both in the enunciation and demonstration ; and it is trew 


-radded in this. Besides, in the demonstration OF thers ‘pi art of 


this 14th, the diameter AD (see Commandine’s figuré) is proved 
_to ‘be greater than the straight line BC, by means of ‘anotie: 
straight line MN ; whereas it may be better done without it ; 
on which accounts we have. given a different. demonstration; 


like to that which Euclid gives in the. preceding 14th,’ and 101 
_ that which Theodosius gives in por 6, De 6 ne his Spheri Loss 


oo th this very ene oe 


~ 
r 7 
c 


od 


ae 4 © PROP.XX B. Tit. 


Crees: PROP. XVI. B. HE 


In this we mee not followed the Micke nor the fant ta) ans- 


lation literally, but have given what is plainly the meaning bis 


this proposition, without mentioning the angle ofthe semicirc 


, or that which some call the cornicular angle, which they cor 
“ceive to be made by the circuniference and the Straight tin 


which is at right angles to the diameter, at its extremity ; whi 
angles have furnished matter’ of great debate between some < 
the modérn geometers, and given occasion of deducing strange 
consequences from them, which-are quite avoided by the man- 
“ner in which we have. expressed the proposition. - And i in like 


manner, we have given the true méaning of prop. 31, b. 35 with- | 


out mentioning the angles of the greater or lesser" segments : 
these passages, Vieta, with good-reason, Suspects to be. adulte- 
bese iif the aeGye page of his tout Math. ereoke 


© : ; , . 
o 


. 
m ¢ 
€ 
* 


The first lis (of the. second part of this, demonstration, 


@ yracSw dy ward? ave wrong translated by Mr. Briggs and 


‘Dr, Gregory “ Rursus inclinetur 5” for the translation ought 


-- tobe “ Rursus infléctatur ;”? as Commandine has it : a straight.“ 
dine is said to¥ be, inflected either to a straight or curve line, ~ 
when a straight line is- drawn to »thig line from a point, and* ~ 
‘from the point in which it meets it; a straight line making 
“an angke with the former is drawn to -another point, as is evi- 
dent frora the 90th prop. of Euclid’s Data: Yor this the whole’ 
dine wetwint the first and last. points, is inflected or daca at 


Me a NE 


¥ ‘ ’ 3 sath” tae 


> 


eo 
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Book Ml. the point of inflection, where the two straight lines meet. And 

tempee? inthe like sense two straight lines are said to be inflected from 
two points toa third point, when they make an angle at this 
point; as may be seen in the description given by Pappus : 
- Alexandrinus of Appellonius’s book de Locis planis, inthe pre- © 
face to his 7th book: we have made the expression fuller om 
the 90th prop. of the data. 


PROP. XXI.B. Tit. 


‘There are two cases of this proposition, the tae of riick 
viz. when the angles are In a segment not greater than 4 semi- 
circle, is wanting in the Greek: and ‘of this a more simple : 
demonstration is given than that which is in Commandine, as” 
being derived only from the first case, without the help of tri- 

rangles. ! | re 


. ‘ 


PROP. XXILI. and XXIV. Bo Un a 


In proposition 24 it is demonstrated, eb the segment AFB 
must coincide with the segment CFD, (see Commandine’s 
figure), and that it cannot fall Gihiwised as CGD, so as to cut 
the other circle in a third point G, from this, that, if it did, a : 
circle could cut another in mere points than two: but this 


"ought to have been proved to be impossible in the 23d. prop. as, 
well as that one of the segments cannot fall within the other : 4 

‘this part then is left out in the 24th, ek put in its prone? aie : 
the 23d proposition. hud i 3 

Cooks Miss ia > PROP. XXV. B. nL 4 
4 “ c, es ? ‘ ie 4 
fj ‘This proposition is divided inte three cases, of which two 
have the same construction and demonstration ; therefore itis © > 

now divided only intotwo cases. Geir ee 


PROP. XXXL, B. UL. 


‘his also in the Greek is divided into Aes cases, of which 
two, viz. one in which the given angle is acute, and the other in 
which it is obtuse, have exactly the same construction and de- 
monstration; on which account, the demonstration of the last’ =~ 
ease is left out as quite superfluous, | and the addition of some 

_ unskilful editor ; besides the demonstration of the case when the 7% 
_ angle given is a right angle, is done a roundabout way, and is | © 
sherefore changed to a more simple one, as was done ied Clavius. 


NOTES. . 
OT | e 


PROP. XXXV. B. Il. 


As. the 25th and 33d propositions 2 are divided into more cases, 


so this thirty-fifth i is divided into fewer cases than are necessary. 
Nor can it be supposed that Euclid omitted them because they 
are easy ; as he has given the case, which by far is the easiest of 
them all, viz. that in which both the straight lines pass through 
the centre: and in the following proposition he separately de- 
' monstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre: so 
that it seems Theon, or some’ other, has thought them too long 
to insert : ‘but cases that require different demonstrations, should 
not be left out in the Elements, as was before taken notice of : 
these cases are in the translation from the Arabic, and are now 
"put into the text. 


PROP. XXXVII._ B. IH. 
At the end of this, the words “ in the same manner it may be 


© demonstrated, if the centre be in AW” are left outas the addi- 
tion of some RATERS: angen 


DEFINITIONS OF BOOK LV. 


Sil 


Book If, 


WHEN a point is ina straight line, or any other line, this Book IV. 


point is by by the Greek geometers said «@7«7S, to be upon, or in 
that line, and when a straight line or circle meets a circle any 


Namen omen 


way, the one is said errer3-24 to meet the other: but whena straight 


line or circle meets a circle so as not to cut it, it is said *spz7te7 Fas, 
to touch the circle; and these two termsare never pr binlesulns- 
ly used by them : therefore, i in the fifth definition of book 4, the 
compound tpartvres must be read, instead of the simple errata ; 
and in the Ist, 2d, 3d, and 6th definitions: in Commandine’ i 
translation, “ tangit,” must bé read instead of “ contingit :”” and 
in the 2d and 3d definitions of book 3 3, the same change must be 
made : but in the Greek text of propositions 11th, 12th, 13th, 18th 
19th, book. 3, the compound verb is to be put for the simple. 


‘ 


PROP. IV. B. IV. 


In this, as alto’; in the 8th ee 13th propositions of this book, 
it is demonstrated indirectly, that the circle touches a straight 
= whereas in the 17th, 35dy and $7th ER Se of book 
3, the same thing i Is sagen demonstrated : and this. we iy we 
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. have e chosen to use. in the propositions: of ‘nis book} a as it 1s 


sherter... i Z : mA ‘ 
» - PROB. V. B. Lv. age 
The demonstration at this nae been | spoiled by. some suthalar 


Nand: for he does not demonstrate, as is necessary, that the two 
siyaight lines which bisect the.sides of the triangle at right angles 


~ 


must. meet one another; and, ywithout any reason, he divides - 


the proposition into. thee cases; whereas, one and the same con- 


‘ struction and demonstration. serves for them all» as Campanus 


} 
ee ‘ 
« 
Book V. 
oe 4 _ j 


fs s observed 5 which useless: repetitions are now left out: the 
Gree kk text also in the corollary is manifestly vitiated, where 
ntion is::uade of a given angle, though there neither is, nor 

ap be any, thing in the proposition, Jibs ik toa rae angle. * 


PROP. } XV_ and XVI B. IV... sae 


tn. che Sesame of the first of these, Tasmbide sequuatceel and 
equiangular are wanting in the Greek: and.in prop. .16, instead - 


ABCD:: “where nea ai is made. of its containing: fifreen calle 


ft. 


we ni ~*~ 


of the. circle ABCD; ought to be read the circumference *.- 


» on . _ 
So gag eh i 3 ne 
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? 
Make of dhe ynodern srethjepuaticians Feject. this definition’ 3 
the very learned Dr. Barrow has explained i it at large’at the 
endofhis third lecture of thé: year 1666; in Whichalso Ife answers - 
the objections made: against-it as well as the subject would al- = 


-- low: and at the end gives his opinion upon the whole as follows : 


-© shall only add, that the authorhad, perhaps, no other’ 
“design in taking this definition, than, (that he might more. 
“ fully explain and embellish Iris subject) to give a géneral 
“ and summary idea of ratio-to beginners, by premising 
“ this metaphysical definition, to thé more accurate defini-’ 
tions of rations that are the samé to.one another, or one of 
“ which is ‘greater,- or less than the’other: I call it a meta- 
6“ physical, for it is not proper a mathematical - definition, 
“sifce nothing in mathematics epends on it, or igdeduced, 
s“ hor, as I judge, can be deduced from’ it: ‘and. the defini- | 
* tion “of BaMyey which Legetit viz. ee is eagt sinni- 


" J 
¥ ; te 
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.  Situde of ratios, is of the same kind, and can serve for no Book V. 


“purpose in mathematics, but only to give beginners some 
“ general, thongh eross and confused notion of vanalogy : but 
the whole of thé doctrine of ratios, and the whole of mathe- 
*‘ matics, depend upon the accurate mathematical definitions 
“ which follow this: to these we ought principally to attend, as 
“ the doctrine of ratios is more perfectly explained by them : 
this third and others like it; may be entirely spared without 
“ any loss to geometry; as we see in the seventh book of the 
_“ Elements, where the proportion of numbers to one another 
“ is defined, and treated of, yet without giving any definition 
* of the ratio of numbers; though such a definition was as ne- 
> “ cessary and useful to be given in that book, as in this : but in- 
“ deed there is scarce any need of it in either of them: though 
*¢ J think that a thing of so general and abstracted a nature, and 
“ thereby the more difficult to be conceived and explained, 
* cannot be more commodiously defined than as the author has 
“ dene: upon which account I thought fit to explain it at large, 
“ and defend it against the captious objections of those who at= 
“ tack it.” \ To this citation from Dr. Barrow I have nothing: 


‘to add, except that I fully believe the Sd and 8th definitions are 


not Iuclid’s, but added by some unskilful editor. 


STEN DR Ba DEF. Xt. Ae fe re is 


_. It was necessary to add the word“ continual” before “ pro- 
‘6 portionals” in this definition; and thus it is cited in the 33d 
prop. of book 11. ai , er es 
After this definition ought to have followed the definition of 
compound ratio, as this was the proper. place for it; duplicate 
_and triplicate ratio being species of compound ratio. But Theon 
has made it the 5th def. of beok, 6, where he. gives an absurd 
and entirely uscless definition. of compound ratio: for this reas 
son we have piaced another definition, of betwixt the 1ith 
and 12th of this book, which, no doubt, Huclid gave; for he 
cites It expressly in prop. 25,- book 6, and which Clavius, Hes 
rigon, and Barrow bave likewise given, but. they retain also 
Theon’s, which they ought to have deft out of the Elements. 


DEP. MI. RAV 
- % § 
» » This; and the rest of the definitions following, contain the ex- 
lication of some terms which are used in the 5th and following 
90ks; which, excepta few, are casily enough understoed from 
Maettas sae 6 eos | 


o yf? See 
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the propositions of this book where they are first mentioned: 


they seem to have been added by Theon, or so: e other. How- 


ever it be, they are arizona something more eedistinctyy for the 
sake of learners. 


PROP. IV. B. V. 


‘In the construction preceding the demonstration of this, the — 


words 4 ‘eux, any whatever, are twice wanting in the ‘Greek, 
as also in the Latin translations ; ; and are now more as being 
wholly necessary. 

Ibid. in the demonstration; in the Greek, and in the Latin 
translation of Commandine, and in that of Mr. Henry Briggs, 
which was published at London in 1620, together with the 


- Greek text of the first six books, which frinetatteo | in this place 


is followed by Dr. Gregory in his edition of Euchd, there is this 
sentence following, viz..“ and of A and C have been taken 
“equimuluples K, L3 and of B and D, any equimultiples 
“ whatever (4 erux*) M, N;” which isnot true, the words “ any 
“ whatever,’ ought to be left out: and it is strange that 


neither Mr. Briggs, who did right to leave out these words in 


one place of propgl3 of this book, nor Dr. Gregory, who chan- 


‘ged them into the word “ some” in three places, and left them 
8s P 


out in a fourth of that same prop. ‘13, did not also leave them 


out in this place of prop. 4,'and in the second of the two places. 


where they occur in prop 17, of this book, in neither of which 
they can stand consistent with truth: and in none of all these 


places, even in those which they corrected in their Latin trans-. 
lation, have they cancelled the ubove words in the Greek LeXt, 


as they ought to have done. 
. The same words é «ruxs are found in four places of prop. 11, 


of this book, in the first and jast of which they are necessary, 


but in the second ond third, though they are true, they are quite 
superfluous ; as they likewise are in the second of the two places 


in which they are found in the 12th prop. and in the like pluces — 
of prop. 22, 23, of this book ; but are septa in the last: sca 


of peor: oe Be Palso i in prop. 25, book lh. 


. 


COR. IV. PROP. os 


This corollary has been: unskilfully annexed te adie propo- 


sition, and has been made instesd of the legitimate demon- 


stration, which, with out doubt, Theon, or some other editor, 


has taken away, not from ‘tis, but from its proper place in. 
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“his book : the’ author. of it designed to demonstrate, that if four Bo v. 


_ magnitudes E, G, F, H be \proport tionals, they are also propor- 
_ tionals inversely ; that is; Gis to LE, as H to F; which is true ; 
but. the demonstration of it it does not in the least depend upon 
this 4th prop. or its demonstration: for, when he says, “ be- 
“ cause it is demonstrated that if K be greater thin M, L is 
“ greater than N,” &c. This 1 indeed is shown in, the de son- 
‘stration of the 4th prop. but not from this, that E, G, F, H are 
proportionals ; for this last is the conclusion of the proposition. 
~ Wherefore these words, « because it is demonstrated,” &c. are 
wholly foreign to his design: and he should have proved, that 
if K be greater than M, L. is greater than N, from this, that 
E, G, F, H are proportionais, and from the 5th def. of this book, 
which i has not, but is done in proposition B, which we 
have given in its proper place, instead of this corollary ; ; and 
another corollary is placed after the 4th prop. which is often of 
use; and is necessary to the demonstration of prop, 18 of this 
book. | 


PROP. V. BE. Ae 


In the construction vichioh misien disk the demonstration: of 


this proposition, it is required that EB may be the same mul- 
tiple of CG, that AE is of CF; that is, that EB be divided 


in as many equal parts, as there are parts in AE equal to 


_€F: from which it is evident, that, this construction is. not 
Euclid’s; for he does not show the. way of dividing ‘straight 
lines, and far less other magnitudes, into any number of equal 


parts, until the 9th proposition of Book 6; and he never requires. 
any thing to be done i in the construction, of which he had not: 


before given the method of doing. For this rea- oF 
son, we have changed the construction to one, Ay" Gq. 
which, without doubt, is Euclid’s, in- which no- ¥, 

thing is required but to adda magnitude to itself ~ 3 
a certain number of times; and this istobe found "=" om 
in the translation frosw the Arabic, though the | 

_enunciation of the proposition and the demonsira- b— 
‘tioh are there very such spoiled. Jacobus Peleta- bie 
rius, who was the first, as far as l know, who took 3 ft 
notice of this error, gives also the right construc- 
tion in his edition of Euclid, after he had given the other which 
he blames. He says, he would not leave it ot, because. it was 
fine, and might sharpen one’s geuius to invent others like it; 
whereas there is not the feast anetenee betw een the two ‘de- 


¥ 


$135 


316 


NOTES. 


Book V. monstrations except a’ single word in the construction, which 


very probably has been owing to an unskilful librarian. Clavius, - 
likewise gives both the ways; but neither he;*nor Peletarius 
| takes notice of the reason ‘why the one is esis ivi to a het: 


‘4 PROP. vie B Vv. 


There are two cases of this” Broan oF which only he 
first and simplest is demonstrated in the Greek? and it is pro- 
bable Theon thought it was sufficient to give this one, since he 
was to make use of neither of them in -his mutilated edition of 
the fifth book ; and he might as well have left out the other, as 
also the fifth proposition, for the same reason. ‘The demon- 
atration of the other case is now added, because both of them, 
as also the fifth proposition, are necessary to the demonstration 
of the 18th proposition of this book. The translation from 
the Arabic gives both cases briefly. ) co 


aan, B. V. 


- This proposition is frequently used by geometers, and it is 


necessary in the 25th prop. of this book, 3lst of the 6th, and 


34th of the 11th, and 15th of the 12th book. “It seems to have 
been takeu out of the Elements by Theon, because it appeared 
evident cnough to him, and others, who substitute the gonfused 


and indistinct idea the vulgar have of proportionals, in place 
of that accurate idea which is to be got from the 5th definition. 


of this book. Nor can there be any doubtthat Eudoxus or Eu- 


clid gave it a place in the Elements, when we see the 7th and 


: 9th of the same book demonstrated, though casi are quite as 
easy and evident as this. Alphonsus Boréllus takes occasion | 


from this proposition to censure the 5th d ion of this book 
very severely, but most unjustly: In p. 126 of his Euclid res- 


tored, printed at Pisa in 1658, he says, ¢ Nor can even this least 


“« degree of knowledge be obtained from the foresaid property,” 

viz. that which is contained in 5th def. 5.° “ That, af four 
“ magnitudes be proportionals, the third must necessarily be 
“ ereater than the fourth, when the first is greater than the 


_ “second; as: Clavius acknowled res'in the 16th prop. of “the 


“ 5th book of the Elements.” But though Clavius. makes no 


- such acknowledgment expressly, he bas given Borellus a han- 
. dle to say this of him; because when Clavius, in the above. 
cited place, censures Commandine, and that very, justly, for de- 


monstrating this proposition by help of the 16th’ of the fifth; 
yet he soaps stig gives no demonstration of it, but thinks it plain 


~ 


from the nature of proportionals, as he writes in the end of the 


14th and 16th prop. book 5 of his edition, and is followed by 


- Herigon in Schol. 1, prop. 14th, book 5, as if there was any na- 
ture of proportionals antecedent to that which is to be derived 
and understood from the definition of them. And, indeed, though 
it is very easy to give a right de:>onstration of it, nobody, as far 
as I knew, has given one, except the learned Dr. Barrow, who 
in answer to Borellus’s objection, demonstrates it indirectly, 
but very briefly and clearly, from the 5th definition, in the 322d 
page of his Lect. Mathem, from which definition it may also be 
easily demonstrated directly. On which account we have placed 
it next to the propositions, concerning equimultiples. 


- 


This also is easily deduced, from the 5th def. b. 5, and there- 
fore is placed next to the other ; for it was very ignorantly made 


a corollary from the 4th prop. of this book. ‘See the note on 
that corollary. > 


f PROP. C. B. V. 

This is frequently made use of by geometers, and is necessary 
to the 5th and 6th propositions of the 10th book. Clavius, in his 
notes subjoined to the 8th def. of book 5, demonstrates it only in 
numbers, by help of some of the propositions of the 7th book ; 
in order to demonstrate the property contained in the 5th defi- 
nition of the 5th book, when applied to numbers, from the proper- 
ty of proportionals contained in the 20th def. of the 7th book, 
And most of the commentators judge it difficult to prove that 
four magnitudes which are proportionals according to the 20th 
def. of 7th book, are also proportionals according to the, 5th def. 
ef 5th book. But this is easily made.out as follows: , 

First, if A, B,C, D be four FE 
magnitudes, suchthat A isthe B. 7 H 
same multipie, or the same part D. 
of B, which C isof D; A, B, C, 
YD), are proportionals.: This is . 
_ demonstrated in propositionC. =} |. L-- 

Secondly, If AB containthe | K— | 
same parts of CD, that EF does we 
of GH ; in this case likewise Miss | | 
ABistoCD,as EF toGH, ... A.C E.G M 
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by prop. C, of 5th book, AB is to | H | | bi 


* artical according to the 5th Be) MS ee Og ME > 


NOTES. 
Let CK be a part of CD, and GL the ~~ part of GH; 


and let AB be the’sume multiple of 
CK, that EF is of GL: therefore, B 


CK, as EF to GL: and CD, GH 

are equimultiples of CK, GL the © | oe | 

second and fourth; wherefore, by — 4 HE tet gate 

cor. prop. 4, book 5, ABistoCD = | K—=. wae 

as EF to GH. Seo, ra ; 
And if four magnitudes be pro- > 


def. of book 5, they are also Seer enienete ding to the 20th 


def. of book 7. 
First, if A be to B, as C to D; thes if A be any nuMiple or 


part of B, C is the same multiple. or part of D, by sh Dot 


book 5. 

Next, If AB be to CD, as EF to GH; then if AB contains 
any parts of CD, EF contzins the same parts of GH: for let 
CK be a part of CD, and GL the’ saive part’ of GH, and ‘let 
AB be a multiple of CK; EF is the same multiple of GL; 


take M the same multiple of GL that AB is of CK; hone” 
fore by prop. C, of book 5, AB is to CK, as M to GL: and CD, ¥. 


GH are equimultiples of CK, GL.: wherefore by cor. prop.. 4, 
b.'5, AB is toCD, as M toGH. And, by the hypothesis, AB 
is to CD, as Ef to GH; therefore M is equal to EF, by prop. 
9, book 5, and Sone RENE: EF is the same m tiple of a yee 
ABisofCK. . 


PROP. D. B. v. 
This | is not sinhrensistidy used in the domontinsien’ of. idatee 
pr opositions, and is necessary in that of pr ‘Op. 9,b. 6. It seems 
his left it out for the, reason meetin in the notes at 


PROP. VHI. B. V. 


In the demonstration of this, as-it is now in. the Greek, 
there are two cases (see the demonstration in Hervagius, or 
Dr. Gregory’s edition), of which the first is thatin which AE 
is less than EB; and in this it necessarily follows, that. Ho 
the multiple of EB is greater than ZH, the same multiple of 
AE, which last multiple, by the construction is greater than ©; 
whence also H©® must be greater than 4. But in the second 
case, viz. that in which EB. +i yess than AE, though ZH be 
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greater Ren a yet Ho may be less than the same 4; ; so that Book V. 
titere cannot be taken a multiple of 4 which is the first that is “~~ 


- greater than K or Ho because 4 itself is greater than-it: up- 
on this account, the author of this demonstration found it ne- 
cessary to change one part of the constructioa that was made 
use of in the first case: but he ‘has, without any necessity, 
changed also another part of it, viz. when he orders to take 
N that multiple of « which 9 

is the first that is greater , meee 
than ZH; for he might have ~ 
taken that wultiple of a | A A 
which is the first that is yy" | | 


bm 
89 


greater than He, or K,as | 
was done in the first case: _ Boe: | 
he likewise brings in this | | on ple 
_K into the demonstration of ~ : FR 
both cases, without any rea- 
son ; for it serves to no pur- 
pose but to lengthen the de- 
monstration. There isalso ~ 
a third case, which is not mentioned in this demonstration, viz. 
that in which AE in the first, or EB.in the second of the two 
other cases, is greater than D ; and in this any equimultiples, 
-as the doubles, of AE, KB are to be taken, as is done i tiis 
edition, where all the cases are at once demonstrated: ‘and from 
this it is plain that T heon, or some other Minhtu editor, has 
vitiated this Ae RRS 


BA @ B aA 


wi PROP. IX. B.V. 


Of this there is given a more explicit sires dnteg than that 
which is now in the Elements. 


mM PROP. Xo Be V.: ee 

It was necessary to give ancthbe demonstr :tion of ‘this pro- 
position, because that which is in the Greek and Latin, or other 
editions, is not legitimate : for the words greater, the same, 
or egual, lesser, have a quite different meaning when applied 
to magnitules and ratios, as is plain from the 5th and 7th de- 
finitions of book 5. By the help of these let us examine the 
demonstration of the !Oth prop. which proceeds thus: “ Let A 
“have to C a greater ratio, then B toC: I say that A is greater 
“than B. For if it is not greater, it is either equal, or less. 
“ But A cannot be equal to 6, because then each of them 
“ would have the same ratio to C; but they have not.. There- 
“fore Ais not equal to B.” The force of which reasoning is 


- 


\ 
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- Book V. this, if A had to C, the same ratio that. B has to. C, then if 
“ any equimultiples whatever of A and B be taken; and any 


3 
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multiple whatever of C; if the multiple of A be greater than 
the multiple of C, then, by the 5th def. of book 5, the multiple 


of B is also greater than that of C; but, from the hypothesis | 


that A has a greater ratio to C, than B has to C, there must, 
by the 7th def. of book 5, be certain equimultiples of A and By; 
and some multipie of C such, that the ie of A is greater 
than the multiple of C, but the multiple of B is not greater 
than the same multiple of C; and this proposition directly 
contradicts the preceding; wherefore A is not equal to. B. 
The demonstration of the 10th prop. goes,on thus: “« But nei- 
“ther is A less than B; because then A would have a less ra- 


* tio to C, than B has to it: but it has not a less ratio, there- 


“ fore’ A is not less than B,”’ &c. Here it is said, that “ A 
“ would have a less ratio to C, than B has to C,” or which 
is the same thing, that B would have a greater ratio to C, 
than A to C; that-is, by 7th def. book 5, there must be some 


‘equimultiples of B and A, and some multiple of C such, that 
the multiple of B is greater than the multiple of C, but the 


multiple of A is not greater than it: and it ought to have 


been proved :that this can never happen, if the ratio of A to 


C be greater than the ratio of B to C; that is, it should have 
been proved, that, in this case, the multiple of A is always great- 
er than the multiple of C, whenever the multiple of B is 
greater than the multiple of C; for, when this is demonstrated 


it will be evident that B cannot have a greater ratio to C,-than 


A has to C, or which is the same thing, that A cannot have a 


less ratio to C, than B has to C: but this is not at all proved 


in the 10th proposition ; but ifthe 10th were once demonstrated, 
it would immediately follow from it, but cannot, without it 
be easily demonstrated, as he that tries to doit will find. Where- 


fore the 10th proposition is not sufficiently demonstrated. And 
it seems that he who has given the demonstration of the 10th 
proposition as we now have #t, instead of that which Eudoxus. 


or Euclid had given, has been deceived in applying what. is 


manifest, when understood of magnitudes, unto ratios, viz, that 


a magnitude cannot be both greater and less than another, | 
That those things which are equal to the same are equal to- 


one another, is a most evident axiom when understood of 
magnitudes; yet Euclid does not make use of it to infer that 
those ratios which are the sauie to the same ratio, aré the same 
to one another; but explicitly demonstrates this “in prop. 11, 
of book 5. The demonstration we have given of the 10th prop. is 
: J , ; * x # pie 2 i tage nile * 
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no doubt the same with that of Eudoxus or Euclid, as it is im- Rook V: 
mediately and directly derived from the definition of a greater “y= 
patio, viz. the 7 of the 5. 

The above mentioned proposition, viz. If A has toCa 
greater ratio than B to C ; and if of A and 


SoS 

LS 
——S - 
Sy See 


B there be taken certain equimultiples, and 
some multiple of C: then if the imultiple 
of B be greater than the multiple of C, the — | 
multiple of A is also greater thanthe same, A.C B 
is thus demonstrated. 
Let D, E be eguimultiples A, of B, and D F E 


b 
F 
Fa maltiple of C, such, that E the multiple 
of B is greater than F ; D the maltiple of 
A is also greater than F. > 
- Because A has a greater ratio to C than 
B to C, Ais greater than B, by the {0th 
prop. B. 5; therefore D the multiple of 
Ais greater than E the same multiple of 
B: and E is greater than. F ; much more {- “| 
therefore D is greater than F. | 


PROP. XIII. ‘B. V: 


ce Cominiaidine? s, Briggs’s, and Gregory’s translations, at the 
beginning of this demonstration, it is said, “ And the multi- 
“ ple of C is greater than the multiple of D; but the muiti- 
“ple of E is not greater than the multiple of F; which words. 
are a literal translation from the Greek : but the sense evident- 
_ ly requires that it be read, “ so that the multiple of C be greats 
“er than the multiple of D ; but the multiple of E be not great- 

er than the multiple of F.” ‘And thus this place was restored to % 

the true reading in the first editions of Commandine’s Euclid, ~ 
printed in 8vo. at Oxford; but in the later editions, at least in 
that' of 1747, the error of the Greek text was Kept in. 

There is a corollary added to prop. 13, as it is necessary to 
the 20th and 21st prop. of this beok, and is as useful as the. 
proposition. Fi 


PROP. XIV. B. V; 
The two cases of this, which are not in the Greek, are add- 


_ ed; the demonstration of them not being exactly the same with 
that of the first ease. , 
25 ‘eae by 


30, In the demonstration now given of the 18th, the 5th 
“and both cases of the 6th are necessary, and these two poe 
-Sitions are the converses of the Ist and 2d. “Now the 5th and 


_ proposition of the Elements, exdept i in this. 18th, and this is a 


ve 


never be deduced by the means of an uncertain proposition; 


~and as the 17th prop. of which this 18th is the converse, is deé- 


+S ~ 


N Ore 


PROP. XVIL B. v.- 


The order of the pind in a etaike of this is changed to one 
more natural: as was also vega in eat ras 


PROP. XVIII. B. Vv. 


The demonstration of thie’ is none of. Euclid’, nor is it i ew 
timate; for it depends upon this hypothesis, that to any three. 
magnitudes, two of which, at least, are of the same kind, 
there may be a fourth proportional : ‘which, if not proved, the 
demonstration now in the text is of no force: but this is as- 
sumed without any proof; nor can it, as faras I amable to. 
discern, be demonstrated by the propositions preceding this 339 
so far is it from deserving to be reckoned an axiom, as Cla- 
yi us, after other commentators; would have it, at the end of 
the definitions of the 5th book. . Euclid does not demonstrate 
it, nor does he show how to find the fourth proportional, be 
fore thg,12th prop. of the 6th book: and he never assumes any 


thing in’ the demonstration of a proposition, which he had not 


before demonstrated ; at least, he assumes nothing the existence 
of which is not evidently possible ; for a certain conclusion can 


upon this account, we have given a legitimate demonstration 
of this proposition instead of that in the Greek and other edi- 
tions), which very probably Theon, at least some other, has 
put inthe place of Euclid’s, because he thought it too prolix: 


monstrated by help of the Ist and 2d propositions of this pet 


an 


6th do not enter into: the | peepee ef any proposition in 
this book as we now have it: nor can they be of use in_ any 


manifest proof, that Euclid made” use of them in his demon- 
stration of it, and that the demonstration now given, which is 
ex.ctly the converse of that of the 17th, as it ought to be, dif- 
fers nothing from that of Eudoxus or Euclid: for the 5th and 
‘6th have undoubtedly been. put into the 5th book for the sake 
of some propositions in it, as allt the other Propositions about 
eguimultiples have been. - : 
Hieronymus Saccherius, in his book named Euclides ab om- — 
ni Nevo eens Pie at ia anno Ps cea in Ato, ac- 


+ , is 


Rg 


ok 6 |.» as 
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knowledge this blemish in the demonstration of the 18thy and Book V. 
that he may remove it, and render the demonstration we now “wo! 


have of it legitimate, he endeavours to demonstrate the follow- 
ing proposition, which is in page 115 of his book, viz. 

Let A, B, C, D be four magnitudes, of which the two 
“ first are ae the one kind, and also the two others either of the ’ 


“same kind with the two first, or of some other the same. 


“ kind with one another. I say the ratio of the third C to the 


- © fourth D, is either equal to, or greater, or less than the ratio 


+ 


« of the first A to the second B.” 


And. after two Broneerrons premised as lemmas, he proceeds 
thus. 
“ Either among: all the possible equimuitiples of the first 


“ A, and of the third G, and, at the same time, among all 
By. the possible equimultiples of the second B, and of the fourth 


« D, there can be found some one multiple EF of the first A, 
6 and one IK of the seconil B, that are equal to one another ; and 
“ also, in the same case, some one multiple GH of the third C. 
“ equal to LM the multiple of the fourth D, or such equality 


- “is no. where to be found. If the first case happen, [i. e.] if 


“ such equality. is 


“tobe found. It A—— E | NRG 

‘is manifest from | | 

“ what is before B-——- I K : 
“demonstrated, Fe : 
“that A is toBjas C———— G oe H 


“C to D; but if ee, Be i 
“ such simultane- D—-— LE; : ~M 
“ ous equality be ; 
not to be found upon both sides, it will be found either upon 
“ one side, as upon the side of A [and B;] or it will be found’ 
“ upon neither side;*if the first happen; therefore (from 


-, “Euclid’s definition of greater and- lesser ratio “foregoing) 


« A has to B a greater or less ratio than C to D3; accords 


“ing as GH the multiple of the third C is less, or greater 
“ than LM the muitiple of the fourth D: but if the second 
“ case happen; therefo:e upon ‘the one side, as upon the side 


“of A.the first and B the .econd, it may happen that the 


* multiple EF, [viz. of the first] may be less than IK the 
“ multiple of the second, while, on the contrary, upon the other 


- side, [ viz. of C and D | the multiple of GH [of the third C] 


“ is greater than the other multiple LM [of the fourth D :] and 

“ then (from the same definition of Euclid) the ratio of the first 

es ao to the second B, is less than the ratio of the third C to the 
ourth Ds; or on the contrary. 
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Book V. « Therefore the axiom [i. e. the proposition before set down] — 

» “ remains demonstrated,” &c.’ ‘ is 

-Not in the least; but it remains still undemontrated: for 

what he says may happen, may, in innumerable cases, never 

happen; and therefore his demonstration does not hold: qt 
e 
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example, if A be the side, and B the diameter of a square ; 
and C the side, and D the diameter of another square; there 
can in.no case be any multiple of A equal to any of B; nor 
any one of C equal to one of D, as is well known; and yet it 
can never happen, that when any multiple of A is greater than 
a multiple of B, the multiple of C can be less than the multi- 
ple of D, nor when the multiple of A is less than that of B, 
the multiple of C can be greater than that of D, viz. taking 
equimultiples of A and C, and equimultiples of B and D: for 
A, B, C, D are proportienals; and so if the, multiple of A be 
greater, &c. than that of B, so must that of C be greater, kc. 
than that of D; by 5th def. b. 5. 


The same objection holds good against the demonstration — 


which some give of the ist prop. of the 6th book, which we 


have made against this of the 18th prop. because it depends © 


upon the same insufficient foundation with the other. 


PROP. XIX. B. V. 


A corollary is added to this, which is as frequently used as 
the proposition itself. The corollary which is subjoined to it 
in the Greek, plainly shows that the 5th book has been vitiated 
by editors who were not geometers: for the conversion of 
ratios does not depend upon this 19th, and the demonstration 
which several of the commentators on Euclid gave of conver- 


sion is not legitimate, as Clavius has rightly obseryed, who 


has given a good demonstration of it which we have put in pro- 
position E ; but he makes it a corollary from the 19th, and be- 


gins it with the words, “Hence it easily follows,” though it. 


does not at all follow from it. — 


PROP, XX, XXL XXII. XXIII. XXIV. B. Ve 


The demonstrations of the 20th and 2Ist propositions, are 


sherter than those Euclid gives of easier propositions, either - 


in the preceding or following books: wherefore it was pro- 
per-to make them more explicit, and the 22d and 23d propo- 


sitions are, as they eught te be, extended to any number of | 
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magnitudes: and, in like manner, may the 24th be, as is taken Book. V. 
notice of ina corollary ; and another corollary is added, as use- “w= 
* ful'as the proposition, and the words “any whatever” are sup- 

plied near the end of prop. 23, which are wanting in the Greek 
text, and the translations from it. 

Ina paper writ by Philippus Naudzus, and published after 

his death, in the History of the Royal Academy of Sciences of 
Berlin, anno 1745, page 50, the 23d prop. of the 5th book is 
censured as being obscurely enunciated, and, because of this, 
prolixly demonstrated: the enunciation there piven is not Ku- 
clid’s, but Tacquet’s, as he acknowleges, which, though~not so 
well expressed, is, upon the matter, the same with that which is 
now in the Elements. Nor is there any thing obscure in it, 
though the author of the paper has set down the proportionals 
in a disadvantageous order, by which it appears to be obscure: 
but, no doubt, Euclid enunciated this 23d, as well as the 22d, 
so as to extend it to any number of magnitudes, which taken 
two and two are proportionals, and not of six only; and to this 
general case the enunciation which Naudzus gives, cannot be 
‘well applied. 3 | 
The demonstration which is given of this 23d, in that paper, 
is quite wrong; because, if the proportional magnitudes be 
plane or solid figures, there can no rectangle (which he impro- 
perly calls a froduct) be conceived to be made by any two of 
them; and if it should be said, that in this case straight lines are 
to be taken which are proportional to the figures, the demon- 
stration would this way become much longer than Euclid’s: 
but, even though his demonstration had been right, who does 
not see that it could not be made use of in the 5th book ? 


PROP. F, G, H, K. -B. V. 


These propositions are annexed to the 5th book, because 
they are frequently made use, of by both ancient and modern ge- 
ometers: and in many cases compound ratios cannot be broughé 
into demonstration, without making use of them. 

‘Whoever desires to see the doctrine of ratios delivered in this 
5th book solidly defended, and the arguments brought against 
it by And. Tacquet, Alph. Borellus, and others, fully refuted, 
- may read Dr. Barrow’s Mathematical Lectures, viz. the 7th 
and 8th of the year 1666. 3 

‘the 5th book being thus corrected, I most readily agree to 
what the learned Dr. Barrow says*, “ That there is nothing in 
“the whole body of the Elements of a mere subtile invention, 
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“ nothing more solidly established, and more accurately han-_ " 


- dled, than the doctrine of proportionals.” And there is some 


ground to hope, that geometers will think that this could*not | 

have been said with as good reason, since Theon’s time till the — 
present. © yacht ; ; 

“et % Re bs 

DEF. II. AND V. OF B. VI. 


T° HE 2d definition does not seem to be Euclid’s, but some un- 


. skilful editor’s: for there is no mention made by Euclid, a 
nor, as far as I know, by any other geometer, of reciprocal fi- 


gures: it is obscurely expressed, which made it proper to ren- 
der it“more distinct: it would be better to put the following de- 
finition in place of it, viz. \ BE 


eR eae ae 


Two magnitudes are said to be reciprocally prroportional to 7 
two others, when one of the first is to one of the other » agni- 
tudes, as the remaining one of the last two is to the remaining =~ 
one of the first. Loy Tae RRA EP OR 
But the fifth definition, which, since Theon’s time, has been 
kept in the Elements to the great detriment of lecrners, is now _ 
justly thrown out of them, for the reason given in the notes on 
She 23d prop. of this book. | : 


PROP, Landll, B. VE. 7 Oe 
To the first of these a corollary is added, which is often used : 4 | 
and the enunciation of the second is made more general. + 
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__ A second case of this, as useful as the first, is given in prop. — 
Aj: viz. the case in which the exterior angle of a triangle is bi-; 
sected by a straight line : the demonstration of it is very like to. ~ 
that of the first case, and upon this account may, probably, have 

_ been left out, as also the enunciation, by some unskilful editor: 
at least, it is certain, that Pappus makes use of this case, as an 9 
elementary proposition, without a demonstration of it, in prop. — 


39 of his 7th book of Mathematical Collections, 


: . 
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PROB. VI. B. VI. | 
To this c case is added which occurs not unfrequently 3 in-de- 
monstration. 


: vs PROP. VIII. B. VI. 
It seems plain that some editor has changed the demonstra- 


monstrated, that the triangles are equiangular to one another, 
he particularly shows that their sides about the equal angles 
are proportionals, as if this had not been done in the demon- 
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tion that Euclid gave of this proposition : for, after he has de-: 


stration of the 4th prop. of this book: thtis superfluous part is - 


not found in the translation from the Arabic, and is now left out. 
fe 


PROP. IX. B. VI. 


_ This is demonstrated in a particular case, viz. that in which 
the third part of a straight line is required. to be cut off; which 
is not at all like Euclid’s manner: besides, the author of the 
demonstration, from our magnitudes being proportionals, con- 
cludes that the third of them is the san.e multiple of the fourth, 


_which the first is of the second ; now, this is no where demon- 


strated in the 5th book, as we now have it: but the editor as- 


sumes it from the confused notion which the vulgar have of © 


pro ortionals : on this account, it was necessary to give a gene- 
Yai and legitimate demonstration of this proposition. 


PROP, XVII. BS VE 


The demonstration of this seems to\be-vitiated: for the. 
prouposition is demonstrated only in the case of quadrilateral 


figures, without mentioning how it may be extended to figures | 


of five or more sides: besides, from two triangles being equi- 
angular, it is inferred, that a side of the one is to the homoto- 
gous side of the other, as another side of the first is to the 
side homologous to it of the other, without permutation of the 


‘proportionals; which is contrary. to Euclid’s manner, as is 
‘clear from the next proposition : and the same. fault occurs 
_agesn in the conclusion, were the sides about the equal angles 


are not shown to be propo: tionals, by reason of again negleci- 
ing permutation. On these accounts, a demonstration is given 
in Machd's manner, like to that he makes use of in the 20th 


_ 


a 
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Book VI prop. of this book ; and it is extended to five-sided figures, by ~ 
“—y—— which it may be seen how to extend it to figures of any number __ 
of sides. \s eae 


_ 


PROP. XXIII. B. V. 


Nothing is usually reckoned more. difficult in the Elements 
of geometry by learners, than the doctrine of compound ra- 
tio, which Theon has rendered absurd and ungeometrical, by 
substituting the 5th definition of the 6th book in place of the 
right definition, which, without doubt Eudoxus or Euclid gave, 
in its proper. place, after the definition of triplicate ratio, 
&c. in the 5th book. Theon’s definition is this: a ratio 
is said to be compounded of ratios stay a: ray Acywr awamoruTes 
eb éautas ToanamanciacSice rower twa : Which Commandine 
thus translates ; “ quando rationem quantitates inter se multi- 
“‘ plicatz aliquam efficiunt rationem ;” that is, when the quan- ~ 
tities of the ratios being multiplied -by one another make a =| 
certain ratio, Dr. Wallis translates the word #xotwre  ra- | 
“ tionem exponentes,”’ the exponents of the ratios: and Dr. 
Gregory renders the last words of the definition by “ illius fa- 
“ cit quantitatem,” makes the quantity of that ratio: but in 
whatever sense the “ quantities,” or “ exponents of the ra-: 
“ios,” and their “ multiplication” be taken, the definition 
will be ungeometrical and useless: for there can be no multi- 
plication but by a number. Now the quantity or exponent of 

* aratio (according to Eutocius in ie Comment. on prop. 4. 
book 2, of Arch. de Sph. et Cyl. and the moderns explain that 
term) is the number which multiplied into the consequent term. 
of a ratio produces the antecedent, or, which is the same thing, 
the number which arises by dividing the antecedent by the con- 
sequent ; but there are many ratios such, that no number can 

‘ arise from the division of the antececent by the consequent : 
ex. gr. the ratio of which the diameter of a'square has tothe = 
side of it; and the ratio which the cicumference of a circle has 
to its diameter, and such like. Besides, that there is not the =~ 
least mention made of this definition in the writings of Eu- 
clid, Archimedes, Apollonius, or other ancients, though they _ 
frequently make use of compound ratio: and in this 23d prop. 
of the 6th book, where compound ratio is first mentioned, there 
is not one word which can relate to this definition, though 
here, if in any place, it was necessary to be brought in; but the — 
-vight definition is expressly cited in these words: “ But the © 
“yatio of K to M is compounded of the ratio of K to L 
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- &and of the ratio of L to M.” This definition therefore of Bock VI. 
‘Theon is quite useless and absurd : for that Theon brought it “wo 

into the Elements can scarce be doubted ; as it is to be found 
in his commentary upon Ptole~.y’s Mea, 2wes€i: pige 62, 
where he also gives a childish explication of it, as: agreeing 
only to such ratios us can be expressed by numbers ; and from 
this place the definition and explication have been exactly co- 
pied and prefixed to the definitions of the 6th book, as «= p- 
pears from Hervagius edition: but Zambertus and Comman- 
dine, in their Latin: translations, subjoin the same to these 
definitions. _ Neither Campanus, nor, as it seems the Arabic 
manuscripts, from which he made his translation, have this 
definition. Clavius, in his observations upon it, rightly judges, 
that the definition of compound ratio might have been made 
after the same manner in which the definitions of duplicate 
and triplicate ratio are given, viz. “ That as in several magni- 
“tudes that are continual proportionals, Euclid named the 
“ratio of the first to the third, the duplicate ratio of the 
“first to the second, and the ratio of the first to the fourth, 
“ the triplicate ratio of the first to the second, that is, the 
“‘ ratio compounded of two or three inter mediate ratios that: 
“are equal to one another, and soon; so, in like manner, if 
“ there be several magnitudes of the same kind, following one 
“ another, which are not continual proportionals, the. first is 
‘© said to have to the last the ratio compounded of all the in- 
“ termediate ratios.......only for this reason, that these inter- 
% mediate ratios are interposed betwixt the two extremes, viz. 
-“ the first and last magnitudes ; even as, in the i0th definition 


: % of the 5th book, the ratio of the first to the third was called 


“the duplicate ratio, merely upon account of two ratios be- 
‘ine interposed betwixt the extremes, that are equal to one 
‘another: so that there is no difference betwixt this com- 
“ pounding of ratios, and the duplication or triplication of 
them which are defined in the 5th book, but that in the du- 
plication, triplication, &c. of ratios, all the interposed ratios 
“are equal to one another ; whereas, in the compounding of 
“ ratios, it is not necessary that the intermediate ratios should 
‘be equal to one another.” Also Mr. Edmund Scarburgh, 
in his English translation of the first six books, page 238, 266, 
expressly affirms, that the 5th definition of the 6th book is 
suppositious, and that the true definition of compound ratio is 
contained in the 10th definition of the 5th book, viz. the defi- 
nition of duplicate ratio, or to be understood from it, to wit, in 
the same manner as Clavius has explainedit in the preceding 
Citation. Yet these, and the rest of the moderns, do net with- 
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Book VE standing ‘retain this 5th def. of the 6th book, and. illustrate and. 


mF 
= 


x the same thing is den onstrated in it concerning plane num- ~ 


twill clearly appear that this definition bas been put Into the. 


Gregory’s edition), the ratio which is compounded of the ra- & 


‘Z: and, by det. 5, book 6, and the explication given of it by 


‘of which the sides are C, D to the plane number of which | 
‘the sides are E, Z. Wherefore the proposition whichis the sth  @ 
def..of bock 6, is the very, same with the 5th prop. of book 8,-. 


‘stand as a definition in one place of the Elements, and be de-  ~ 


troduced into geometry: for every proposition in which © 


ciated and demonstrated. Now, the use of compound ratio 


“other side of the first to the other side of the second, so the se- 


NOTES. ae nf oe : fis e 
explain it by long commentaries, when they ought rather to have Ri 
taken itquite away from the Elements. tone eat e 


For, by comparing def. 5, book 6, with prop. 5, book by 


Elements in plucé of the right one, which has been taken out — 
of them: because, in prop. ‘5, book 8, it is demonstrated that. 
the plane number of which the sides are C, D has to the plane = 
pumbe? of which the sides are E,°Z (see Hergavius: cr 


tios of their sides; that is, of the ratios of C to E, and D tu. 


cdl the comi..entators, the ratio which is compounded of the ra- | 7 
tios of C to E, and D to Z,is the ratio of the product made «| 


by the multiplication. of the antecedents. C, D to the product — . 


by the consequents E, Z, that is, the ratio of the plane number 


and therefore it ought necessarily to be cancelledin one of these 
places ; because it is absurd that the same proposition should _ 


monstrated in another place of thei. Now, there isno doubt. ¥ 
that prop. 5, book 8, should have a place. in the Ele*ents,.as 
bers; which is demonstrated in prop. 23, book 6, of equiangu- | 
lar parallelograms ; wherefore def. 5, book 6, ought not to Bei 
in the Elements. And from this it is evident that this definition. 
is not Euclid’s, but Pheon’s or some other unskilful geometer’s. 
But nobody, as far as I know, has hitherto shown the true — 
use of compound ratio, or for what purpose it has been in- © 


compound ratio is made-use of, may) without it be both enun- 


consists wholly in this, that by means of it, circumlocutions “7 
may by avoided, and-thercby. propositions may be nore brief- —% 
ly either. enunciated or demonstrated, or both may be done: 
for instance, if this 23d proposition of the sixth book were te | 
be enunciated, without mentioning compound ratio, it might 

be done as foilows. If two parallelograms be equiangular, and - 
if as a side o! the first toa side of the second, so any assumed 

straight line be made to a second straight line; and as the 

cond straight line be made to atiird. The first parallelogram 
7s to the second, as the first straight line to tie third. And the 


} 


( 


-which is compoundeé of the ratio of A D i 
the first AC to the second CH, andof ~ Re: 

the ratio of CH tothe third OPE bar Pe: S 

“the parallelogram AC is to. the oy A Nera HG 

_yallelogram CH, as the straight line B Cc 

BC to CG; ‘and the parallelogram . | 

CH is to! CF, as the straight line~ I | - sat 
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demonstration would be exactly the same as we now gee it, Book VI. 
But the ancient geometers, when they obsérved this enuncia- “ww 


‘tion could | be Piaclis shorter, by giving a name to the ratio 


which the first straight line has to the last, by which name the 


intermediate ratios right likewise ‘be signified, of the first to 
the second, and of the second to the third, and so on,if there 

“were more: of them, they,called this ratio of the first to the 
~ Jast the ratio: con.pounded of the ratios of the first to the se- 
cond, and of the second to the third straight line: that is, in 
the present example, of the ratios which are the same with 
‘the’ ratios of the sides, and by this they expressed the proposi- 
tion more briefly | thus: if there be two equiangular paralle- 
‘Jograms, they have to one another the ratio which is the 
game with that which is compounded | of ratios that are the 
gamie with the ratios of the sides... Which i is shorter than the 
preceding enunciation, but has precisely the same meaning. 
Or yet shorter thus: equiangular parallelograms have to one 


another the ratio which is the same with that which is com- ~ 


pounded of the ratios of their sides. - And these two enuncia- 


tions, the first idgabowe agree to the demonstration which is 


now in the Greek. ‘The proposition msy be more briefly de- 
monstrated, as Candalla does, thus : let ABCD, CEFG -be 
~two equiangular parallelograms, and complete the parallelo- 
gram CDHG; then, because there are three. parallelograins 


AC, CH, CF, the first AC (by the definition of compound 


ratio) has to the” third CF, the ratio 


CD, is to CE: ; therefore the parallelogram AC has to CF the 
yatio which is compounded of ratios; that are the same with the 
ratios of the sides... And to this demonstr ation agress the enun- 
ciation which is. at present in. the te Rly viz. Eequiangular paralle- 
iograms haye to one another the ratio which is compounded of 
the ratios of the sides: for the vulgar. reading, “ which is com- 
* pounded of ‘ thei sides,” is absurd. But, in this edition, we 

have kept the demonstration which is in the Greek text, thouch 
not so short as Candalla’s; because the Way of findi Ingsthe ratio 


which is compounded of the ratios of the sides, that is, of find- 
ing the ratio of the parallclograntsy is shown. in that, but-net in 
Cand alla’s demonstration ; 3W berane beginners may leapn, indike 
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‘Book VI. _ cases, how to find the ratio whichis compounded of twat ort More tee 
~ given ratios. 

From what has been said, it may be observed, that in ee 
magnitudes whatever of the same kind A, B, C, D, &e. the 
ratio compounded of the ratios of the first to the second, of» 
the sécond\ to the third, and’so on to the last, is only a name’ 
or expression by which the ratio which the first A has to, the 
last D is signified, und by which at the same time the ratios. 
of all the magnitudes A to B, B to C, C to D, from the first to 
the last, to one another, whether dick be the Same, or be not 
the same, are indicated; asin magnitudes which are continual 
proportianals A, B, C, D, &c. the duplicate ratio of the 
first to the second is only a name, or expression by which the ra- 
tio of the first A to the the third C is si ignified, and by which at the 
same time, is shown that there are two ratios of the magni- 
tudes, from the first to the last, viz. of the first A to the se- 
cond B, and of the second B to the third or last C, which are 

,the same with one another; and the triplicate ratio of the 
fixst to the second is a name or expression by which the ratio 
of the first A to the fourth D is signified, and by which at the’ 
-$ame time, is, shown that there are three ratios of the magni- 
tudes, from the first to the last, viz. of the first A to the se- 
cond B, and of B to the third C, and of C to the fourth or 
last DD, which are all the same with one another; and so in 
the case of any other multiplicate ratios. And that this is- 
_the right explication of the meaning of these ratios is: plain 
from the definitions of duplicate and triplicate ratio, in which 
Euclid makes use of the word p74, is said to be, or is called ; 
which word, he, no doubt, made use of also in the definition 
ef compound ratio, which Theon, or some other, has expung- 
‘ed from the Elements; for the very same word. is still retained ~ 
in the wrong definition of compound ratio, which is now the - 
Sth of the 6th book: but in the citation of these definitions ae gest 
‘issome times retained, as in the demonstration of prop. 19, 
book 6, “the first 1 is said to have, extw revert, to the third wie 
“‘ duplicate ratio,’ &c. which is wrong. translated by Comman- — 
dine and others, “has” instead of “is said to have 3” and 
me sometimes it is left out, as in the demonstration of prop. 33, 
of the 11th book, in which we find. “the first has, ‘Xe, to the? 
“third the triplicate ratio 3 but without doubt - EX aty 6 has, 2 
in this place signifies the same as 2x yr, is said to have: 
so likewise in prop. 25, B. 6, we find this citation, “but the 
-¢yatio of K to*M is compounded, guynsicat, of the ratio of 
“K to L, and the ratio of L to M,” which is a _shorter way of 
expressing the same thing, WH according to the. definition, 
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ought to have been expressed re enna Aeyeral, 1s ‘said to be Book VI. 
compounded. — eon 
_ From these remarks, together with the propositions subjoined 

to the 5th. book, all that is found concerning compound ratio, 

_ either in the ancient or ‘toodern geometers, may be understood 

| and - ieee | 
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Ea) PROP. XXIV. B. VI. 


It seems that some unskilful editor has made up this demon- 
' stration as we now have it, out of two others; one of which may 
be made from the 2d prop. and the other from the 4th of this 


book: for after he has, from the 2d of this book, and compo- 


_ sition and permutation, demonstrated, that the sides about the 

angle common to the two paralleloyrams are proportionals, he 
might have immediately concluded,thatthe sides about the other 
equal angles were proportionals, viz. from prop. 34. B. 1, and 
prop. 7, book 5. This he does not, but proceeds to show, that 
the triangles and parallelograms are equiangular ; and in.a te- 
dious way, by help of prop. 4, of this book, and the 22d of 
book 5, deduces the same conclusion: from which it is plain 
that this ill composed demonstration is not Euclid’s: these su- 
perfluous thingsare now left out, and a more simple demonstra |; 
tion is given from the 4th prop. of this book, the same which ' 
is in he translation from the Arabic, by the help of the 2d prop. 
and composition ; but in this the author neglects permutation, 
and does not show the parallelograms to be equiangular, as is 
proper to do for the sake of beginners. 


PROP. XXY. is VI. 


It is very evident that the demonstration which . Euclid had 
siven of this proposition has been vitiated by some unskilful — 
hand: for, after this editor had demonstrated that “ as the 
“ rectilineal figure ABC is to the rectilineal KGH, so is the 
“parallelogram BE to the parallelogram EI;” nothing more 
- should have been added but this, “and the rectilineal figure 

*“ ABC is equal to the parallelogram BE: therefore the recti- 
“lineal KGH is equal to the parallelogram EF,” viz. from 
prop. 14, book 5. But betwixt these two sentences he has in- 
_serted this; “ wherefore, by. permutation, as the rccttlineal fi- 
* eure ABC to the parallelogram BE, sO is iran KGH 


$34 


Book VI. «to the jdclislozan EF; a by: which i itis plain houel 


. portionals is equal to the fourth from. the’ equality of the rst 
- and third, which is ‘a thing demonstrated 4n_ the 14th pes 


- strated in the Elements as we now. have them: but though this 
- proposition, viz. the third of four proportionals. is equal to the — 
fourth, if the first be equal to the second, had been given in- 
“the Elements'by Euclid, as very probubly it was; yet he would 
not have made use of it in this place : because, as was said, the 


nus, and in other places: the vulgar notion of proportionals has _ 


“neal figure,’ which error is piggies in the above named — ; 
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it was not so evident to conclude, that the second off ou pr 


B. 5, as to conclude that the third is equal to the fourth, : 
the equality of the first and second, which is no where demon- 


conclusion could have been immediately deduced without this 
superfluous step. by per--utation: this we have shown at the 
greater length, hoth becatise it affords a certain proof of the 
Vitiation of the text of Euclid; for the very same blunder is— 
found twice in the Greek text of prop. 23. book 11, and twice 
in prop. 2, B. 12, and in the 5, I}, 12, and-18th of that book; 
in which places of book 12, except. hs last of them, it is rightly 
teft out in the Oxford edistiny of Commandine’s translatien ‘¢ 
and also that geometers may beware of making use of permu- 
tation in the like cases: for the shoderns not unfreauently com- — 
mit this mistake, and among others Commandine himself in his_ 

commentary on prop. 5, book 3. p. 6. b of Pappus Alexandri- | 
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it scems, pre-accupicd many so much, that they do not i sea ae 
ly understand the true nature of them: hes 

Besides, though the rectilineal fisure ABC, to da Kich aareiticg § 
is to be made similar, may be of any kind whatever; vet in the — 
demonstration the Greek text has “ triangle (instead of) rectili- E 5 


Oxford edition. 
PROP. XAVIE B. hye a 


"Fhe second case of this’ has dios elects. paler to: ie 
it, as if it was a different demonstration, which) probably has 
been done by some unskillful Hbrarian. ‘Dr. Gregory has bet 
left it out: the scheme of “this second case ought to be marked 
with the same letters of the al phabet which are. in Das scheme of | 

the first, as is now done.’ ; eae: 
: % page. ‘ i a cae 


PROP. XXVIEL. ad XXX. a vi. 


. os two Pisieniis to fe ee of hick ee ‘orth prop. is. 
Necessary, are * the most oT and useful “5 allin the Elements 2 
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i is “sigs ea face: hase. use ‘of by: the ancient geometers Book VI. 
- in the solution of other problems; and therefore are ve ty igno.. “~~ 
-rantly left out by Facquet and Dechales in their editicns of the 
Elements, who pretend that they are scarce of any use.. The 

; cases of these problems, wherein it is required to apply a rect- 

» ‘angle which shalf be equal to a given square, toa given straight 
_ line, either deficient or exceeding by a square ; as also to apply 
a rectangle which’ shall be-equal to another given, to a given 
straight line, deficient or exceeding: by a square, are. very often 
is ~ made use of by geometers. And, on this account, it is thought 
_ proper, for the sake oftbeginners, to eye their constr uctions as 
Tiows . a a9 
‘oh To apply a” reece Aah shaft. be equal to a gtven 
“square, ‘toa, given straight line,, deficient by. a square: but the 
given: square must not Pe Breaer Laat that Ic len the half of the 
gen line. Cais. aha ty EL he 
ee AB be ahs eiven isnaiene tives anid let the square upon 
thes given straight line C be that to which the rectangle to be ap- 
plied must be equal, and this square, by the determination, is not 
gr eater than that. upon half of the’ straight line AB. | 
-Bisect AB in D, and if the square upon AD be acyl ta) | 
oy the square upon Cy the thing. required 3 is neon + but if it be not | 

i equal to it, AD must be * L ae, ste = sen 
- greater than C, accor ding + Hare 
“to the determination ; draw, en gay 

7 DE at right angles to AB, | ws Ly Cees 

» and make it equal te. C: “Ao < 

? “produce ED to F, ‘sO. that ep aS ae 
EF be equal to AD DBs 

~ and from the centre EK, at + 
- the distance EF, describe a 
circle: meeting: AB in \G, 9 *- »* 
and upon GB describe the square “GBKH, and ‘complete the 
rectangle AGHL,; also, join EG. And because A is bisected - 
in D, the rectangle AG, GB together with the sre of DG 
is equal *to (tie square of DB, “that is, of EF or KG, that iss, ra 
to) the squares of ED, DG: take aw.y the square of DG 
fron\ each of these eiuels: therefore the remaining rectangle 
_AG, GB is equi to the syuare of ED, that is, of ©: but the 
rectangle AG, GB is the rectangle AH because GH is equal 
to GB; therefore the rectangle AH is equal to the given square 
upon the straight line'Ci  Woherctoré the rectangle AH, equal 
to the given square upen C, has been applied to the given 


&9 
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Book VI. straight line AB, degetdut by the square GK. Weigh, was e 
beemyee’ be done. : : oh ~% 


Pi To apply.a rectangle which shall bexebitial to a cone 


rie Vaya to a given sees line, ee: oy poses: 


s 9 


Let AB. be the eiven ‘thee ness anil es the square ian? : 


the given straight line C be that to which the Tecctangle to be- a 


applied must be equal. a 
Bisect AB in D, and draw BE at right. srigdes to it, so that 


BE be equal to C.; and having joined DE, from the centre D J 


at the distance DE describe a circle meeting AB produced in a 
G; upon BG describe the square + a 
BGHK, and complete the rec- | 
angle AGHL. And because . 
AB is bisected in D, and pro- 


eE. 


duced to G, the rectangle AG, H 
GB together with the square» 
a 6 2 of DB is equal’ to (the square L. : 
- of DG or DE, that is, to) the F<: A Os .yD ee B 2 as 


squares of EB, BD. From/each: 9) 4°. , 
of these equals take the square ee : 

of DB ; therefore the remaining -. iB Rg C 
rectangle AG, GB is equal to | ; : Ci Sa 
the square of BE, that is, to ine square upon. C. But the rece) a 


tangle AG, GB is the rectangle AH, because GH is equal te “ | 


GB: therefore the rectangle AH is equal to the square upon 


C.* Wnenctote tora AH, equal to the given square © 4 


upon C, has been applied to the given straight line AB, excee- — 
ding by the aquane GK. Which. was to be ee Oy dec ya 


3 To apply a rectangle to a given sihaipht line which 1 shall . 


be equal to a given rectangle, and be deficient by a square. Og 
But the given rectangle must not be greater than the SHUALO: i. 


upon the half of the given stralghe line. 


Let AB be the given straight line, and let the given rectan- 
gle be that which is contained by the straight lines C, D which 
is not greater than the square upon the half of AB; it is re- 
quired to apply to AB a rectangle equal to the rectangle C.D, 
deficient by a square. 

Draw AE, BF at right angles to AB, upon the same side of 

and make" AE equal to C, and BF to D: join EF, and bisect 
it in G; and from the centre G, at the distance GE, describe a 
circle meeting AE again in H; join HF, and draw GK parallel 
to it, and GL parallel to AE, meeting AB in L. | 


~ determination, is not greater than the square of AL, the half’ 


ie Gye square of AL,’ that is of KG: add-to - each: the square | 


\ 


consequently the straight line’ 
IS ACK or. GIs. Is: net: 


“fore ‘the square :of. AL. is* hi che ¢ ai 
- equal tothe rectangle Seedy? Ce Nas De la jeans) 


wa AP, because PN is equal to, Ne: : “dw tefore. the rectangle AP on 


\ 


TOMS SO ER Ee 


_ Because the: aie EHF in a semicircle dail. to the right” Book. be 
hee EAB,. “AB and HF are” parallels, and AH. and’ BF are rae 


ie ee i ’ seal 7 


parallels; “wherefore. AH is equal to BF, and the. - rectangle aati! |. 
“BA, A it equal to the rectangle , RA, BE, that: is, to the “ eae 
eae C C,-D : and because EG, GE are equal to one another, _ Ren 
and: AE, LG, BF parallels; therefore, AL. and LB ure equal: ; 


also EK is equal to KH*, and the rectangle: &, _D, from, the , s 


-of AB; wherefore the rectangle EAy AH. is not greater than 


of KE; therefore the square’ of” AK is, not greater than the 
“gquares of EK, KG, that is, ~ ' 
‘than the ‘square of EG; and 


ereater ™ 
than GE. ~ Now, if GE be 
equal to. GL, the circle EHF » 
touches AB:in: Ly and there- © 


aaa 


‘AH, that is, to the given rect- HONS Dee iets 


angle C, D>}, and that which 4° é 
“was required is done: butif Sines er et PS OS 
EG, GL: be .unequal, EG - ieee Be 
must be the greater: and 7 oO. 
therefore the circle EHE cuts the straight line. AB : let it cut 

it. ia the: points M, N, and upon NB deser ibe the square. NBOP, 

and coiplete the - sectangle ANPQ:, because MI, is equal tota 3 4 

-LN, and it has been proved that AL is equal to LB: therefore 

“AMT js equal. to NB, and the rectangle: AN, NB equal to the gers 
rectangle NA, AM, that is, to the rectangle® EA, AH, or the ny 


rectangie Cy): but the rectangle AN, NB: is the eetappie oorae SN oe 


i 


is. “equal, to:the reetangle .C; Dy and the rectangle AP equal to 
the given rectangle G D has been applied to the given staight 
, fine ee: deficient by the square BP. Which was to es! done;), 


Pa oy ~ 
x 


4 Fo apply a tectangle toa given ‘straight line that shall He \ 
foie toa given rectangle, extceditie by a square. 


Sa Let AB be the given straight fine and the reetangle &, D the oy 


given rectangle, it 13 required to apply a aonele to AB equal 

ote CD, exceeding by a square. | ; 

Diaw AE SBE at right angl¢s to AB, ety tive CObLISty sides | ee 
of ify and make AE: equal to 4, and “BF cquabto! D: jom 
(EBS and bisect it in G3 and.from the centre &, at the’ Paenge a 


tess <] - 5 t a a NM 


¢ 
‘ 


P xs : ae 


sabe eG aan 2 SNOPES. so go 
Book VL GE, describé*a cirelé mectiig AK again in H; join HF, and” 
Sy ‘diaw "GL iaaltellseo AES | i ay * net ay 
let the cirele meet AB pro- = YX | ee 
_ duced in’ M,N, and “upon 
BN” describe | “he square’ / 
. NBOP, | and complete the ~ 
rectangle ANPQ; ‘because 
the angle EHF in a semi- 
circle is equal to the right 
angle EAB, AB and HEM 
are parallels, and ’therefore \ ; 
AH and BF are equal, and 9.) -“S ssh BEA). 
the rectangle EA, AH equal | ba ed a F aie" 
Wa ‘to the ‘rectangle EA, BF, that 1s, to the rectangle C, D: and 
~ because ML is equal to LN, and AL to LB, therefore MA is 
equal to BN, and the rectangle AN, NB to MA, AN, that is, 
- /® to the rectangle EA, AH, or the rectangle C, D: therefore 
the rectangle AN, NB, that is, AP, is equal’to the rectangle 
C, D; and to the given straight line AB the rectangle AP has 
been applied equal to the given rectangle C,'D, exceeding by 7 
the square BP. Which was to be done ya i 
. Willebrordus Snellius was the first, as faras I know, who gave 
ean ~. these constructions of the 3d and 4th problems in his Apollonius 
Ad ey Batavus : andafterwards the learned Dr. Halley gave them in the 
| schotiutn of the 18th prop. of the Sth book of Apollenius’s co- 
nics restored by Him. CF ah PY ate. eins tees eet) 
The 3d problem is otherwise enunciated thus: To cut a giv- 
en straight line AB in the point N, so as to make the rectangle 
AN, NB equal toa given space: or, which is the same thing, 7 
having given AB the sum of the sides of a rectangle, and the © 
magnitude of it being likewise given, to find its sides. i 
And the fourth problem is the same with this, To: find the 7 
4+ point N in the given straight line AB produced, soas to make 
i) the rectangle AN, NB equal to a given space: or, which is the 
same thing, having given AB the difference of the sides of a | : 


Ls 
4 
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rectangle, and the magnitude of it, to find the sides. a, 
{ ( wf ; ; ; 4 
od ( \ { s / Sf 
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because AG, KC are each of them. 


Paes | ; Ete i }, 
Rae Laer "NOTES. Ae phe ae 


ce PROP. XXXI. B. VIL" 
} eS 

tn the deigcnatianion of this, he | inversion of prinectionals’ is 

twice neglected, and is now added, that the conclusion may be 

legitimately made by nae of the 24th prop. of B. 5, as Sais. 


had done. 


A“ 


PROP. XXXII. B. VI. 


ie oy th 
: 


, The enunciation of, the preceding 26th prop. is s not general 
enough ; : because. not only two similar parallelograms that have 


ap angle common, to both, are about the same diameter; but 


likewise two similar parallelogr ams that have vertically opposite 


these cases, to which this 32d proposition was needful: and 
the 32d may be otherwise and Maesarued hg more Peay demon- 
strated as follows : 


{ 


PROP. XXXII. —=éB. ML. Cai “ 


If two triangles hich: have two ihe of the pne, kc. 
‘Let GAF, HFC be two triangles which have two sides AG, 


GF proportional to the two sides FH, HC, ‘viz. dient to GF m: as 
‘FH to HC; and let AG be paral-_ 2 Ne 


lel to FH, and GF to HC; AF and | : Ry 
FC are ina straight line. | | rot 

Draw CK parallel* to FH, and: E}— 
let. it meet GF pfoduced in K: 


parallel to FH, they are parallel’ 
to one another, and therefore the. 
alternate angles AGF, FKC are 


angles, have their diameters in the same straightline: but their | 
“seems to have been another, and that a direct demonstration of 
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equal: and AG is to GE, as (FH to HC, that is’) CK to KF; 3c 34, 1. 
6. 6. 


wherefore the triangles AGF CKF are equiangular’ , and the 
angle AFG equal to the angle CFK : but GFK isa straight line, 
therefore AF and FC are in a straig ht line’. 

The 26th prop. is demonstrated from the 32d, as follows : 


14, 


If two simuar and simflarly placed par allelograms have an an-_ 


~ gle common to both, or vertically opposite’ ‘angles ; their diame- 
_ ters are in the same straight line. 


First, Let the parallelogram ABCD, AEFG/’ have the angle: 7 


BAD common to both, and be similar and similarly pategs 
ABCD, Aer G are about the same dlamteren 


1. 


Ho. \ oS. ee 


Be a: we Fl NOTES. ae Ans 


~ 


* cooe - 


/ Book VI, Produce EF, GE, to H, K, and join he We KC: rieheal Nethaece i: 
Soe the parallelograms ABCD, AEFG are Spat DAI is’ to, AB; Ree | 
as GA to AE: wherefore the re- ow Kare rye “Dy 7. 


Le 


ats ig mainder DG is* to the remainder 
PS" -EBeas.GA to AE: but DG is equal” 1h ee 
: to FH, EB to HC, and AE to GF: |. SHE SS 
~ therefore as FH to HC, so is AG tone Pe Riese > 
‘GF ; and FH, HC are parallel to AG, pale pte: 


~ = GF; and the triangles AGF, FHC are- 
joined at one angle in the point I; B ad: SEN a 
“\ Wwherefore AF, FC are “in the same Pk Va Cc 
Sree: 32. 6. straight line? Si ore ) 
~~ Next, Let thecparallelograms RF. HC, GFEA, awhich are | Si- 4 
“milar and similar ‘ly placed, have their anieter KF ‘HY, GFE vereu 
_ tically opposite ; their UiareHers mh ‘Fe are in Santen bi 
straight line. 
“Because AG, GF are paralie) to FH, HC; sand that AG ig to 
GF, as "aades HC; therefore AF; “aie are in the same ee 
“ne? AaB e 


\ CRS oa PROB. XXXII. B. VI. 


The wisn « because they are at the centre,” are left out, as nS 
the addition of some unskilful hand. _ i. 
In the Greek, as also in the Latin itanwatigns the eeieis a. eruye a 
any whateyer,”’ are left out in the demonstration of both parts * 9 
/ of the preposition, and are-now added as quite necessary ; and in, 
| the demonstration, of the second part, where the triangle BGC i is 
oP _ \ proved to be equal to CGK, the illative particle gz in fie. 
Greek text ought to be omitted. 1s a 
-The second part of the proposition is an addition of. Theon’ eee 
i te he tells us, in his comms on eae B Meyann ee) p. 
50. fi oy pls 


i PROP. B, ©. us ‘8. hee mer ie ba 
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“Phe similitude of plane figures is defined from the equality 
~ ~ of theirangles, and the proportionality of the sides about the 
equal angles ; for from the proportionality of the sides only, or 
_ only from the equality of the angles, the similitude of the figures 
does not. follow, except in the case when the figures are trian- 
gles: the similar position of the sides which contain the figures, 
to one another, depending spartly upon each of these : and, for 
the same reason, those are similar solid figures which have all 
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their solid angles equal, each to each, and are contained by the — 


~ same number of similar plane figures: for there are some so- 
- lid figures contained by similar plane figures, of the same num- 


ber, and even of the same magnitude, that are neither similar 


nor equal, as shall be demonstrated after the notes on the 10th’ 


definition: upon this account it was necessary to amend the de- 


finition of similar solid figures, and to place the definition of a> — 


solid angle before it: and from this and the 10th definition, it 
is sufficiently plain how much the Elements have, been «spoiled 


by unskilful editors. 


—% fo ae 
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ra 


_ Since the meaning of the word « equal’ is known and. 
established before it comes to be used in this definition : 
_ therefore the proposition which is the 10th definition. of this 


: 


book, is a theorem, the truth or falsehood of which ought to. 
be demonstrated, not assumed; so that Theon, or some - 


other editor, has ignorantly turned a theorem which ought 


to be demonstrated ifto this 10th definition: that figures are. 


similar, ought to be proved from the definition of similar 
higures’; that they are equal, ought to be demonstrated from 
‘the axiom... Magnitudes that wholly coincide, are equa! 
_ “to one another ;” or from prop; A. of book 5, or the 9th 
prop. or the 14th of tha same-book, from one of which the 
equality of all kinds of figures must ultimately be deduced: 
In the. preceding books, Euclid has gi¥en no definition of 
equal fienres, and it ig certain he did not give this + for what is 
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| 
_ 


i 


fete! 
3 nde 
“ 


f 
+5) 

| 

a 

| 

A r 
4 


- 


' 
5 


ae 
S 
2 

i 


‘342 
a Book XI. 
Naeem oonemot 


ay 


¥ 


~ the following is sufficient. 


é 12.41, 


. -EB, EC; FA, FB, FC; GA, GB, GC: because the straight ” 
. Jine EDF is at right angles to thé plane ABC, it makes right 


b 4. ¥, 


c 8.1: 


i 6. 
: def. 
fe ore 


‘tained by the same number of similar and equal plane atiees 
are equal to one another, yet he would justly deserve to be i 


‘teen hundred years, been mistaken in this elementary matter? | 


--yent mistakes, even in’ the principles tof sciences which are 
_ justly reckoned amongst the most certain’; for that the propo- 


to the base FB; in the 


EBA, FBA, EB, BA 


: SY eco aber 
a 


vealied the Ist def. of) ie: 3d book is rebtly a “dienes in 
which these circles are said to be equal, that haye the strai ae 
lines from’ their centres to the circumferences equal, bce 

plain, from the definition of a circle’ and therefore has by 
some editor been improperly placed among the definitions. © ‘ 
The equality of figures. ought not to be defined, but demon- 
strated: therefore, though it were true, that solid figures con- 


A) sa 
tha 


a 


blamed who would make a definition of this Pie sas whic it 
ought to be demonstrated. But if this proposition be not true, 
Rae it not be confessed, that ‘geometers have, for these thir- By 


And this should teach us modesty, and to acknowledge how | 
little, through the weakness of our minds, we are able to pre- = 


sition is not universally true, can be shown by many pi: aging : 4 


Let there be any plane rectilineal Suva; as the iriedipte) Be 
ABC, and from a point D within it draw® the straight line - 7 
DE at right angles to the plane ABC; in DE. take: DE, (DF 29 
equal to one another, upon the opposite sides of the: plane, 7 
and let G be any point in EF; join DA, DB, DC; ‘EA, 


angles with DA, DB, DC which it meets in that plane: and | 
in the triangles EDB, FDB, ED and DB_are equal to FD and ~ 
DB, each to each, and they contain right rinses ; eres a 
the base EB ts equal? | | a 


same manner EA i Is ¢+ 
qual to FA, and EC to 
FG:and in thetriangles - 


are equal to FB, BA, ) 
and the base EA is e- | 
qual to the base FA; 
wherefore the angle — 
EBA-is equal® to the. 
angle FBA,and the tri-’ 
angle EBA equalb. to > 
the triangle FBA, and. 
the other anglesequalto 

the other angles ; there- 

* fore these triangles are fA . 

similar’ ; in the same manner me triangle, EBC is : similar to. 


rif 


— 
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the eriante PBC, and. the ikaw: EAC to FAC; therefore Book xt, 


943 : 


there are two solid figures, each of which is contained by ei Sr | 


triangles, one of them by three triangles, the common vertex 


of which is the point G, and their bases the straight lines AB, 


Bes CA, and by three other triangles the common vertex 


of which is the point E, and their “bases the. same lines AB, 


BC, CA; the other notte is. contained by the same three tri- 
angles the common vertex of which is G, and their bases AB, 


BC, CA; and by three other triangles of which the common 


vertex is the: point F,’and their bases the same straight lines 


AB, BC, CA: now the three triangles GAB, GBC, GCA 


are common to both. solids, and the three Dihers EAB, EBE; 


Oe eR oS ce aia - we 
Pon ie Be 
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ECA of the first solid have been shown equal and similar to the 
three others FAB, FBC, FCA of the, other solid, each to each ; 
therefore. these two solids. are contained by the same number of 


equal and similar planes: but.that they are not equal is manifest, 


because the first of them is contained in the other: therefore i it 


. is not universally true that solids are equal which are contained 
by the same number of equal and similar planes. 


Cor. From this it appears that two unequal solid angles may 
be contained by the same number of equal plane angles. — 

For the solid angle at B, which is contained by the four plane 
angles EBA, EBC, GBA, "GBC, is not equal to the solid angle 
at the same point B, which is dabiained by the four plane angles 


_FBA,’FBC, GBA, GBC ; for this last contains the other: and 
‘each of’ them is contained by four plane ‘angles which are equal 
» to one another, each to each, or are the self same; as has been 
proved: and indeed there may fe innumerable. solid angles all 


-- ynequal to one another, which are each ef them contuined by 


plane angles that are equal to one another, each to each ; 3 itis 


' likewise manifest*that the before-mentioned solids are “not simi 
lar, since their solid’angles are not all equal. 


And that there may be innumerable solidangles’ all aneliteaie te 


_ one another, which are each of them contained by the same plane 


angles disposed in the same order, will be plain from the three 
followi mg pSpanitions! 


y 


PROP. I. PROBLEM. 


wal : 
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\ Three magnitudes, A, B, C being given, to find afoufth such, 


“that every three shall be greater than the remaining one. 


“Let D be the fourth : therefore D must be less than A, B, © 


e 
Ned 


hig, ot nan x s & 
ae | x : wey 


i 


x tdgether eteater than D.. 


’ than either of the two B and’C:-and first, Jet Band C_ Adgpier ¢ 

~ be not less than A: therefore BC, D together are greater.than — 
Ads tend because. A is not less than B; Ay C, D,. together are 

~ greater than B: ‘in the like manner A, B, D together are. greater ri 


_ not’less than A, any maigntude D which is less than A, By ci 
together will'answer the problem. |. . 


‘than the excess of A above Band C: take therefore any mag- | 


any three of them shatever are greater than the fourth; ie fe 


i Cn eee 


NOTES, igs ‘ Re ar one. ee a 
oa of the three A‘ B,. G; le A be. that-which i a eee gon 4 


than’ Ee wherefore, i in the case, in hich B ant’ C together aye, 9 
. : 

But if B and.C together be Jess than. ons ; then, because’ it? is. 54 
requtired that B,C, D together be greater than Ay from eaeh 
of these taking away B, C, the remaining one D-must be greater 


‘nitude D which is less than A, B, C, together, but greater than. a 
“the excess of A above B and C: then B, C, D togetherare great- 
er than A; and becatse A is greater than. cither,B or C, much,“ 
more will ‘A and. D, together with either. of... es two. B, C, be, 4 
greater than the other :- and, by, the construction, A, B, ete a, 


6 “ 
Cor. If besides it be required, - ‘that A and B together Slrall -/ 
not be less than C and D together; the excess of A and Bto- ~~ 
gether above C must not be less al D, net is, he: must not-be. “4 
ereater than that excess. alia : a 
} - fy : oe i Mes / ; Bye 
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Four Ran eye Ye 53 D beink given, of which A and 
‘B together are not less than Cc and D together, and. such that 


required to find a fifth magnitude E such, that any two of 
three A, B, E shall be greater than the third, and also that any; me 
two of the three C; D, E shall-be greater than: aot third. Let 4 
A be not less than B; and C not\less than D, sm 
- First, Let the excess of C above D be not Tess. Biss the excess - 
of A above B: it is plain. that a magnitude E can be ‘kot 
which is Jess than the sum of C and D, but greater than the 
excess of C above D; let it be taken; then E is greater like~ 
wise than. the excess of A above B; wherefore EandB together 
are greater than A; and A 1s not: 4685 than B; therefore A and 
E together are greater than B > and, by the hypothesis, A and 
B together are not less then C and D together, and C and D: 
together are greater ua Es ; therefore likewise A and B are» 
ereater r than sae ace eb OH ae 


? - 
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But let the excess of A above B be greater than the excess Book XI. 


of C above D: and because, by the hypothesis, the three B, C, 
D are together greater than the fourth A; C and D together 
are greater than the excess of A above B: therefore a magni- 
tude may be taken which is less than C and D together, but 
greater than the excess of A above B. Let this magnitude be 


’E; and because E is greater than the excess of A above B, B 


together with E is greater than A: and, as in the preceding 


“case, it may be shown that A together with E is greater than B, 


and that A together with B is greater than E: therefore, in each 
of the cases, it has been shown, that any two of the three A, B, 
E are greater than the third. ‘ et | 

And because in each of the cases Eis greater than the excess 
of C above D, E together with D is greater than C; and, by 
the hypothesis, C is not less than ®; therefore E together with 
C is greater than D; and, by the construction, C and D toge- 
ther are greater than E: therefore any two of the three C, D, 
E are greater the third. , 

1 ORR 


PROP. I. THEOREM. 


| 


There may be innumerable solid angles all unequal to one 
another, each of which is contained by the same four plane an- 
gles, placed in the same order. 

Take three pfane angles, A, B, C, of which A is not jess 
than either of the other two, and such, that A and B toge- 
ther are less than two right angles: and, by problem l+and 
its corollary, find a fourth angle D such, that any three whiat- 
ever of the angles A, B, C, D be greater than the remaining 
angle, and such, that A and B together be not less than C 
and D together: and, by problem 2, find a fifth angle E such 
that any two of the angies A, B, E be greater than the third, 


E 


and also that any two of the angles C, D, E be greater than 
ts | 2X - ave 


eh oe a NOTES. 


Book XT the third: id because A and B saectlie are less than two 
y= right angles, the double of A and B together is less than four 
right angles: but A and B together are greater than the angle - _ 
I; wherefore the double of A, B together is greater than . 
the three angles A, B, E together, which three are conse- 
uently less than four right angles;.and every two of the 
 ganie angles A, B, E are greater than the third, therefore, 
by prop. 23, 11, a solid’ angle cay be made contained by three 
plane angles equal to the angles AS B, E, each to each. . Let 
this be the angle F, contained by the three plane angles GhH, 
_ HK, GiK which are equal to the angles A, B, E, each to 
euch: and because the angles C,.D together are not greater 
than the angles A, B together, therefore the angles C, D, E 
are not greater than the angles A, B, E: but these last three-are 
less than four right angles, as has been demonstrated : where-_ 
fore also the angles C, D, E are together. Jess than four right 
angles, and every two of them are greater than the third ; there- 
‘a solid angle may be made, which shall be contained by three 


a ye ad: plane angies eyual to the angles C, a: hy cack to iamnelt. saan 


by prop. 26, 1, at the paint F in the str sight tine FG a solid: oe 
angle may be made equal to that which is contained by the 
three plane‘angles that are equal to the angles C, D, E: let. 
-this be made, and Iet the angle GFK, which is equal to E, be 
one of the three ; and let KFL, GFL be the other two which. ~ 
are equal to the angles C, D, each to each. Thus there isa 
solid angele constituted at the point F contained by the four. plane 
angles GFH, HF Ks KFL, GFL which are equal to the angles 
_A, B, C, D, each to each. 
Again, Find another angle M- ‘such, that every two GF the 
three angles A, B,. M be peer than the third, and also 
every two of the three C, D, M be greater gs the third : 


CNOTES: =. cee “gar 


and, as in the preceding part, it may be demonstrated that Book “1. — 
Kees pee! 


the three A, B, M are less than ~ N 
four right angles, as also that the 
three C, D, M are less than four 
right angles. Make therefore* a so- 
lid angle at. N contained by the 
three plane angles ONP, PNQ, 

_ *~ONQ, which are equal to A, B, M, 

- each to each: and by prop. 26, 11, O , 
make at the point N in the straight ; Ee 

~ Ine ON.a solid angle contained by three plane angles, of which © 
one is the angle ONQ equal to M, and the other two are the 
angles QNR, ONR. which are equal to the angles C, D, each 
toveach. Thus, at the point N, there is a solid angle contained 
by the four plane angles ONP, PNQ, QNR, ONR which are , 
equal to the angles A, B, C, D, each to each. And that the two 
solid angles at the points F,.N, each of which is contained by. 
the above named four plane angles, are not equal to one ano-— 
ther, or that they cannot coincide, will be plain by considering 

. that the.angles GFK, ONQ ; that is, the angles E, M, are une- 
qual by the construction ; and therefore the straight lines GF, 
FK cannot coincide with ON, NQ, nor consequently can the 
solid angles, which therefore are unequal. —- : 

_ And because from the four plane angies A, B, C, D, there can 
be found innumerable other angles that will serve the same pur- 

_ pose with the angles E and M;; it is plain that innumerable other 
solid angles may be. constituted which are each contained by the 
same four plane angles, and all of them unequal to one another. 

And from this it appears that Clavius and other authors are 
mistaken, who assert that those solid angles are equal which 
are contained by the same number of plane angles that are 
equal to one another, each to each Also itis plain that the 26th 
prop. of book 11 is by no means sufficiently demonstrated, be- 
cause the equality of two solid angles, whereof each ig contain- 
ed by three plane angles which are equal to one anether, each 

_ to each, is only assumed, and not demonstrated. | - 


ae 23. £8. 
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“a straight line in more than one point,” are left out, as an 
addition by some unskilful hand ; for this i 1s to be SHOR A 
not assumed. ee 

Mr. Thomas Simpson, in his notes at the end of aus 2d edi- 
tion of his elements of Geometry, p. 262, after repeating the 


words of his note adds, * Now, can it possibly show any want of 


“ skill i an editor, (he means Euclid or Theon) to refer to an 
& axiom which Euclid himself hath laid down, book 1, No. 14, 
« (pe means Barrow’s Euclid, for it is the 10th in the Greek), 


«“ and not to have demonstrated, what no man can demonstrate gil 


But all that in this case can follow from that axiom is, that, if 
two straight lines could meet each other in two points, the parts 
of them betwixt these points must’ coincide, and so they would 
have a segment betwixt these points common to both. Now as it 
has not been shown in Euclid, that they cannot have a common 
segment, this does not prove that they cannot meet in two points, 
from which their not having a common segment is deduced in 


the Greek edition: but, on the contrary, because they cannot - 


have a common segment, as is shown in cor. of 11th prop. book 
1, of 4to. edition, it follows plainly that they cannot meet in twe 
poiits, which the remarker says no man can demonstrate. 
Mr. Simpson, in the same notes, p. 265, justly observes, that 
an the corollary of prop. 11, book 1, 4to. edition, the straight 
fines AB, BD, BC, are. supposed to be all in the same plane, 
which cannot be assumed'é in lst prop. book 11. ‘This, soon after 
the 4to. edition was published, I observed and corrected ‘as it 
is now in this edition: he is mistaken in thinking the 10th ax- 
tom he mentions here to be Euclid’s ; itis none of Euclid’s, but 


is the 10th in Dr. Barrow’s edition, who had it from Herigon’s 
Cursus, vol. 1, and in place of it cy ‘Syeliny: of 10th A: ci 


book be was aise de 


4 


PROP. UB. XL. ee 


ad 


NF Bae ‘sh, 


PROP. I. B. XL eo ae 


The words at tlie end of this, * for a straight ike ealtiied meet 


— 


This proposition seems to base been changed and vitiated by * 


some editor: for all the figures defined in the Ist book of the 


Elements, and among them triangles, are, by the hypothesis, 
plane figures; that is, such as are described in a plane; where-’ 


. fore the second part of the enunciation needs no demonstration. 


eee a convex superiicies ey be ter minated by th three straight — 


a i ZA 
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 jines meeting one abittions the thing that should have been de- Book XI 
- monstrated is, that two or three ‘straight lines, that meet one mii 


another, are in one plane. And as'this is not sufficiently done, 
the enunciation and demonstration are rake into those now 
put into the text. 


PROP. Hl. B. XI. 

Tn this proposition the feltversis words near to the end of it 
are left out, viz. “ therefore DEB, DFB are not straight lines ; 
“in the like manner it may be demonstrated that there can be 
“ no other straight line between the points’ D, B:” because froin 
this, that two lines include a space, it only ‘follows that one of 
them ‘is not a straight line : and the force of the argument lies 


- inthis, viz. if the common section of the planes be nota straig ht 


line, then two straight lines could include a space, which is ab- 
surd ; therefore the common section is a straight line. 


PROP. IV. B. XI. 


The Gaede “ and ig triangle AED to the triangle BEC” 
are omitted, because the whole conclusion of the 4th prop. book 
1, has been so often repeated in the preceding books, it, was 
needless to repeat it PSIE 


PROP. v. B. XL 


In this, near to rae Sid seartes i ought: to ve pete out in the — 


Greek text; and the word “ plane” is rightly left out in the 
Oxford edition of Commandine’s translation. 


PROP. VII. oy XI. 


This proposition has been put into this book by some un- 
skilful editor, as is evident from this, that straight lings which 
are drawn foin: one point to another In a plane, are, in the 
preceding books, supposed to be in that plane: and if they 
were not, some demonstrations in which one straight line is 


‘supposed to meet another, would not be conclusive, because 


these lines would not meet one another: for instance, in prop. 
30, book 1, the straight line GK would not méet EF, if GK were 
not in the plane in which are the parallels AB, CD, aud in 


~ which, by hypothesis, the straight line EF is: besides, this 


7th proposition is demonstrated by the preceding 3d,.in which 
the very thing which is proposed to be demonstrated in the 7th, 


is twice assumed, viz. that the straight line drawn from one 
point to another in a plane, is in that plane; and the same thing 


& assumed. in the preceding 6th prop. in which the — line 


o 
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Book XY. which joins the points B, D that are in the plane ~e whith AB 
tem and CD are at right angles, is supposed to |e in that ang 
and the 7th, of which another demonstration is given, is kepti ng Z 
the book, merely to preserve the number of the propositions 5 
for it is evident, from the 7th and 35th definitions of the Ast 4 E| 
book, though it had not been in the inte ul | 


) 


PROP. VIII, -B. RTs. 


In the ee and in Capes ceuiee’ s and Dr. Gregory’ s ‘tana a 
Jations, near to the end of this proposition, are the folowing — 
words: “ but DC is in the plane through BA, AD,” instead of : 
which, in the Oxford edition of Comimntine’ $ translation, is (4 

‘ rightly put “ but DC is in the plane through BD, a AS but | 
all the editions have the following words, viz. ‘ because AB, — 
_ © BD are in the plane through BD, DA, and DC is in the plane — 
“in which are AB, BD,” which are manifestly corrupted, or 
have been added to the text; for there was not the least neces- i 
sity to go so far about to show that DC is in the same ee 
in which are BD, DA, because it immediately follows from — 
prop. 7 preceding, that BD, DA are in the’plane in which are» 
the purallels AB, CD: therefore, instead of these words, there 
ought only to be “ because all three are in the ss in slew 
are the parallels AB, CD.” 


a a 
By 


i 


PROP. XV. B. SE. : 


After the words “ and because’ BA is parallel to GH,” the 
fellowing are added, ‘ for each of them is parallel to DE, and ~ 
‘‘ are not both in the same plane with it,” as being manifestly 
forgotten to be put-into the text. sae a 


PROP. XVI. B, XI. 


a 
In this, near, to the end, instead ‘of the words, « but straight eo 
“ lines which meet neither way” ought to be read, “ but straight % 
“‘ lines in the Same plane which produced meet neither way :’ 
because, though in citing this definition in prop. 27, book 1, it 
Was not necessary to mention the words, “ in the same plane,” 4 
all the straight lines in the, books preceding this bie. am AP i 
same plane ; yet here it was Suttp change 4 


ins Gets 


PROP. XX.. B. XL — 


In this, near the begin, are the ordig “ ‘But if not, ey . 
“let BAC be the greater :”? but the angle BAC may happen to — 
be equal to one of the other two. wherefore ‘this say shou A 


NOTES. 
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be read thus, “ But if not, let the angle BA€ be not less than Book XL 
| moet 


“ either of the other two, but greater than DAB.” 

At the end of this proposition it is said, “ in the same man- 
© ner it may be demonstrated,” though there is no need of any 
demonstration ; because the angle BAC being not less than ei- 
_. ther of the other two, it is evident that BAC together with one 
ef them is greater than the other. 


* 


PROP. XXII. B. XI. 


And likewise in this, near the beginning, it is said, “ But if 
“ not, let the angles at B, E, H be unequal, and let the angle 
“ at B be greater than either of those at E, H:’’ which a ‘ds 
manifestly show this place to be vitiated, because the angle at 
B may be equal to. one of the other two. They ought there- 
fore to be read thus, “ But if not, let the angles at B, E, UH, be 
a unequal, and let the angle at B be not less than either of the 
- “other two at E, H: therefore the straight line AC is not less 
_ © than either of the two DF, GK.” 


PROP. XXIIL B XL 


The demonstration of this is made something shorter, bp not 
repeating in the third case the things which were demonstrated, 
in the first ; and by making use ¥f the construction which Cam- 
- panus has given; but he does not demonstrate the second and 
third cases: the construction and d&monstration of the third case 
are made a little more simple than in the Greek text. 


fe 


PROP. XXIV. wx 


The word ¢ ‘svpnitee” is adden to the enunciation of this pro- 
position, because the planes containing the solids which are to 
be demonstrated to be equal to one another, in the 25th propo- 
sition, ought to be similar and equal, that the ec juality of the 
solids may be inferred from prop. C, of this book: and, in the 
Oxford edition of Commandine’s translation, a corollary 1 is add- 
.ed to prop. 24, to show that the parallelograms mentioned in 
this proposition are si ilar, that the equality of the solids in 
ey Prop 25, may be deduced from the 10th eo of book I'l. 


PROP. KXV. and XXVI. B. XL 


{ 


In the 25th prop. solid fioures, hicks are caneeied by the 
same Auber of similar and eyual plunge figures, sre supposed 


“ f 


$52 


_ Book XI. to be equal te one another. And it seems that Theon, or some a 


_ be equal: if each of them be contained by three plane angles — 


those solid angles are equal which are contained by the same a | 


plane angles only, which are equal to one another, each to. | 
are also equiangular'to one another, and can coincide; which — 


strates, in prop. 8, book 1, that triangles which are equilateral 


12th book, which depend upon the. 9th definition. For it ater! 4 


the same number of ae plane angles, are not ape: a t9 ag 


NOTES. | a 


other editor, that he might save himself the trouble of demon-— i 
strating the solid figures mentioned in this. ‘proposition to be 
equal to one another, has inserted the 10ih def. ef this book, — 
to serve instead of i a easiest dak ; which was very ce ipshse 
done. — 4 
Likewise in the 26th prop: two solid angles are supposed to | ™ 


which are equal to one another, each to cath. And it is strange | 1 
enough, that none of the commentators on Euclid have, as far 4 

as I know, perceived that" something is wanting in the demon- 
strations of these two propositions. Clavius, indeed, i in a note { 
upon the 11th def. of this book, affirms, that it is evident that — 


number of plane angles, equal to one another, each to each, 
because they will coincide, if they be conceived to be pce | a 
within one another ; but this is said without any proof, nor is it 
always true, except when the solid angles are contained by three 


each: and in this case the proposition is the same with this, ’ 
that two spherical triangles that are equilateral to one another, ~ 


ought not to be granted without a demonstration. Euclid does. yg | 
not assume this in the case of rectilineal triangles, but demon- _ 


to one another are also equiangular to one another; and from — 7 
this their total equality appears by prop 4, book 1. And Me- a | 
nelaus, in the 4th prop. of his first Book of Spherics, explicitly . 
demonstrates, that spherical triangles which are mutually equi- aa 
Jateral, are also equiangular to one another; from which it is 4 
easy to.show,that they must coincide, providing they have their ia 
sides disposed in the same order and’ situation. - i 

To supply these defects, it was necessary to add the three pro- 4 
positions marked’A, B, C to this book. For the 25th, 26th, and — 
28th propositions of it, and consequently eight others, viz. the 
27th, Sist, $2d, 38d, 34th, S6th, 37th,: and 40th of the same, 3 
which depend upon them, have hitherto stood upon an infirm 
foundation’; as also, the 8th, 12th, cor. of 17th and 18th of — 


z 


been shown in the notes on ‘def. 10, of this book, that solid 
figures which are contained by the same number of similar and 
equal plane figures, as also solid angles that are contained by 


‘ 


one another. 9 | 5 


ee eee 
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It is to be observed that Tacquet, in his Euclid, defines equal Book XL 
solid angles to'be such, “ as being put within one another do “~~~ 


_ “coincide :”” but this is am axiom, not a definition; for it is true 


of all magnitudes whatever. He made this useless definition, 
that by it he might demonstrate the 36th prop. of this book, 
without the help of the 35th of the same: concerning which 
demonstration, see the note upon prop. 36. 


PROP. XXVIII. B. XI. 


In this it ought is have been demonstated, not assumed, that 
the diagonals are in one plane. Clavius has supplied this defect. 


PROP. XXIX. B. XI. 


There are three cases of this proposition : the first is, when 
the two parallelograms opposite to the base. AB have a side 


common to both ; the second is, when these parallelograms are 


separated from one another ; and the third, when there isa part 
of them common to both; and to this last only, the demonstra- 
tion that has hitherto been in the Elements does agree. The 
first case is immediately deduced from the preceding 28th prop. 
which seems for this purpose to haye been premised to this 29th, 
for it is mecessary to none but to it, and to the 40th of this book, 
as we now have it, to which last it would, without doubt, have 
been premised, if Euclid had not made use of it in the 29th; 
but some unskilful editor has taken it away from the Elements, 


and has mutilated Euclid’s demonstration of the other two cases, 


which is now y restored, and serves for both at once. 


% 


PROP. XXX. B. XI. 


“In the aheacasreatinn of this, the opposite planes of the solid 


_CP, in the figure in this edition, that is, of the solid CO in Com- 
“mandine’s figure, are not proved to be abate which it is pro- 
per to do for the sake of learners. > . 


Syke SKIL: BR. XI. 


There are two cases of this proposition :. the first is. when 
the insisting straight lines are at right angles to the bases ; the 


other, when they are not: the first case is divided again inta 


two others, one of which is, when the bases are equiangular 
parallelograms ; the other, when they are not equiangular : 


2 


B55 


yar 


sf 354 ; oe NOT ES. 
$ : 
Book XI_ the Greek editor makes no mention of the first. of these tw 
- last cases, but has inserted the de: onstration ofvit as 2 part of | 
that of the other: and therefore should have taken notice of it 
ina corollary ; ; but we thought it better to give these two cases ~ e 
* separately : the:demonstration also is made something shorter 
by following the way Euclid has made use of in prop. 14; book 
6. Besides, in the demonstration of the case in which the in- 
sisting. straight lines are not at right angles to. the bases, the 
editor does not prove that the solids. described in the construc- 
tion are parallelopipeds, which it is not to be thought that Eu- 
_ clid neglected: also the words “ of which the insisting str ate ht 
‘ lines are not in the same straight lines,” have been added by 
some ppskilfal hand ; forthey may be in the same str aight lines. 


Le 


® 


PROP. XXXII. B. XI. 


The editor has forgot to ‘oriies the par alleléstara: FH tobe 
applied in the angle FGH equal to the sii LOG, which is’ 
necessary. Clavius has supplied this. 

. Also, in the construction, it is required to complete thé 
solid of which the base is FH, and altitude the same with that 
of the solid CD: but this does not detersiine the solid to be 
completed, since there may be innumerable solids upon the 
same base, and of the same altitude: it ought therefore to be 

+ said, “ complete the solid of which the base is FH, and one of 
; “ its insisting straight lines is FD;” the same correction must 
be made in the following eh as idl oy: 


PROP. Ne B. XI. 


Itis very pr obable that’ Buclid gave this proposition a place’ J a 
in the Elements, since he gave the like proposition pone CTE ‘ 
equiangular parallelograms in the 23d ee Oe” a 


<> Ye § ROP, cen B. XI. 


In this. the words, ay ob egerraras Be doWe@t Tod avTey eybelea 
< “of which the insisting straight lines are not in the sime 
ba “straight lines,” are thrice repeated ; but these words ought 
either to be left out, as they are by Clavius, or in place of them, 
ought to be put, “ whether the insisting straight lines be, or be. 
“ not, in the same straight lines:” for the other case is with- — 
“ @ut any reason. excluded ; also the words, ay Te ots of which ~* 7 


ix: 
\ 


NOTES OF ” 4 355. 


“the altitudes,” are twice P it for ay x excorere, & of which Book XT. 
“ the insisting straight lines ;” which is a plain mistake + for the “Wo 
wes is always at ight eagles t to the meee 


~ 


PROP. XXXV. B. XI. 


te ? 


‘The angles ABH, DEM are demonstrated to be right ales 
in a shorter. way than in the Greek ; and in tae same way ACH, 
“DFM may be demonstrated to be right angles : also the repe- 
tition of the same demonstration, which begins with “in the 

/ “same manner,” is left out, as it was probably added to the 
text by some editor; for the words, “ in like manner we may > 
« demonstrate,” are not inserted except when the demonstra- 
tion is not given, or when it is something different from the 
other if it be given, as in prop: 26, of this book. Companus 
has not this repetition. 

We have given ‘another demonstration of the corollary, be- 
sides the one in the original, by help of which the following 
36th prop. may be demonstrated without the 35th. 


PROP. XXXVI. B. XI. 


Tacquet in his Euclid demonstrates this proposition without 
the help of the 35th; but it is plain, that the solids mentioned 
in the Greek text in the enunciation of the proposition as equi- 
angular, are such that their solid angles are contained by three | 
plane angles equal to one another, each to each; as is evident 
fro-a the construction. Now Tacquet does not demonstrate 
but assumes these solid angles to be equal to one another; for 
he supposes the solids to be already made, and does not give 
the construction by which they are made: but, by the second 
demonstration of the preceding corollary, his demonstration is. 
rendered legitimate hkewise in the: case where the aghiGe are 
constructed as in the text. | 


¥SEi-PRO P. eked: Bo Xi. 


In this it is assumed, that the ratios which are triplicate of 
those ratios which are the same with one another, are likewise 
the same with one another; and that those ratios are the same 
with one another, of which the triplicate ratios are the same 
with one another ; but this ought not to be granted without a de- 
- monstration ; nor did Euclid assume the first and easiest of these 
two propositions, but demonstrated it in the case of duplicate 
ratios, in the 22d prop. book 6. . ‘)n this account, another de- 
“monstration is given of this. proposition like to that which Eu- 
lid gives in prop. 22, book 6, as Clavius has done. 


x 
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PROP. XXXVIIL B. XL” 


When it is required to draw a perpendicular from a point in 
one plane, which is at right angles to another plane, unto this 
last plane, it is done by drawing a perpendicular from the point 
to the common section of the planes; for this perpendicular 
will be perpendicular to the plane, by def. 4, of this bcok: 
and it would be foolish in this case to do it by the 11th prop. of 


oa 12. inthe same: but Euclid *, Apollonius, and other geometers, 
other edi- when they have occasion ee this problem, direct a perpendicu- 


tions. 


B. XII. 


jar to be drawn from the point to the plane, and conclude that’ 
it will fall upon the common section of the planes, besause this 
is the very same thing as if they had made use of the construc- 
tion aboye mentioned, and then concluded that the Straight line © 
must be perpendicular to the plane; but is expressed in fewer 
words. Some editor, not perceiving this, thought it was ne- 
cessary to add this proposition, which can never be of any use to 
the 11th book, and its being near to the end among proposi- 
tions with which it has no connection, is a mark of its having 
been added to the text. 
\ 


PROP. XXXIX. B. XI. i 

In this it is supposed, that the straight lines which: bisect the 
sides of the opposite planes, are in one plane, which ought to 
have been demonstrated ; as is now done. ~ : 


BOOK XII. 
HE learned Mr. Moore, professor of Greek in the universi- 


ty of Glasgow, observed. to me, that it plainly appears from 
Archimedes’s epistle to Dositheus, prefixed to his books of the 


Sphere and Cylinder, which epistle he has restored from ancient 


manuscripts, that Eudoxus was the author of the chief prope | 
tions in this 12th. book. 


ms 


shee IL, B. XII. 


At the beginning of this it is said, “ 3 it be not so, the. square 
“ of BD shall be to the square of FH, as the circle ABCD is 
8. to Some ‘space either less than the circle EFGH, or greater 
“ than it.” And the like is to be found near to the end of this 


peeciabs as also in prop, 5, 11, 12, 18, of this book : cone 


’ 


- 
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cerning which, it is to be observed, that, in the demonstration 8B. XII. 
of theorems, it is sufficient, in this ‘and the like cases, that a “wom. | 


thing made use of in the reasoning.can possibly exist, provi- 
ding this be evident, though it cannot be exhibited or found by 
a geometrical construction : so, in this place, itis assumed, that 
there may be a fourth proportional to these three magnitudes, 
viz. the squares of BD, FH, and the circle ABCD; because 
itis evident that there is some square equal to the circle ABCD 
though it cannot be found geometrically: and to the three rec- 
tilineal figures, viz. the squares of BD, FH, and the square 


' which is eqtal to the circle ABCD, there is a fourth square 


‘proportional; because to the three straight lines which are 
their sides, there is a fourth straight line proportional,* and 


this fourth square, or a space equal to it, is the space which 


in this proposition is denoted by the letter S: and the like is to 


be understood in the other places above cited: and it is pro- 
bable that this has been shown by Euclid, but left out by some 


editor ; for the lemma which some unskilful hand has added te 
this proposition explains nothing of it. 


PROP. III, B. XII. 


In the Greek text and the translations, it is said, “ and 
«© because the two straight lines BA, AC which meet one an- 
“ other,” &c. here the angles BAC, KHL are demonstrated 
to be equal to one another by 10th prop. B. 11, which had 
been done before: because the triangle EAG was proved to be 
similar to the triangle KHL: this repetition is left out, and the 
triangles BAC, KHL are proved to be similar in a shorter way 
by prop. 21, B. 6.5 —-' | Par 


PROP. IV. B. XII. 


A few things in this are more fully explained than in the 
Greek text, | ! 


PROP. V. B. XIL. 


In this near to the end, are the words as eumrerrtey ederyGn, 
“ as was before shown,” and the same are found again in the 


end of prop. 18, of this book; but the demonstration referred 


' to, except it be the useless lemma annexed to the 2d prop. is 


no where in these Elements, and has been perhaps left out by 
Some editor who has forgot to cancel those words also. 


¢ 


a 12.6. 


AE 


‘ eo ae 


ae "PROP. Vis BY XTRRY s soi. 


A shorter dipsoritraciil is given of this; and that which) 2 
is in the Greek text may be made shorter by a step than it’ is) 
for the author of it makes use of the 22d prop. ‘of B. 5, twice: 
whereas once would have served his purpose; because that | 

_ proposition extends to any ‘number of mugnitudes which are 
» proportionals taken two aad tWO, ab well as to three which are ae 


proportional to other three. fs 


COR. PROP. VIII. B. XIL 


The demonstration: of this is imperfect,’ bagahine: it is noe i 
shown, that the triangular pyramids into which those upon mult- 
angular bass are divided, are similar to one another, as ought : = 

~ nécessarily to have been done, and is done in the like case in. 
prop. 12 of this book. The full demonstration of the corollary 
is as follows: Oy 

, Upon'the polygonal bases ABCDE, F GHKL, let there be si- ™ 
milar and similar ly situated pyramids which have the points M, > | 
N for their vertices: the pyramid ABCDEM has to the pyra- _ ~ 
mid FGHKLEN the triplicate ratio of that which ae ante AB’ @ 
has to the homoloyous side FG. et 

_Let the polygons be divided | into the trisngles ABE, EBC, 

2 20.6. ECD; FGL, LGH, LHK, which are similar* each to taclve 
bd 11. def.and because theipyremids are similar, therefore? the triangle 

11. EAM is similar to the triangle LFN, and the triangle ABM > | 
c 4.6, toFGN: wherefore’ ME is to EA, as NL to LF; and asAE 


to , EB, so is: FL to LG, beichelge: the triangles EAB, LFG : are | 
| similar ; therefore, ex equalis 2s ME to EB, so is NL to LG: 


ty 


; 2 é ; : 
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in like manner it may be shown that EB is to BM, as LG to Book XII. 
GN ;-therefore again, cx eguali, as EM to MB, so is LN to “w= 
NG: wherefore the triangles EMB, LNG having their sides bi 
proportionals are * equiangular, and similar to.one another:a 5. 6. 
therefore the pyra» ids which have the triangles EAB, LG for 

their bases, and the points } M, N for their vertices are similar 

*to one another, for their solid angles are © equal, and theb 11 def. 
solids themselves «re contained by the same number of similar 11. 
planes: in the same manner, the pyramid EBCM may be >- 1L 
shown to be similar to the pyramid LGHN, and the pyramid 
~ECDMto LHKN. And because the pyramids EABM, LFGN 

are similar, and have triangular bases, the pyramid E ABM, has 

~ *to LFGN the tr iplicate ratio of that which EB has to the ho-d 8. 12. 
mologous side LG. ‘And, in the same manner, the pyramid 
EBCM has to the pyramid LGHN the triplicate ratio of that 

which EB has to LG. Therefore as the pyramid EABM is to 

the pyramid LFGN, so is the pyramid EBCM to the pyramid 
LGHN. In like manner, as the pyramid EBCM is to LGHN, 

so is the pyramid ECDM to the pyramid LHKN. And as one 

of the antecedents is to one of the consequents,.so are all the 
antecedents to all the consequents: therefore as the pyramid 
EABM to the pyramid LFGN, so is the whole pyramid 
ABCDEM to the whole pyramid F@HKLN: and the pyramid 

EABM has to tie pyramid LFGN the triplicate ratio of that 

which AB has to FG ; therefore the whole pyramid has to the 

“whole pyramid the triplicate ratio of that which AB has to the 

eaceg baat side FG. Q E. D. 


PROP. XI. and XIT. B. XII. 


The order of the letters of the alphabet is not observed in 
these two propositions, scrote Euclid’s manner, and is 
now restored ; by which means, the first part of prop. 12 may 
be demonstrated in the same words with the first part of prop. 
11: on this account the demonstration of that Hirst part is left 
gut, and assumed from prop. 11. 


a 


_ PROP. XIL. B. XIU. 


° *% 


In this proposition, the common section sone plane parallel te 
the bases of a cylinder, witn the cylinder itseif, is suppose: io 
_ be acircle, and it was thought proper briefly to demonstrate it; 
from whence i: is sufficiently manifest, that this plane divides 
the Cylinder into two’ others; and the sane thing is undersiood 4 
te be reppees | in Brops Be RS 4 


I 


360 : 
Book XI. ie %t 
ade Saag a 
' PROP. XV. B. XII. ek 
“ And coniplete the Jeiesaien AX, EO,” both the. enuncia- 4 
_ ‘lation and exposition of the preposition represent the cylin- 
« ders as well as the cones, as already described : wherefore the 
_ reading ought rather to be, “ and Jet the cones be ALC, ENG; 


NOTES. | 


“and the cylinders AX, EO.” ane a 
The first case’ in the second part G the demonstration, i is 
wanting ; and something also in the second case of that part, — 
before the repetition of the construction is mentioned ; which a 
are now added. re. ae 


WA 


GOES RROP, RULE BRIE 


Tn the enunciation of this proposition, the Greek words ~ 
ae tm meilova Toetigay oregery morusdgcr eyletas wanpauey tne ehagoover opaigas) xetta! i. 
ray eripaveey are thus translated by Commandine and others, “in 
“ majore solidum polyhedrum describere quod minoris sphere 
bad superficiem, non tangat;”’ that is; ‘ to describe in the ‘greater | 
* sphere a solid polyhedron which shall not meet the superficies | 
“ of the lesser sphere :’ ’ whereby they referthé words st2 cm | 
exiprveey to these next to them ts eaccone soaueas. But they ought ‘sf 
by no means to,be thus translated; for the solid polyhedron doth @ 
not only meet. the superficies of the lesser sphere, but per- 
vades the whole of that sphere; therefore the foresaid words 3 
are to be referred to: To orepecv woavedecr, and ought thus to be trans- aq 
lated, viz. to describe inthe greater sphere a solid polyhedron - 
whose superficies shall not meet the lesser sphere; as the 
meaning of the proposition necessarily requires. ; Pele 

The demonstration of the propositionsis spoiled and mutilat- 2. 
ed: for some éasy things are very explicitly demonstrated, || 
while others not so obvious are not sufficiently explained = for 3% 
example, when it is affirmed, that the square of KB is greater Hi 
than the double of the square of BZ, in the first demonstra- 
tion, and that the angle BZK.is obtuse, in the second ; both j 
which ought to have been demonstrated. Besides, in the first 34 
demonstration it is said, “ draw Ko from the point K p Breen § 
* dicular to BD ;” whereas it ought to have been said, “ join 
“ KV,” and it should have been demonstrated that. x 
perpendicular to BD: for it is evident from the figure” in Hous i 
his: ee and een, $ . ean and ae ote: — of re s: 


Lr es 


NOTES. / ae 


pe the Greek editor did not perceive that Book xT 
the perpendicular drawn from the point K to the straight line « 

BD must necessarily fall upon the point V, for in the figure it 

--is made to fall upon the point o, a different point from V, 

which is likewise supposed in the demonstration. Coin man. 

- dine seems to have been aware of this; for in this figure he 

marks one and the same point with the two letters V,2; and 


before Commandine, the learned John Dee, in the commentary 


__ he annexes to this proposition in Henry Billinsley’s translation 

of the Elements, printed at London, ann. 1570, expressly takes _ 
notice of this error, and givem a demonstration suited to the 
construction in the Greek text, by which he shows that the 
perpendicular drawn from the point K to BD, must necessarily 
fall upon the point V. 

Likewise it is not deinionstiated that the quadrilateral figures 
SOPT, TPRY, and the triangle YRX, do not meet the lesser 
sphere, as was necessary to have been done: only Clavius, as 
far as I_know, has observed this, and demonstrated it by a lem- 
_™ma, which is now premised ‘to this proposition, something al- 
~ tered and more briefly demonstrated. 

In the corollary of this proposition, it is supposed that a solid 
polyhedron *is described in the other spheres similar to that 
which is described in the sphere BEDE j but, as the construc- 
tion by which this may be done is not given, it was thought 
proper to give it, and to demonstrate, that the pyramids in it. 
are similar to those of the same order in the solid polyhedron 
described in the sphere BCDE. 


From the preceding notes, it is’ , sufficiently evident how much 
the Elements of Euclid, who was a most accurate geometer, 
have been vitiated and mutilated by ignorant editors. The opi- 
nion which the ereatest part of learned men have entertained 
concerning the present Greek edition, viz. that it is very little or 
nothing different from the genuipe work of Euclid, has without ° 
_ doubt deceived them, and made them less attentive and accurate 
in examining that edition: whereby several errors, some of them 
gross enough, have escaped their notice, from the age in which 
Theon livéd to this time. Upon which account there is some 
ground to hope, that the pains we have taken in correcting those 

err ors, and freeing the Elements, as far as we could, from ble- 
. mishes, will not be unacceptable to good judges, who can discern 
-. when demonstrations are legitimate, and when they are not. 
. The objections which, since the first edition, have been made 
Me against some things in the notes, especially against the doctrine 
of proportionals, have either been fully answered in Dr. Bar- 


'. Fow’s Lect. Mathemat. and in these notes, or are such, except 


2 7, % 


Cand af 


eee eae NOTES” ee 


Book. aby one which ne been taken notice of in the note a er dL Book. 
) , 11, as-shew that the person who made them has not sufficiently 
* considered the things against which they are brought: so that 

it is not necessary to make any further answer to these objec- 


. tions and others like them against Euclid’s definition of pro- ae 


portionals ; of which definition Dr. Barrow justly says, in page 
297 of the above-named book, that “ Nisi machinis impulse’ 
Me 2 Naumageeten eternum persica inconcussa.” | 
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PREFACE: 


¥ bot 


‘Evcuiv’s Dara is the first in order of the books written 
by the ancient geometers to facilitate and promote the me- 


- thod of resolution or analysis. In the general, a thing is said 


to be given which is either actually exhibited, or can be found 
out, that is, which is either known by hypothesis, or that 
can be demonstrated to be known; and the propositions in 


2 the book of Euclid’s Data show what things can be found 


out or known from those that, by. hypothesis, are already 
known; so that in the analysis or investigation of a problem 
from the things that are laid down to be known or given, by 
the help of these propositions other things are demonstrated 
to be given, and from these, other things are again shown to 
be given, and so on, until that which was proposed to be 


found out in the problem is demonstrated te be given ; and. 


when this is done, the problem is solved, and its composition 


is made and derived from the compositions of the Data. 


which were made use of in the analysis. And thus the Da- 


ta of Euclid are of the most general and wegen use in the 


solution of problems of every kind. 

Euclid is reckoned to be author of the Book ‘of the Data, 
both by the ancient and modern geometers ; and there seems 
to be no doubt of his having written a book on this subject, 


~ but which, in the course of so.many ages, has been much vi- 


tiated by unskilful. editors in several places, both in the order 
of the propositions, and in the definitions and demonstrations 


themselves. To correct the errors which are now found in 


it, and bring it nearer to the accuracy with which it was, no 
doubt, at first written by Euclid, is the design of this edition, 
that so it may be rendered more useful to geometers, at least 
to beginners who desire to learn the i investigatory method of 


_ the ancients. And, for their sakes, the compositions of most 


of the Data are subjoined to their demonstrations, that the 


| ‘compositions of problems solved by help of the Data may be 


the more eastly made. 
Marinus the philosopher’s preface, which, in the Giepk 
dition, is prefixed to the Data, is here left out, as being of 


4 


4 
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PREFACE. 


no use to understand them. At the end of it. the. says, that 
Euclid has not used the synthetical but the analytical method 

in delivering them ; in which he is quite mistuken ; for, in the _ 
analysis of a theorem, the thing to be demonstrated i is as- 
sumed in the analysis ; but, in the demonstrations of the Da- ee, | 
ta, the thing to be demonstrated, which is, that something or ae 
other is given, is never once assumed in the demonstration, ae 
from which it is manifest, that every one of them is demon- — 
strated synthetically ; though; indeed, if a proposition of the © © 
Data be turned into a problem, for example the 84th or 85th 
in the former editions, which here are the 85th and 86th, +g 
the demonstration of the proposition becomes the sited of ‘ 

the problem. ‘ 
_.' Wherein’ this edition differs from the Greek, and the rea- | a 
sons of the alterations from,jt, will be shown i in \ the notes at 
the end of the a, 


_ EUCLID’S DATA. 


Aree DEFINITIONS. 
fy ites I. 
SPACES, lines, and angles are said to be given in magnitude, 
_ when equals to them can be found. _ ; ; 
ae" Il. 


oh ratio is said to be given, when a ratio ofa given magnitude 
to a given magnitude which is the same ratio with it can be 
found. 
: ave 18d Nae 
Rectilineal figures are said to be given in species, which have 
-each of their angles given, and the ratios of their sides given, 
: IV. 

Points, lines, and spaces are said to be given in position, which 
have always the same situation, and which are either actual- 
ly exhibited, or can be found. 

A. . 
| An angle is said to be given in position which is contained by 
straight lines given in position. 
; Vv. 

A circle is said to be given in magnitude, when a straight line 
from its centre to the circumference is given in magnitude. 

VL. : 

A circle is said to be given in position and magnitude, the cen- 
tre of which is given in position, and a straight line from it 
to the circumference is given in magnitude. 

VII. , 

Segments of circles are said to be given in magnitude, when 

the angles in them, and their bases, are given in magnitude. 


VEL 

_ Segments of circles are said to be given in position and magni- 
_ tude, when the angles in them are given in magnitude, and 

their bases are given both in position and magnitude. 

7 . XS . 
A magnitude is said to be greater than another by a given 
magnitude, when this given magnitude being taken from it; 
the remainder is equal to the other magnitude. 


a 
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Bee N. 


a 1. def. 


- dat. 


See N. 


a 1. def. 


b absds 


found ; let it be D; and since A is equal to C, 


bi other taneeiae 1s given. 


found equal to it*; let this be C: and be- 


as Lk to F, BS 48h Ds A is) to B, bids: 


EUCLID’S es | 

te ¢ i | 

xX. . al 

A magnitude is a to be less than another by*a given mag- t 
nitude, when this given. magnitude being acen to it, the | 
whole is equal to the other magnitude. : 


_ PROPOSITION I, 


THE ratios of, given magnitudes to one another is 
given. ar Soh os a 


Let A, B be two given magninudes, the ratio of A to >B is 4 
given. " 3 3 
Because A isagiven magnitude. thete may 
“be found one equi! to it; let this be C: and 
because B is given, one equal to it may be— 


and B to Ty thbrelore’ A is to B, us C to us 
D; and consequently the ratio of A to B is- 
given, because the ratio of the given magni- 


tudes C, D, which is the same with 4 has A BotG ee 
been found.. ; , ; 7 
ie PROP. aes: 3 i 


Zz 


‘IF a given magnitude has a- given ratio to uaciker 
magnitude, ‘‘ and if unto the two magnitudes by 
‘“‘ which the given ratio is exhibited, ‘and the given 
‘‘maonitude, a fourth proportional can be found. ;”” 


Let the given magnitude A‘have a given ratio to the mag- 
nitude B;' if a fourth proportional can be found to the three 
magnivudes above numed, B is given in magnitude. 

Becsuse A is given, a magnitude may be 


couse the ratio of A to Bis given, a ratio | 
which is the same with it may be found; |. 
let this be the ratio of the given magnitude A B CC. 
Eto the given magnitude F:untothe magni- == EE “a 
tudes E, F, C find a fourth proportional © Gag ; 
D, which by the hypothesis, can be done. — i a 
Wherefore, because A isto B,as E to F; and 


* The figures in the: mar gin show the rigeataese of ‘the. propositions in 
the other editions. 


a f z r_: ~ 
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D. But A is equal to C; therefore? B is equal to D. The ¢ 14.5. 
magnitude B is therefore given *, because a magnitude D equal #}+ def. 
to it has been found. 

The limitation within the inverted commas ¢s not in the 
Greek text, but is now necessarily added; and the same must be 
understood in all the propositions of the book which depend up- 
on this second proposition, where it is not expressly mentioned: 

‘See the note upon it. 


ad PROP. IIL 3. 


IF any given magnitudes be added together, “ 
sum shall be given. 


Let any given magnitudes AB, BC be added tceetors their’ 
sum AC is given. 


Because AB is given, a magnitude equal to it may be found 4; * 1. def. 
let this be DE: and because BC is gi- A B C 
ven, one equal to it may be found; let | ; 
this be EF: wherefore, because AB is Nie 
equal to DE, and BC equal to EF; the D E F 
| 
Ly 


whole AC is equal to the whole DF: - 
AC is therefore. given, because DF 
has been found which is equal to it. | 


‘ 


PROP. IV. er: re 


IF a given magnitude Be taken froma given magni- 
tude; the remaining magnitude shall be given. 


Frain the given magnitude AB, let the given sai. ape te AC 
be taken; the remaining magnitude CB is given. 

Because AB is given, a magnitude equal to it may * bea 1, def. 
found; let this be’ DE: and because 


AC is given, one equal to it may be: A ’ c i ! 
- found; let this be DF: wherefare be+ La sir 
_ cause AB is equal to DE, and AC to D er E | 


DF; the remainder CB is equal to the - 

remainder FE. CB is therefore fi i 

ven *, because FE which ts equal to it has been found. 
3 AD 


saith 


‘S%D 


12:2 
See N,. 


a 4. dat. 


See N. 


a 2. def, 


b 4, dat. 


c Ey 5. 


- of it. OO 5 | by 


it has also a given . to the remainder BC. 


a given magnitude tothe given magni- | es zB 
tude DF. And because, as DF are gi- BagS, 3Uth Tike 
ven, the remainder FE is » given: and | Gere 22 
because ABis to AC, as DE to DF, by D “ gid: oe 13 
‘conversion® AB isto BC, as DE to EF, BF 5 


EUCLID'S i 
Ete SPROPILY.: 
IF of three magnitudes, the first together wit the 


second be ‘given, ‘and also the second together with 


the third; either the first is equal to the third, or 


one of them is greater than the other by a given ~ 


magnitude. 


Let AB, BC, CD be three pata 4 of which AB together 


with BC, that is AC, is given; and also BC together with C 
thatis BD, is given. Either AB is equal to CD, or one of them 
is Sania than the other*by a given magnitude. 

Because AC, BD are each of them given, they are either 
equal te one another, or not equal. , 
First, let them be equal, and-because A B. eC ae 
AC is equal to BD, take away the com- 
mon part BC; therefore the remainder 
AB is equal to the remainder CD. 

But if they be unequal, let AC be gr eater than BD, ahd make 


CE equal to BD. Therefore CE is given, because BD is given. | 


And the whole AC is given; there- 

fore? AE -the remainder is given. A EK B CAD 
And “because EC is equal to BD, by -|-——|. ——— 
taking BC from both, the remain- 

der FB is equal to thé remainder CD. And ‘AE. is given; 
wherefore AB exceeds EB, that is CD by the given magni- 
tude AE. 


a 


< PROP. VI. ee 
IF a magnitude have a given ratio to a part of it, 
it shall also have a given ratio to the 1 remaining part 
Let the magnit’ “AB have a einen sitio to ACa ies of it; 


Because the ratio of AB to’ AC ig given, a ratio may be 
und ® which is the same to it: let this be the ratio of DE 


is 


Therefore the ratio of AB to BC is gi- 
ven, because the ratio of the given magnitudes DES EF, which 


is the same with it, has been. found. 


* 
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DATA. ie kinase a tie, 
Cor. Foust this it follows, that the parts AC, CB have a given 
ratio to one another: because as AB to BC, so is DE to EF; by 
division 4, AC is to CB, as DF to FE: and DF, FE are given; ¢ 17. 5. 
therefore * the ratio of AC to CB is given. ~ a 2. def. 


PROP. VII. | prseise ae, 7@; 


IF two magnitudes which have a given ratio to, See N. 
one another, be added together; the whole magnitude 
shall have to each of them a given ratio, 


Let the magnitudes AB, BC which ‘have a given ratio to one 
another, be added together; the whole AC has. to each of the 
magnitudes AB, BC a given ratio. 
~ Because the ratio of ,-AB-to BC is given, a ratio may be 
found * which is the ganic with it; let this be the ratio of the 2 2. def, 

‘given magnitudes DE, EF: and be- 


cause DE, EF are® given, the whole —_ = e 

DF is given >: and because as AB _ toyz ee re bd, dah 
BC, so is DE to EF; by composition mee ge 
©¢ AC is to Pete as DF to FE; and by - Paes. 18. 3: 
conversion “, AC isto AB, as DF to } dE. 5 


DE: eine because AC is to each of the magnitudes AB, 
BC, as DF to each of the others DE, EF; the ‘Yatio of AC to 
each of the magnitudes AB, BC is given *. 


4 


PROP VIII. z. 


IF a given magnitude be divided into two parts 5 No 
which have a given ratio to one another, and if a 
fourth proportional can be found to the sum of the 
_ two magnitudes by which the given ratio is exhibited, 
-one of them, and the given magnitude; rt of the 
parts is given. eet 


_ Let the given magnitude AB be divided into the parts AC, 
CB which have a given ratio to one another; ifa fourth propor- 
- tional can be found to the above nam- 
0d magnitudes; AC and CB are each A oy B 
of them given. 
Because the ratio of AC to CB is D F E 
given, the ratio ef AB to BC is ; 
a7 a7: dat, 


given ®; therefore a ratio which is” ) 


b 2, def. 


2 2, def. 


tional to F, G, E cannot be found, 
then it can only be said that the ratio of A to C is compounded . 
‘of the ratios of A to B, and B to C, that is, of the given r ratios of 


EUCLID’S 


the same with it can be found b, let this be the ratio of 
the given magnitudes DE, EF: and A C B 


‘because the given magnitude AB has 4 


to BC the given ratio of DE to EF, if D F E 
unto DE, EF, AB a fourth proportion- — ; 

al can be found, this which is BC is ~ 
given °; and because AB is given, the 3 

other part AC is given 4. 


PROP. IX. | “aa 
MAGNITUDES' which have given ratios to the 


same magnitude, have also a given ratio to one ano- 


ther, 


Let A, C have each of them a given ratioto B; A hasa aiven, 


ratio to C. 

Because the ratioof A to B is given, a ratio which is the 
same to it may be found®; let this be the ratio of the given 
magnitudes D, E: and because the ratio of B to C is given, a 
ratio which is the same with it may be found 4; let this be the 
ratio of the given magnitudes F, G: 
to F, G, E find a fourth propor- 


tional H, if it can be done; and 

becaue as A is to B,so is D to E; | 
and as B to C,so is (F to G, and - | 
sois)E to H; ex equali, as A to | 


tio of A to C is given *, because the niee ee 
ratio of the given magnitudes D and 
H, which is the same with it, has 


C,so is D to H: therefore thera- A B C D E. H 
G 
been found: but if a fourth propor- | 


D to Band F to G, 


es fi 
| 
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IF two or more magnitudes have given ratios to 
one another, and if they have given ratios, though 
‘they be not the same, to some other magnitudes ; 
these other magnitudes shallalso have given ratios 
to one another. 


. v 
Let two or more magnitudes A, B, € have given ratios to one 
another; and let them have given ratios, though they be not the 
. Same, to some other magnitudes D, E, F: the magnitudes D, — 
E, F have given ratios to one another. Bas 
Because the ratio of A to B is given, and’ likewise the ratio. 


of A to D; therefore the ra- tae D 

tio of D to B is given®; but a9. dat. 
the ratio of Bto Eis given, Ba E ny 

therefore * the ratio of D to | Cc f EF 

-E is given: and because the ! 


ratio of B to C is given, and also the ratio of B to E; the ratio 
of E to C is given ®: and the ratio of C to F is given; wherefore | 
the ratio of E to F is given: Ds, E, F have therefore Sven ratios 
to one another. 


x 


- PROP. XI. | Hf . 99, 


__ IF two magnitudes have each of them a given ratio 
to another magnitude, both of them together shall have 
a given ratio to that other. 


Let the magnitudes AB, BC havea given ratio to the magni- . 
tude D; AC has a given ratio to the same D. 


Beckune ABs. BC have each of eh” Bes : 
them a given ratio to D, the ratio A } n 
of AB to BC is given®: and by : a ao: aah 
composition, the ratioof ACtoCB D : 
isgiven®: but the ratioof BCtoD. b 7. dat, 


-I8 given ; therefore the ratio of AC to D is given. 
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23 


Ste N, 


a 19,5 


b 9. dat. 


c 6, dat. 


d cor. 6. 
dat. 


e 10. dat. 
£7. dat. 


given ratio, the ratio of GD to CG is given >; 
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PROP. XII. 


_ IF the whole bale to the: whole a given ratio, and 


the parts have to the parts given, but not the same, 


ratios, every one of them, whole or Barts ans) have. 
to. every one a given ratio, , 


Let the whole AB have a-given ratio to the whole CD, and 4 


the parts AE, EB have given, but not the same, ratios to the 
parts CF, FD, every one Shall have to avery one, whole or part, 
a given ratio. 

Because the ratio of AE to CF is given, as AE to CF; so 
make AB to CG; the ratio therefore of AB to CG is given; 
wherefore the ratio of the remainder EB to the remainder 
FG is given, because it is the same* with the ratio of AB to 
CG: and the ratio of EB to FD is x E B 
given wherefore the ratio of FD ~ "Eb ali Oa ade 
to FG is given»; and by conver- ‘ 3 
sion, the ratio of FD to DG is C he 
given®: and because AB has to 
each of the magnitudes CD, CGa i 


G D 
| 
| 


and therefore ¢ 
the ratio of CD to DG is given: but the ratio of GD to DF is 
given, wherefore” the ratio of CD to DF is given, and conse- 


wth ipa 
FO apt all ee ee | 


quently d the ratio of CF to FD is given; but the ratio of CF to ~ 


AE is given, as also the ratio of FD to EB, wherefore © the ra- 


tio of AE to EB is given; as also the ratio of AB to each of - | 


them : the ratio therefore of every one to every one is given. 


PROP: XUT 


_ IF the first of three proportional straight lines have 


a given ratro to the third, the first shall also have a A 


-given ratio to the second. 


Let A, B, C be eae propor tional i straight lines, that is, as A 
to B, so is B to C;ifA have to Ca given ras; A shall also have 


- to B a given ratio. - 


Because the ratio of A to Cis given, a ratio which is the 
same with it may be found *; 


let this be the ratio of the given _ 
straight lines D, Ei and between D and E find a ° mean 


— 
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- pxoportional F; therefore the rectangle contained by D antl 
'_£ is equal to the square of F, and the rect- | ! 
-angle D, E. is given, because its sides D, E are 
given; wherefore the square of F, and the 
straight line F is given: and because as A is 
te €,; so is Dto E; butas A to C, so is © the 

square of A to the square of B; and as D to ? | 

FE, so.is © the square of Dtothe squareof F: A B C 
therefore the square “ of Ajisto the square of — . | -d 11,4, 
B, as the square of D to the square of F: D F E 
‘as therefore © the straight line A to‘ the straight # [| 
line B, so is the straight line D ‘to the. straight a 2. def. 
line F: therefore the ratio of A to B is given *, / 

because the ratio of the given straight lines D, 

F which is the same with it has been foynd. 


We rade 8. ds PROP. XIVs | oa 
IF a magnitude together with a given magnitude See. 

have a given ratio to another magnitude; the excess 

‘of this other magnitude above a given magnitude has 

a given ratio to the first magnitude: and if the ex- 
cess of a magnitude above a given magnitude has a 
given ratio to another magnitude ; this other magni- 
tude, together with a given magnitude has a given 
ratio to the first magnitude. — : 


Let. the magnitude A'B together with the given magnitude 
BE, that is AE, have a given ratio to the magnitude CD; the 
excess of CD above a given magnitude has a given ratio to AB. 

Because the ratio of AE to CD is given, as AE to CD, so 
make BE to FD; therefore the ratio of BE to FD is given, and 
BE is given; wherefore FD is giv- 


en *: and because as AE toCD, so *" | _ ts a 2. dat, 
is BE to FD, the remainder AB is» ~ . mu ~~ b 19,5. 
to the remainder CF, as AE to CD: De 
_ but the ratio of AE to CD is given, 2 
\—~ 


therefore the ratio of AB to CF is » 
given; that is, CF the excess of CD above the given magnitude 
FD has a given ratio to AB. J 

_ Next, Let the excess of the magnitude AB above the given 
magnitude BE, that is, let AE have a given ratio to the mag- 


> 2 


a 2 dat. 


c 12. 5. 


B. 


See Note. 


2 2. dat. 


b cor. 19. 
a, 


10. 


See Note. 
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nitude CD: CD together with a given magnitude has a\ given 3 


ratio to AB. 


Because the ratio ar AE to CD is given, as AE to CD, so . 


make BE to FD; therefore the ratio of 


BE to FD is given, and BE is given, A 1D Bo a 


wherefore FD is given *. And because | 
as AE to CD, so is BE to FD, AB is: 
to CF,as¢ AE to CD: but the ratio of C D ¥ 
AE to CD is given, therefore the ratio — —| 


of AB to CF is given: that is, CF which is equal to CD, toge-. ; 


ther with the given magnitude DF, has a given ratio to AB. 


PROP. XV. 


IF a magnitude, together with that to which ano- 
ther magnitude has a given ratio, be given; the sum 
of this other, and that to which the first magnitude 
has a given ratio, is given. 


Let AB, CD be two magnitudes, of which AB together with 


BE, to which CD has a given ratio, is given; CD is given, toge- 4 


ther with that magnitude to which AB has a given ratio. 


Because the ratio of CD to BE is given, as BE to CD, so 7 


make AE to FD; ; therefore the ratio of AE to. FD i is given, and 
AE is given, wherefore* FD is given: re eos ee 
and because as BE to CD, so is AE to | ' 
FD: AB is» to FC, as BE’ to: CD: and Ris 

the ratio of BE to CD is given, where- F Cd 
fore the ratio of AB to FC is given: and } 
FD is given, that is, CD together with — 

FC, to which AB has a given ratio, is given. 


PROP. XVI. 


IF the excess of a magnitude above a given magni- 
tude, has a given ratio to another magnitude ; the 


excess of both together above a given magnitude shall a 


haye to that other a given ratio; and if the excess of 


two magnitudes together above a given magnitude, — 


have to one of them a given ratio : either | the excess 
of the other above a given magnitude has to that one 


a given ratio, or the other is given together with the. 


magnitude to which that one has a given ratio, 4 


Daa ee Ss 


SSP SR Se er ree ee ee OPT en eo eee eg NSE SE eA tee 
ae ee : ie ce Sse na FS Se OR he Sosy! Sipe et - 4 
Bes ay Seo ate oa po a ge a Set ee 
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Let the excess of the magnitude AB above a given magni- 
tude, have a given ratio to the magnitude BC; the excess of AC, 
both of them together, abeve the given magnitude, has a given 
. Yatio to BC. 

Let AD be the given Magnitude, | the excess of AB above 
which, viz. DB has a given ratio’ | 

to BC: and because DB has a given a 3 » B 

ratio to. BC, the ratio of DC to CB ' ' 

“is given*, and AD is given; therefore DC, the excess of AC a 7, dat. 
“above the given magnitude AD, has a given ratio to BC. 

Next, let the excess of two magnitudes AB, BC together, 
above a given magnitude, have to one 
of them. BC a given ratio; either the i “t Hi E . 
excess of the other of them AB above | | nr 
the given magnitude shall have to BC a given ratio; or AB i is 
given, together with the magnitude to which BC has a given 
ratio. 

“Let AD be the given magnitude, and first let it be less than 
AB; and because DC the excess AC above AD has a given ra- 
tio to BC, DB has » a given ratio to BC ; that i is, DB the excess b Cor. 6, 

of AB above the’ given magnitude AD, has a given ratio to BC. dat. 
 -But Jet-the given magnitude be greater than AB, and make 
AE equal to it; and because EC, the excess of AC above AE, 
has to BC a given ratio, BC has © a given ratio to BE; and be-c 6. dat. 
cause AE is given, AB together with BE, to which BC has a 
giyen ratio, is given. 


PROP. XVI. ae 


IF the excess of a magnitude above a given magni- See Note. 
tude have a given ratio to another magnitude ; the ex- 


-- cess of the same first magnitude above a given mag- 


nitude, shall have a given ratio to both the magni- 
tudes together. And if the excess of cither of two 
magnitudes above a given magnitude have a given ra- 
tio to both magnitudes together; the excess of the 
same above a given magnitude shall Have a given ra- 
‘tio to the other. 


«Let. the excess ‘of the magnitude AB above a given magnitude 
7 have a given ratio to the magnitude BC ; the excess of AB above 
a given magnitude has a given ratio to AC. 

; ek | 


* @ 


* 
oe 
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Let AD be the given magnitude ; and because DB, the ex- 

cess of AB above AD; has.a given ratio to BC; the ratioof DC ~ 

a7.dat. to DB is given*: make the ratio of AD to DE ‘the same with ~ 

this ratio; therefore the ratio of Nee 

| AD to DE is given: and AD is gi- Re re ae na Cay 

b2.dat, Ven, wherefore > DE, and the re- - 

‘mainder AE are given: and because as DC to DB, so is AD to» 

¢12, . DE, AC is © to EB, as DC to DB; and the ratio of DC to DB is 

| given; wherefore the ratio of AC to EB is given: and because 

the ratio of EB to AC is given, and that AE is given, therefore: 1 3 

EB the excess of AB above the given tusgelrude AE, has a @ 

given ratio to AC. a 

Next; Let the excess of AB. above a given magnitude have-e a4 

given ratio to AB and BC together, that is, to AC; the excess 

of AB above a given magnitude has a given ratio to BC, 

_. Let AE be the given magnitude ; and because EB the excess — 

of AB above AE has to AC a given ratio, as AC to EB, so make 

d6:dat. AD to DE; therefore the ratio of AD to DE is given, asalso4? © 

‘ the ratio of AD to AE: and AE is given, wherefore» AD is — 

» given: and because, as the whole AC, to the whole EB, sois 

19.5... AD to DE, the remainder DC is ® to the remainder DB as AC © 
to EB ; and the ratio of AC to EB is given; wherefore the ratio 

£Cor.6. of DC to DB is given, as also! the ratio of DB to BC: and AD 4 


dat...._-1s_ given; therefore DB, the excess of AB above. a given mag- 
nitude AD, has a given ratio to BC. | | ‘g 
14. PROP. XVII. "i 


r 


IF to each of two magnitudes, wink have a given = 
ratio to one another, a given. magnitude be added; — 
the wholes shall either: have a given ratio to one ano-(- 4 
ther, or the excess of one of them above a given mag- 
studs shall have a given ratio to the other. nl. 


Let the two niagnitudes AB, CD have a’ given ratio Be one Yq 
another, and to AB let the given magnitude BE be added, and = © 
the given magnitude, DF to CD: the wholes AE, CF either | 

have a given ratio to one’ another, or the excess of one of them 
ai.dat,. above a given magnitude has a given ratio to the other Bio's i 
Because BE, DF are’ each of them given, “their ratio is given, 4 


% 
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and if ihiseatdio be the same with A B E 


the ratio of AB to CD, the ratio of | 

- AE to CF, which is the same > with | 

the given ratio of AB to CD, shall Y ? i : Maoaiies 
be given. | ‘ 


But if the ratio of BE to DF be not the same with the ratio 
_ of AB.to CD, either it is greater than the ratio of AB to 
CD, or, by inversion, the ratio of DF to BE is greater than 


the ratio. of CD to AB; first, let —, 
the ratio of BE'to DF be greater fs B G ee 
than the ratio of AB toCD; andas © C D ie 'p | 


AB to CD, so make BG to DF ; aie 

therefore the ratio of BG to DF is HERS 2 

given; and DF is given; therefore © BG is given: ahd because c 2, dat. 

_ BE has a greater ratioto DF than (AB to CD, that is, than). 
BG to DF, BEis greater 4 than BG); and because, as AB to CD, 4 10. 5 

so is BG to DF; therefore AG is »to CF, as AB toCD: but 

the-ratio of AB to CD is given, wherefore the ratio of AG to 

CF is given ; and because BE, BG are each of them given, GE 

is given: therefore AG the excess of AE above a given magni- 

tude GE, has a given ratio to CF. ‘The other case is demon- 

strated in the same manner, | 


PROP. XIX) | 3 15, 


IF from each of two magnitudes, which have a 
given ratio to one another, a given magnitude be 
taken, the remainders shall either have a given ratio 
to one another, or the excess of one of them above a 
given magnitude, shall havea given ratio to the other. 


Let the magnitudes AB, CD have a given ratio to one ano- 
ther, and from AB Jet the given magnitude AE be taken, and 
_. from CD, the given magnitude CF: the remainders EB, FD 
shall either have’ a given ratio to one another, or the excess 
of one of them above a given mag- A E B 
nitude shall have a given ratio to the ie ; 
other. , F D f 
+ Because AI, CF are each ape f 
them given, their ratio is given #:. | a 1. dat. 
and if this ration be the same ee the ratio. © AB to CD, the 


380 


b 19. 5. 


c 2. dat.- 


d 10. 5. 


16. 


a 2. dat. 


b 19, 5. 
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ratio of the remainder EB to the remainder FD, which is the 
same > with the given ratio.of AB to CD, shall be given. 
But if the ratio of AB to CD be not the same With the ratio 


of AE to CF, either it is greater than the ratio of AE to CF, — x 
or, by inversion, the ratio of CD to AB is greaterthan the ras 


tio of CF to AE. — First, let the ratio of AB to CD be greater 


than the ratio of AE to CF, and.as AB to CD, somake AG» a 


~to CF; therefore the ratio of AG | 
to CF is given, and.CF is given, is : a Es . B 
wherefore ©° AG is given: and. » Oe age 
because the ratio of AB to CD, C BS D 

that is, the ratio of AG to CF, 
is greater than the ratio of AE to CF; aa is sranier: 5 that 
AE; and AG, AF are given, therefore ‘the remainder EG is 


given; and as AB'to CD, so is AG to CF, and so is » the rée- 


mainder GB to the remainder FD; and the ratio of AB to. CD 
is given: wherefore the) ratio of GB to FD is given ; there- 
fore GB, the excess of EB above a given magnitude EG, has a 


given ratio to FD, In the same manner the other case is de-- 


monstrated. | : ees 
PROP. XX. 


IF to one “of two magnitudes which have a given 
ratio to one another, a given magnitude be added, 


-and from the other a given magnitude be taken; the 


excess of the sum above a given magnitude shall have 
a given ratio to the remainder. . 


Let the two magnitudes AB, CD have a given ratio to one 


another, and to AB let the given magnitude EA be added, and 


from CD let the given magnitude CF be taken ; the excess of 


the sum EB above a given magnitude has a given ratio to the 
remainderFD. — ~- 


Récansé the? eGo Dt AB to CDis given, make as AR we 


CD, so AG to CF: therefore the ratio of AG to CF is given, 
and CF is given, wherefore * AG 


is given; and EA is given, there- 4s hs e | z 
fore the whole EG is given: and | Bogs Le oS 
‘ because as AB to CD, so is AG ex 


to CF, and so is > the remainder ~~ | 
GB to the remainder FD; the ratio of GB to FD is given. 
And EG is given, therefore GB, the excess of the sum EB 


od ee 38i 


above the given magnitude BG;, has a given ratio’ to the remain-: 
po der ERE 


PROP. XAT. hae 

: IF two magnitudes have a given ratio to one ano- See Note.. 
ther, if a given magnitude be added to one of them, 
and the other be faken from a given magnitude; the 
sum, together with the magnitude to which the re- 
mainder has a given ratio, is given: and the remain- 

der is given together with the magnitude to which See 
the sum has a given ratio. | 


: Let the two magnitudes AB,CD have a given ratio to one 
~ another; and to AB let the given. magnitude BE be added, and co 
Jet CD be taken from the given magnitude FD: the sum AEF is 
given, together with the magnitude to which the remainder FC 
has a given ratio. 
_ Because the ratio of AB to CD is given, make as AB to CD, 
so GB to FD: therefore the ratio of GB to FD is given, and 
FD is given, wherefore GB is 


< 
- given*; and BE is given, the Se ig is, B, bE ~a 2, dat. 
' whole GE is therefore givén: and b : 
because as_AB to CD, so is GBF Ne > D b19.5 
to FD, and so is? GA to FC; the —— — Rr. 


| 
ratio of GA to FC is given: and 


AE together with GA is given, because GE is given; therefore 
the sum AE together with GA, to which the remainder FC has 
a given ratio, is given. The second partis manifest from prop. [5. 


PROP. XX, | D. 


IF two magnitudes have a given ratio to one ano- See Note. 
ther, if from one of them a given magnitude be taken, 
and the other be taken from.a given magnitude; each 
of the remainders is given, together with the magni- 
mie to which the, other remainder has a given ratio. 


+ Let the two mnaiguiiies AB, CD ewe given: ratio to one 
another, and from AB let the given magnitude AE pe taken, 


a2, dat. 


b 19, 5. 


20. 


See Note, 


a 19.5. 


b 2. dat. 


_ given; and AE is given, and 
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and let CD be taken from the given magnitude CF: the remain- 
der EB'is given, together with the magnitude to which the other 
remainder DF has a given ratio. 

Because the ratio of AB to CD is given, make as AB to CD, 
so AG to CF: the ratioof AG toCF is. therefore given, and 
CF is given, wherefore? AG is A EB CG 

Dea, a. 
therefore the remainder EG is” fi I 
given;and becauseasABtoCD, C  - ee 
so is AG to CF: and sois> the ——— b Ra ie Ca: 
remainder BG to the remainder 
DF; the ratio of BG to DF is given: cad EB eee with 
BG is given, because EG is given: therefore the remainder EB 
together with BG, to which DF the other remainder has a given 
ratio, is given. The second part is plain from this and prop. 15. 


PROP. XXIUL 


Ik from. two given magnitudes there be ‘taenin: 
magnitudes which haye a given ratio to one another, 
the remainders shall either have a given ratio to one 
another, or the excess of one of them above a given 
magnitude shall have a given ratio to the other. - 


-Let AB, CD be two given ousiaden and from Seer let the 
magnitudes AE, CF, which have a given ratio to one another, be 
taken; the remainders EB, FD either have a given ratio to one» 
another; or the excess of one of om above a given magnitude 
has a given ratio to the other. | | 

Because AB, CD are each of Aes ea E ws 
them given, ‘hie ratio of AB to —— | 


CD is given: and if this ratio 


to CF, then the remainder EB. 
has* the same given. ratio to the: f 
remainder FD... 3 } fs 5 
But if the ratio of AB to cD oe; not the same with the ra- 
tio of AE to CF, it is. either greater than it, or, by inversion, 
the ratio of CD to AB is greater than the ratio of CF to AE: 
fiyst let the ratio of AB to CD be, greater than the ratio of 
AE to CF; and as AE to Cr, so make AG to CD; there- 
fore the ratio of AG to CD is ‘given, because the ratio of 


be the same with the ratioof AE’ C as D 2 
iad 
| 


ae to CF is given; and CD’ is ivemy ‘wherefore AG is ae My 


aie ete st eee 


“AG to CF; therefore the ratio of AG to CF 


cess of AB above a given age Faoeunncs 3 AG has 
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given; and because the ratio of AB to CD is greater than the 
ratio of (AE to CF, that is, than | « E CRB 


the ratio of) AG to CD; AB is ; 


: | 
ereater © than AG: and AB, AG ; I | 
are given ; therefore the remain- Cc FOOD | 


der BG is given: and because as 
‘AE to CF, sois AG to CD; and ! 


sois* EG to FD; the ratioof EG to FD is given: and GB is 
given ; therefore EG, the excess.of EB above a given magnitude 
GB, has a given ratio to FD. ‘The other case is shown in the 
same way. 


PROP. XXIV. 


IF there be three magnitudes, the first of which 


e102 5,: 


a 19. 5, 


5% Me 


See Note. 


has a given ratio to the second, and the excess-of the © 


second above a given magnitude has.a given ratio to 
the third ; the excess of the first above a given mag- 
nitude:shall also have a given ratio to the third. 


‘Let AB, CD, E, be the three magnitudes of which AB has 
a given ratio to CD; and the excess of CD above a given mag- 
nitude has a given ratio to E: the excess of AB above a given 
magnitude has a given ratio to E. 

Let CF be the given magnitude, the excess of CD above 


. which, viz. FD hasa given ratio to E‘ and because the ratio 


of AB to CD is given, as AB to CD, so make a 
is given; and CF is given, wherefore * AGis 
given: and because as AB to CD, so is AG 
to CF, and sois’ GBto FD; the ratio of GB 
to FD is given. And the ratioof FD to E is 
given, wherefore © the ratio of GB to E is 
given, and AG is given; therefore GB the ex- | 


a givenratioto ER, B| DIE 
Cor. 1. And if the first have a given ratio to the second, and 
the excess of the first above a given magnitude have a given ratio 


to the third; the excess of the second above a given magnitude 


shali have a given ratio to the third. For, if the second be called 


the first, and the first the second, this corollary wil be the same 


with the eae oposition, 


aes oy SSS 


- 


Con. 2. Also, if the first havea given ratio to the seconds. and a 
the excess of the third above a given magnitude have also a given. a 
ratio to the second, the same excess shall have a given . ratio 5 | a 
the frst; as is evident from the 9th dat. | : he 


v7, Aes PROP. XXV. Sane e 


OIF there be three magnitudes, the: EXCESS. cof the 4 
first whereof above a given magnitude hasa given © 
ratio,to the second ; and the excess of the third above 
a given magnitude has a given ratio to the same se- © 
cond: the first shall either have a given ratio to the 7 
third, or the excess of one of them above a given 7 
magnitude shall have a given ratio to the other, S q 


Let AB, C, DE be three magnitudes, and let the excesses of 
each of the two AB, DE above given magnitudes have given @ 
ratios toC ; AB, DE either have a given ratio to one another, 
or the excess of one of them ahoy§ : a given magnitude has a 
given ratio to the other. 

Let FB the excess of AB above the given mapgnitade AF 
have a given ratio to C; and let GE the ex- A 

_ cess of DE above the given magnitude DG 
have a given ratio to C; and because FB, GE. 
have each of them a given ratio to C, they Fr A 
a9.dat.. dlavea given ratio # to one another. Butto FB, ~ | ay pat wee 
GE the given magnitudes AP, DGare added; ff 4 
b18 dat, therefore > the whole magnitudes AB, DE . \ Ga 
have cithera given ratio to one anoth gr, or the . : 
excess of cne of them above a4 given inagni- tay | Fears 
tude has a given? ratio to the thes ht ese eee “ie ane ees Te 


16 ern is . PROP. SKVI--., 


‘IF ‘there be three magnitudes, the excesses of one 
‘of which’ above given magnitudes have given ratios 
to the _ot!er two "magnitudes § ; these two “shall either | 
have a given ratio to one another, or the excess of one 7 
of them above a given magnitude salt haye a given / 

ratio to the other. : ae 
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Let AB, CD, EF be three magnitudes, and let GD the ex- 

cess of one of them CD above the given magnitude CG have a 

given ratio to AB; and also let KD the excess of the same CD 

above the given magnitude CK have a given ratio to EF: either 

AB has a given ratio to EF, or the excess of one of them above 

a given magnitude has a given ratio to the other, 

Because GD has a given ratio to AB, as GD to AB, so 

make CG to HA; therefore the ratio of CG to HA is given: 

and CG is given, wherefore ® HA is ah ; and because as GD. a 2. ant, 

to AB, so is CG to HA, and so is » CD:to HB, the ratio ef CD > 12.5 

to HB is given: also because KD has a given ratio to oF » as 

KD to EF, so make CK to LE; therefore ea 

the ratio of CK to LE is given ; and. CK. is 

given, wherefore LE * is given: and _be- ee L 
cause as KD to EF’, so is CK to LE, and so AT. ML 

bis CD to LF; the ratio of CD to LF is ee 

given: butthe ratio of CD to HB is given, K 

wherefore © the ratio of HB to LF is given: BI 

and from HB, LF the given magnitudes HA, ~ 1 ‘ 

LE being taken, the remainders AB, EF * 

shall either have a given ratio to one another, or the excess of 

one of them above a given magnitude has a given ratio to the 

other 4. ~ . d 19, dat. 


a a i My cl Tne 


c 9. date 


| Another Demonstration. 
¢ 
Let AB, C, DE. be three magnitudes, and let the excesses of 
one of them C above given magnitudes have given ratios to AB 
and DE; either AB, DE havea given ratio to one another, or 
the excess of one of them above a given magnitude has a_ given 
ratio to the other. 
Because the excess of C above a given magnitude has a given 
ratio to. AB; therefore * AB together with a given Magnitude a 14. dat. 
has a given ratioto C: let this given magni- F 
tude be AF, wherefore FBhas a given ratioto “4 © G 
C€: also because the excess of C above a given A-- pir 
magnitude has a given ratio to DE; therefore ® 
DE together with a given magnitude has a 
given ratio to C: let this given magnitude be BICIE 
DG, wherefore GE has a given ratio to Cjand — 
FB has a given ratio to C, therefgre > the ratio of FB to GE is b 9. dat, 
given: and from FB, GE the given magnitudes AF, DG being 
taken, the remainders AB, DE either have a given ratio to one 
another, or the excess of one of them above a given magnitude 
has a given ratio to the other c 19-dat. 
3 C 


anal Z 


ie 


f 
- 
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19. 


a 2. dat. 


d 24.,.dat,. 


‘yatio te D. | 


* -tlo to D: and 
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- , x 
ent Sy 


SE LY ha sient PROP. XXVIL 


IF tiers” be lie magnitudes, is excess “of the 4 
first of which above a given magnitude has a given 
ratio, to the s¢cond ; and. the excess of the cede 
above a given magnitude has also a given ratio to the’ # 
third : the excess of the-first. above a hee magnitude a 


shall have a given ratio to the third. 


Le AB, CD, E be three sidiphittiaels ig! excess of the first 
iven magnitude AG, viz. ‘GB, hasa | 
the excess of CD above the given 7 
the excess of AB above _ 


of which AB above the 

given ratio to CD; and FL 

magnitude CF, has a given ratio to E: 

a given magnitude has a pee, ratio to E. 
“Because the ratio of 

make GH»to CF: therefore the ratio of GH 

to CF is given; and CF is given, wherefore # 


GH is given; and AG ‘is given, vilicrefire’ y 


the whole AH is’ given: and because as GB 
to CD, sois GH to CF, and so is” the re-, 
maindér HB to the remainder FD; the ratio 


_of HBto FD is given: and the ratio of FD 
‘to E is given, wherefore © the ratio of HB to 


E is given: and AH is given; therefore HB 


the excess of AB fepace a tet se sea de gg a a grvelt Ta- 


pedir A fio wey 


. 


24 


Se Oe Ob seamacs 


ratio to C, bald the excess of C above’a given .. 
“magnitude has a given ratio. to.D:: the eXCeSs | 
of AB above a given moepnitadess has a given” 


3 


B 


Because EB has a given ratio toc, and the - be 


excess of C above a giyen. magnitude has agiv- ; 


eh ratioto D; therefore 4 the excess of EB: - 
above a given magnitude has,a given ratio to, . 
D: let this given magnitude be EF; 

FB the excess of EB above EF ime’ 


ther efore: att 
given rar.) 
I’ is given, because AE, EF. - 


Ae 8 OTF 


bal 


iy 


B to CD is given, as GB to ais so 4 : 


- Let AB, Oe D be three, magnitudes, the excess. EB of “the 4 
first of ie AB above the given spagnitadey mo} has} a VE, a 


£ 
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: are given: therefore FB the excess of AB above a given magni- 
tude AF has a given ratio to Gach 7 ( 


PROP. Bi bt ‘* +e 25. 


IF two, lees given in 1 position cut one Lociblnacs See N., 
the point | or pot: in ames they cut one another 
are given. cats 


_ Let two lines AB, CD given ‘in position cut | one. another jn 
the ‘point E3 the point Eis gi- : 
ven. 
_ Because the lines AB, CD’ 
are given in position, they have 
always the Same situation *, and — 
therefore . the point, or points; 
in which they cut one another 
have always the same situation: . — ~— LE 
and because the lines AB,CD  , —— + ahi alias Bh aa 3 “3 
can be found *, the point, or at 7 mugs eS ey Se 
points, in which they cut one _ Cc ie ae: D ‘f 
--another, are likewise found; = ™~ 5 ae 
and therefore are given in position *. 


B a4, def. 


~ PROP. AXIX: se 26. 
: 
UF the extremities of a: straight line be given in 


position : the straight line is BER in position and 
magnitude. 


Because the extremities of the straight line are given, they 
can be found *: let these be the points A; B, between which a 4. def. 


hoa straight line AB can be drawn >5 5 b 1. postu» 


aa 


this has an invariable  positiony be: A “Bate. 


‘Cause betweentwo given poits'there”...* <<: 
_can be drawn but one straight line: and when the straight: line 


. AB is drawn, its magnitude is at. the same time exhibited; or 


given: therefore the ee line AB is a in position and 
magnitude. “és 
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27. 


a 1. def. 


be 4, def. 


‘ b 4 def. 


straight line. is given in position. 


fn position. 
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PROP. XXX. 


IF one of the extremities of a straight line given — 
in position and magnitude be given ; the other ex- 
ineetty shall also be given. 


Let the point A be given, to wit, one of the extebaiGes, of o@ 
a straight line given in magnitude, and which lies in the straight ii 
line AC given in position ; the other extremity is also given. 
Because the straight line 1s given in magnitude, one equal 
to it can be found #; let this be the straight line D ; from the 
greater straight line AC cut off AB . 
equal to the lesser D: therefore the A B C 
other extremity B of the straight line | 
AB is found: and the point B has ale 
ways the same situation; because D 
any other point in AC, upon the 
same side of A, cuts off between it 
and the point A a greater or less straight. line than AB, that 4 
is, than D; therefore the point Bis given >: andit is plain . ~ 
another such point can be found in AC, produced upon the other 7 
side of the point A. | 


PROP. XXXI. 


IF a straight line be drawn through a given point 
paraliel to a straight line given in poenon ; that 


Let A be a given point, and BC a straight line given in po- 
sition ; the str aight line drawn through A parallel to. “fee is amt 


Through A draw * the straight line Hei vy 
DAE parallel to BC; the straight D Acard 
line DAE has always the same posi- ————— |_——_— 
tion, because no other straight line can ‘etme 
be drawn threugh A parallel to BC: B “tang C 
_ therefore the straight line DAE which 3 
has been found is given » in position. 


_» AB, make » the angle ECB equal 


DATA, 


| PROP. XXXII. 
IF a straight line be drawn to a given point in 
Dag line given in position, and makes a given 
angle with it; that straight line is given in position. 


Let AB bea straight line given in position, and . a given 
point in it, the straight line drawn 
to C, which makes a given angle 

with CB, is given in position. 

Because the angle is given, one 
equal to it can be found °; let this 
be the angle at D: at the given A 
point C, in the given straight line | 


to the angle at D: therefore the 
straight line EC has always the 
same situation, because any other 
straight line FC, drawn to the 


point C, makes with CB a greater or less angle than the angle 


ECB, or the angle at D: therefore the straight line EC, which 
has been found, is given in position. 
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29, 


It is to be observed, that there are two straight lines EC, : 


GC upon one side of AB that make equal angles with it, and 


which make equal angles with it when produced to the other 


side. 
PROP XXXIII. — 


IF a straight line be drawn from a given point. to 
a straight line given in position, and makes a given 
angle with it ; that straight line is given in position. 


From the given point A; let the straight line AD be drawn: 


to the straight line BC given in position, and make with ita 


given angle ADC; AD is given in po- 7 A F 
sition. 

Through the point A,-draw * the | . 
straight line EAF parallel to BC; and 


because through the given point A, the B - D G 
straight line EAF is drawn parallel to 


BC, orhich-s is given in position, EAF is therefore given in po- 


Sition >: and because the straight line AD meets the parallels b 31. dat, 


$90 


¢ 29.1, 


' ad 32, dat. 


31. 


‘See Note, 


al, def. 


b 33, dat. 


-c 6, def. 


d 28, dat. 


e 29. dat. 


, . (or it is vequal to D) and drawn; 


_tion; a straight line given in ee tat drawn trom the point 


point A draw AE perpendicular tO DOPatd. ee A , 
because AE is the shortest ofall the straight pray tlie Ag 
lines which can be drawn from the point, b Gwe stata. 4 
to BC, the straight line D, to which one © = fs 
equal is to be drawn from. the POU A eR re CO. 
BC, cannot be less than AE. Tf therefore b—— ee ye 4 


_ makes with BC the given angle AEC. 


from the centre ‘A, at the distance AF, describe the circle GF Hi, 4 
and join’ AG, ,- AH: becatise the’ chicks GrH is given in; posi- 


ven 4% and the point A. is ‘Bir 


v - in position: therefore in this case there are two straight lines. . 


EUCLID’S | 


BC, EF, the angle EAD is equal ¢ to the angle ADC; and ADC 
is given, wherefore also the angle EAD is given: therefore, vbe-: 1g 
cause the straight line DAi is drawn to the given point A in. the 7 
straight line EF given® me position, and ‘carriage with ire ine an- 
an sien AD is aoher in sien igic ; rng? 


‘> “y : { : we ms 
ure f ule ets hat an) pes 9 Rept amare. Weg hse 


PROP, XXXIV... ite 


Ro i ae se | 


b JH MHE 


F fi from a sae point to eh oily line given, = po- 
sition, a straight line be drawn which. is given’)in 
magnitude; , ie same is also given im ot ga dalam: 


r) ae: 
boas ee 


\ 


+ PRR Ng RG IE LA Ty och = 


Let A be a given point; and BCia iaildht line given in ‘post- 


A to BC is given in position. a 
Because the straight line is given in ‘qhagnitude, one equal to 
it can be found ®; let this be the straight line D: from. the 


D be equal to AE, AF is the str aight line 4 
given in magnitude drawn from the given point'A to BC: and) © 
it is evident that AE is given in position », because it is drawn 
from the given point A to BC, which is biven in position, and 


But if the straight line D_ be not equal to AE, it must be 4 
greater than /it: produce AE, and make’ AF equal to D; ‘nd <3 


tion °, and the str aight line BC is also. given in position’; o there- 
fore.their inters¢ction, G.is gir BK side ee 


ven; wherefore AG is given. in age fy 
position. °, ‘that. is, the , straight B 
line AG given in magnituse,.. — 


from. the. given, point. A to the. Ades i | 
straight: line BC givén in, Posse ih 
sition, Is also. given 1p) positon: and.in, like manner AH 3 is giver 


yee ; - as : F : 
SS rae ee ee ee a ee Dees Se 
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AG, AH ofthe same given magnitude which can be drawn from 
' a given point A.to a tira given in position. 


a. Fat : Gti (OE 


hae sd & . wt Feht. SES Oe 


8 fice PROP. XXXV. at sot are 


soll a straight ne be drawn. ed a two parallel 
; straight lines given in position, and makes given an. 
gles with them; the saaipht line ‘is 5 given in magni- 
| aie | 


- Let the str aight line EF be drawn between the par allels ‘AB, 
CD, which are given in position, and make the given angles 
BEF, EFD: EF is given in magnitude. 
In CD take the given point G, and through G draw ® GH a31.1. 
parallel, to EF: and because CD )meets. the parallels GH, EF, 
the angle EFD is equal » to the angle . A EH B 
HGD: and EFD is a given angle; ° “_ ee 
wherefore the angle HGD is given; rt) eee a 
- because HG is drawn to the given point EPA ayt «te 
- .G,in the straight iineCD, givenin posi- 
tion, and makes a given angle” HGD: 
the eto line HG Is given in Dosi- 


boon 


+ Nees 


Cup heme % a 


>» 


ee a 


rehome ns 


ey ‘oy 


PROP. “XXXVI. SO “ 33, 


- IF a straight line given in: magnitude tani esses be= See N. 
tween. two parallel straight lines:given: in sina it 


shall make ‘given angles with, the. euneteinat fieg 
Cv ‘} ry “ES 
Let the ery line EF given in magnitude be drawn be- 
tween the parallel straight linessAB; CD, » eta ach 14.3 
which are given in position: the packs RAs? etd OEP. i goB 
ALF, EFC shall be given. post a Wats) 
© Because EF is’ given in’ ‘Maghitude; a WS aya, hata a eR igh : 
straight line equal to it can be Gamal 2a) meme ik ae Ath OF FS! a 1. def. 
~ Tet this be G: in AB take a given ‘point © Tat ae et 
2 and from it draw > HK. perpendicu- Cc ‘ PK ; 2 b 12.1. 


_ lar to CD; therefore the straight'line G, {; \Gaeiee > 
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¢ 6. def. 


-d 28 dat. 


oo 


e 29 dat. 


f A. def. 
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that is, EF, cannot be less than HK: and if G be equal to 


HK, EF also is equal to it; wherefore EF is at right angles to 


CD; fer if it be not, EF would be greater than HK, which is- 
shaped: Therefore the angle EFD i is a right, and consequently 
a given angle. 

But if the straight line G be not equal to HK, it must be 
greater than it: produce HK, and take HL, equal to G; and 
from ‘the centre H, at the distance HL, describe the cicele 
MLN, and join HM, HN: and because: the circle © MLN, 


and the straight line CD, are given in position, the points M, — i 


N are® given: and the point 


-H is given, wherefore the A } Hr Ne | B 


straight lines HM HN, are 
given in position *: and CD | | 
is given in position: therefore K\ 
the angles HMN, HNM, are > 


given in position * of the 
straight lines HM; HN, let 
HN be that which is not pa- Gs 


L 


_ rallel to EF, for EF cannot be 


g 34, 1. 
h 29. 4. 
k 1. def. 


E. 


See. N. 


drawn to a given ‘yoint G in the straight 


parallel to both of them; and draw EO parallel to HN: EO 
therefore is equal to HN, that isto G; and EF is equal to G; 
wherefore EO is equal to EF, and the angle EFO to the angle 
EOF, that is", to the given angle HNM; and because the angle 
HNM, whic” is equal to the angle EFO, or EFD, has been 
found; therefore the angle EFD, that is, the angle AEF, i is given 
in magnitude*; and consequently the angle EFC. 


PROP. XXXVI. | , 


IF a straight line given in magnitude be drawn 
from a point to a straight line given in position, in a 
given angle; the straight line drawn through that — 
point parallel to the straight line’ “given in position, is_ 
given in position. 


Let the straight line AD given in magnitude be drawn from 
the point “A to the straight line BC given in _ 
position, in the given angle ADC: the E yee: 


straight line EAF drawn through. A pees: T eg 
B. 


lel to BC is given in position. 


- In BC take a given point G, and draw — 
GH parallel to AD: and because HG is 


x 


ic Pom SN Dd 


Rh 


eg 
sf 
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line BC given in position, in a given angle HGC, for it is equal 

@ to the given angle ADC; HG is given in position»; but it is 299.1, 
given also in magnitude, because it is equal to * AD which is b 32. dat: 
given in magnitude; therefore because G one of the extremi- ¢ 54. 1. 
ties of the straight line GH given in position and magnitude is 

given, the othé@r ,extremity H is given®; and the straight line q 39, dat. 
EAF, which is-drawn through the given poiat H_ parallel to | 
BC given in position, is therefore given © in position. e 31. dai. 

i 3 


PROP. XXXVI. / i 


. v 


-IF a straight line be drawn from 4 given point to 
4wo parallel straight lines given in position, the ratio 
of the segments between the given point and the pa- 
rallels shall be given.” | Ly | 


—Lét the straight line EFG be drawn from the given point E 
to the parallels AB, CD, the ratio of EF to EG is given. , 
From the point E draw EHK perpendicular to CD; and 
because from a given point E the straight line EK is drawn to 
CD which is given in position, ina given angle EKC; EK is 


omega Gi oD 


given in position*; and AB, CD are given in position: there- a 33. dat.. 
fore » the points H, K are given; and the point E is given; b 28. dag. 
wherefore * EH, EK are given in magnitude, and the ratio? of c 29. dat. — 
them is therefore given. But as EH to EK, so is EF to EG, 41-dat, 
because AB, CD are parallels; therefore the ratioof EF to EG 
Ys given, 3 | 

: PROP. XXXIX. . . 95, 36. 

IF the ratio of the segments of a straight line be- See N. 
tween a given point in it and two’ parallel straight 
lines be given, if one of the parallels be given in po-. 
sition, the other is also given in position. 
3D ; 


aaah i 


S94 


a33, dat, 
b 28. dat. 
¢ 29. dat. 
a 2, dat. 
e 30. dat. 
£ 31. dat. 
37, 383 


See'N. 
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“From the given ‘pitil A, let the straight line AED. be drawn 
to the two parallel straight lines FG; BC, and let the ratio of 
the segments AE, AD be given; if one oF the parallels BC be 


‘given in position, the other FG is also given in position. 


From the point A, draw AH perpendicular:to BC, and let 
it meet FG in K: and because AH is drawn “frém the given 
point A to the straight line BC aa si in Position and makes qe. Sm 


ae ee eas a4 G 
ee AB A me ooo pk ae aN 


— e J a 7 7" , <= + 
ee ~ gi ; i « =) & 


oS ie ye oat aa Dee” 


given angle AHD ; AH i is given * in??? 7 - 
position ; ; and BC is likewise given in fi as a 
position, therefore the point His giv- B DJA in. © oe 


en >: the point A is also given; where- 
fore AH is given in magnitude *, and 


because FG, BC are parallels, as AE 
to AD, so is AK to AH; and the 
ratio of AE to AD is given, where- 
fore the ratio of AK to AH is given ; but AH is given in mag- 


+ 


Fe. TK 7G 


nitude, therefore ¢ AK is given in magnitude; and it is also 77 


given in position, and the point A is given ; wherefore © the point 


‘Kis given. And because the straight line FG is drawn through 


the given point K parallel to. BC. which is oie in ee 
therefore f FG is given in poche, . Pag 


PROP. XL. 


IF the ratio ak te segments of a straight line on 4 
which it is cut by three parallel straight lines, be 4 
given; if two of the. parallels are given in ae 


_the third is also given in position. te ager 


Let AB, CD, HK be three’ ‘parallel straight lines, of which a 
AB, CD are owen in ‘position 5 and let the ratio of the sege 


tio of ML to LN is given; but LIM. is given in magnitude %, 


_ draw LM_ perpendicular to. CD, 
C } } ie 


‘L is given; therefore » the straight 
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_ ments GE, GF into which. the straight line GEF is cut by the 


three parallels, be given; the third parallel HK is given in 
position. 

In AB take a given point L, and draw LM perpendicular 
to CD, meeting HK in N; because LM is drawn from the gi- 
yen point L toCD which is given m position, and makes a gi- 
yen angle LMD, LM is given in position *®;, and CD is given a 35. dat. 
in position, wherefore the point M is given ?; ‘and the point L b 28. dat. 
is given, LM is therefore given in magnitude *; and because c 29. dat, 


the ratio of GE to GF is given, and as GE to GF, sois NL to 


BE OUTS MIT) A ORR 26 85 
A WA eat Jon JK 


GP HDS ORY Mi. 


6. or 7. 


wherefore © LN is given in magnitude ; and it is also given in 
position, and the point L is given, wherefore the point N is 5 
given ; and because the straight line HK is drawn through the 


N M; the ratio of NL to NM is given; and therefore ¢ the i se: 
e2.d 
F 30, 


0. dat, 


given point N parallel to CD which is ipiyen in position, there- 


fore HK is ‘given in assent B, g Sl. dat. 
“PROP. » a2 OE | F. 


IF a straight line meets three parallel straight lines See Wf. 
which are given in position, the segments into which 
they cut it have a given ratio. | 


Let the parallel straight lines AB, CD, EF, given in position, 
be cut by the straight line GHE; the ratio of GH to HK is 


given. 


In AB take a given point L, and A 2 aeae 5 B 


RR 


meeting EF in N; therefore *LM a 33. dat. 


is given in position; and CD, EF $8: 
are given in position, .wherefore the» | Ge 


D 


points M; N are given; and the point 


b 29, dat, 
lines re MN are een in magni- E kK N F 
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¢ 1. dat. 


a 22. 1. 


b 8.1. 
c 1. def. 


di, Ret. 
e 3. def. 


49. 


third; wei let DE be e- 


P) 


EUCLID’S 


tude * : ‘ah the ratio of LM to MN is therefore given © ; ; but as 
LM to MN, so is GH to HK; wherefore the ratio uf GH ® 
HK is os 


PROP. XL. ie 


IF each of the sides of a triangle Be given in mag 
nitude, the triangle is given in species. 


“Let each of the sides of the triangle ABC be given in mag- 
nitude, the triangle ABC is given in species. 

Make a triangle ? DEF, the sides ‘of which are. equal, each 
to each, tothe given straight lines AB, BC, CA, which can 
be done; because any two of them must be greater than the 

A 


qual to AB, EF to BC, 
and FD to CA; and bee 
cause the two sides ED, 
DF are equal to the two 
BA, AC, each to each, 
and the base EF equal to 
the base BC; the angle 
EDF, is equal > to the angle BAC; chavekanes because the an- 
gle EDF, which is equal to the angle BAC, has been found, 
the angle BAC is given ©; in like manner the angles at B, C 
are given. And because the sides AB, BC, CA are given, 
their ratios to one another are given 4, therefore the triangle ” 
ABC is given © in sane 


B Cito eae oe 


+ PROP. XLII. 


IF each of the angles of a triangle be. given in 


magnitude, the triangle 1 is given in SpEGICS. 
; | 


Let each of the angles of the triangle ABC be given in mag: . 
A 


nitude, the triangle ABC is given — 
in species. 

Take a straight line DE given in 
position and magnitude, ahd at the 
points D, E make® the angle EDF 
equal to the angle BAC; ‘and the Bo iat i 
angle DEF equal to ABC; there- B « Cr aise F 
fore the other angles EFD, BCA are 
equal, and cach of the angles at the points yD, C, § is given, 
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wherefore each of those at the points D, E, F is given: and 
because the straight line FD is drawn to the given point D in 
DE which is given in position, making the given angle EDF; 
therefore DF is given in position >. In like manner EF also 4 39. dat. 
is given in position; wherefore the point F is given: and the 
points D, E are given; therefore each of the straight lines | 
DE, EF, FD is given’ in magnitude: wherefore the triangle ¢ 29. dat. 


DEF is given in species“; and it is similar® to the triangle 442 dat 
is § P ; g 


: Saale, BAe : . Fan A. 6, 
ABC: which is therefore given in species. 621 det 


6. 
PROP. XLIV. St at. 


IF one of the angles of a triangle be given, and if 
the sides about it have a given ratio to one another; 
the triangle is given in species. , : 


Let the triangle ABC have one of its angles BAC given, 
and let*the sides BA, AC about it have a given ratio to one 


another; the triangle ABC is given in species. 


Take a straight line DE given in position and magnitude, 
and at the point D, in the given straight line DE, make the an- 
gle EDF equal to the given angle BAC; wherefore the angle 
EDF is given; and because the straight line FD is drawn to 
the given point Din ED which is given in position, making 
the given angle EDF; therefore FD © A : 
is given in position *. And because 


: ; ‘ D 2 32. dat. 
the ratio. of BA to AC is given, 


make the ratio of ED to DF the Cc 
same with it, and joi EF; ‘and be-. ; 
cause the ratio of ED to DF is given,B C  E F 


and ED is given, therefore > DF is given in magnitude: and. it >? dt 
is given “also in position, and the point D is given, wherefore 

the point F is given‘; and the points D, E are given, where- . 30. dat 
fore DE, EF, FD are given“in magnitude; and the triangle qg 99, dat. 
DEF is therefore given in species; and because the triangles ¢ 42. dat. 
ABC, DEF have one angle BAC equal to one angle EDF, 

and the sides about these angles proportionals; the. triangles 

are f similar; but the triangle DEF is given in species, and £6. 6. 


_ therefore-also the triangle ABC, | 


faci Lach i> ee IE Pll Se ng , ae 
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See N. 


fore D and E are greater ® than. 


the triangle GHK whose sides HK 


fore GH, HK, KG are each of them given in magnitude; 
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PROP. XLV. 


IF the sides of a triangle have to one another given 4 
ratios, the triangle is given in species. _ a 
Let the sides of the triangle ABC have given ratios to one 
another, the triangle ABC is given in species. a 
Take a straight line D given in magnitude; and because the _ 
ratio of AB to BC is given, make the ratio of D toE the same 
with it; and D is given, therefore* Eis given. And because _ 
the ratio of BC to CA is given, to this make the ratio of E toF | 
the same; and Eis given, and therefore* F; and because as 
AB to BC, so is D to E; by composition AB and BC together 
are to BC, as D and E to F; ; ORE a3 
but as BC to CA, so is E to F; jabs + Gia 
therefore, ex equali >», as AB 3 
and BC areto CA,so are D 
and E to F,and AB and BC 


are greater © than CA; there- 


F. In the same manner any . a q AG 7 
two of the three D, E, F are 
greater than the third. Make ® 
are equal to D, E, F, so that GH be equal to D, HK to E, and “4 
KG to F; and because D, E, F are each of them. given, there- 


therefore the triangle GHK is givenfin species; but as AB | 
to BC, so is(Dto E, that is) GH to HK; and as BC toCA, ~ 
sois(Eto F, that is) HK to KG; therefore, ex eguali,.as AB © 
to AC, so is GH to GK. Wherefore ®the triangle ABC is 
equiangular and similar to the triangle GHK; and the trian- — 
gle GHK is given in species; therefore also the triangle ABC 
is given in species. pe 2 Co ees ame a 
Cor. Ifa triangle is required to be made, the sides of which ~_ 
ghall have the same ratios which three given straight lines D, 
E, F have to one another; it is necessary that every two of. 
them be greater than the third. 7 mh meas 
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PROP. XLVI. ~ eg 43, 


off the sides of a right angled triangle about one 
of the acute angles have a given ratio to one another ; 
the triangle is given in species. 


Let the sides AB, BC about the acute angle ABC of the tri- 

angle ABC, which "Yas a right angle at A, have a given ratio 

to one another; the triangle ABC is given in species. 

~ Take a straight line DE given in position and magnitude ; 

and because the ratio of AB to BC is given, make as AB to 

BC, so DEto EF; and because DE has a given ratio to EF, 

and, DE is given, therefore a EF is given; and because as AB a 2. dat. 
to BC, sois DE to EF; and AB i is les bthan BC, therefore 5 19, 1. 
DE isless* than EF. From the point D draw DG at ae an= ¢ A. 
gles to DE, and from the centre 

E, at the distance EF, oo ee init A 
circle which shall meet DG in 
two points; let G be either of spa os, 
them, ard join EG; therefore B | 
the circumference of the circle eshte slr sat re 
is given * in position ; and the E ve d 6. def. 
straight line DG is give ven © in position, because it is drawn to e 32. dat. 
the given point D in‘DE given in position, in a given angle ; 
thereforef the point G is given; and the points D, E are given : £ 28. dat. 
wherefore DE, EG, GD are given in magnitude, and the tri- ¢ 29, dat. 
angle DEG in species». And because the triangles ABC, DEG }, 49. dat. 
have the angle BAC equal to the angle EDG, and the sides 
about the angles ABC, DEG proportionals, and each of the 
other angles BCA, EGD less than a right angle; the triangle 

ABC is equiangular ‘and similar to the triangle DEG: buti7,6_ 
DEG is given in species; therefore the triangle ABC is given 
in species: and, in the same manner, the triangle made by 
drawing a straight line from E to the other point in which the 

circle meets DG is given in species. © 


See Note, 


& 32.1: 


b 43. dat. 


Cc 39. dat. 


dG 2, dat. 


e A, 5. 


f 6. def. 
g 28, dat. 


h 29, dat. 


i 42. dat. . 
k 18, 1. 
44,772. 


EUCLID’S 


PROP. XLVII. 


IF’ a triangle has one of its angles which is not a ¥ 
right angle given, and if the sides about another an- 
gle have a given ratio to one another ; the triangle i is a 


given in species. 


Let the triangle ABC have one of its angles ABC a given. a 
but not a right angle, and let the sides BA, AC about another © 


angle BAC have a given ratio 2 one another; the triangle 
ABC is given in species. — 3 
First, let the given ratio be the ratio of A 
equality, that is. let the sides BA, AC, and _ . 
consequently the angles ABC, ACB be e- 
qual; and because the angle ABC is given, « 
the angle ACB ‘and also the remaining * 
angle BAC is given; therefore the trian- 
gle ABC is given ? in species ; and it is B Cc 
evident that in this case the given angle ABC must be acute. 
Next, let the given ratio be the ratio of a less to a greater, 
that is, let the side AB adjacent to the given angle be less than 
the side AC; take a straight line DE given in position and 


magnitude, and make the angle DEF equal to the given angle 


ABC ; therefore EF is given © in position; and because the 


ratio of BA to AC is given, as BA. : 7 


to AC, so make ED to DG; and 
bicauen the ratio of ED to DG is 
given, and ED is given, the 
straight line DG is given ‘, and — 
BA is less than AC, therefore ED 
is less © than. DG. From the 
centre D at the distance DG de- 
scribe the circle GF meeting EF - 
ih F, and join DF; and_ because 
the circle is given ' in position, as 
also the straight line EF, the point 
F is given §; and the points D, E 
are given; wherefore the straight 
lines DE, EF, FD are given ® in 
magnitude, and the triangle DEF G 
in species‘. And because BA is less than AC, the angle ‘ACB i 1S 
less * than the angle ABC, and therefore ACB is less! than_ 
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a right angle, In the same manner, because ED is less than 


‘ 
7 


DG or DF, the angle DFE is less than a right angle: and be- 
cause the triangles ABC, DEF have the angle ABC equal to 
the. angle DEF, and the sides about the angles BAC, EDF 
proportionals, and each of the other angles ACB, DFE less 
than a right angle ; ; the triangles ABC, DEF are™ similar, and m 7. 6, 
DEF is given in species, wherefore the cae ABC is also given 


_in species. 


Thirdly, let the given ratio be the ratio of a greater to a 
less, that is, let the side AB adjacent to the given arigle be 
greater than AC; and, as in the last 
case; take a straight line DE given in oA 

sition and magnitude, and make the | 
angle DEF equal to the given angle 
ABC ; therefore EF is’ given “in posi- i c 32. dat. 
tion: also draw DG perpendicular to 
EF; therefore if the ratio of BA. to ZB 
AC be the same with the ratio of ED 
to the perpendicular DG, the triangles , i 
ABC, DEG are similar ™, because the ee 
angles ABC, DEG are equal, and DGE 
is a right angle: therefore the angle ae 
ACB isa right angle, and the triangle FE CREE NR 
ABC is given in.” species. b 43. dat 

But if, in this last case, the given ratio of BA to AC be 


‘not the same with the ratio of ED to DG, that is, with the 


ratio of BA to the perpendicular AM drawn from A to BC; 

the ratio of BA to AC must be less than? the ratio of BA og, 5, 
io AM, because AC is greater than AM. Make as BA to AC 

so ED to DH; therefore the ratio of 
ED to DH is less than the ratio of (BA 
to AM, that is, than the ratio of) ED 
to DG; and consequently DH is great- 
er? than DG; and because BA is great- | 
er than AC, ED is greater * than DH, 
From the centre D, at the distance DH, 
describe the circle KHF, which neces- 
sarily meets the straight line EF in two 
points, because DH is greater than DG, 
and less than DE. Let the circle meet 
EF in the points F, K which are given, 
as was shown inthe preceding case;and f, K ~——~ F 


ae DF »DK being joined,the triangles DEF, H - 


DEK are given in species, as was there shown. From the cen- 


tre A, at the distance AC, describe a circle meeting BC. again in 


L.: andif the angle ACB be less oo aright angle, ALB must 


402 — 


m7. 6. 


612.5. 


d 47. dat. 


e 43, dat. 


~ ig similar ™ to'the triangle DEF. | In the | 


larto DEK. And the triangles DEF, — 


species, Andfrom this it is evident, that: 5, 
- in this third case there are always two 


EUCLID'S 


be greater than a Hieke angle ; and on the vohiteany ‘In the same _ i. 
manner, if the angle DFE be less than a right angle, DKE must — 


be greater than?one ; and/on the contrary. wap each: ‘of the an- . | 


gles ACB, DFE be either less or great- — SSCL shucn Sa 
er than a right angle: and because inthe. © ibis eRe le 
triangles ABC, DEF the angles ABC,! <<. « 
DEF are equal, and the sides BA, Ae ati 
and ED, DF about two of the other — 
angles proportionals, the triangle: ABC® > 


=——* 


same manner, the triangle ABL is simi-» 


DEK are given. in species 5 therefore ale s//3 
so-the triangles ABC, ABL are given in 


triangles of a different species, to which ~ 


the things mentioned as given! in the A abe eg can n agrees 


: - ‘ 


PROP. ees 


J F a irish has one sagt siven, sft if both the 
sides together about that angle have a given ratio to the 


remaining side ; the triangle is piven in species. 


Let the triangle ABC have the anigle BAC siven, and let ones 
_ sides BA, AC together about that angle have a 4 given ratio to BC; . ee 
the triancle ABC is given in species.) §( — * ae 


~ Bisect 2 the angle BAC-by the straight tine’ AD; iherefore aa 
the angle BAD is: given. And because as. be to AC, 80 ig" 4 
BD to DC, by permutation, as AB to BD © ee 
sois AC toCD,; . and as BA and AC to- 
gether to BC, so is * AB to BD. ‘But the i 
ratio of BA and AC together to BC is 
given, wherefore the ratio of AB to BD i 
is given, and the angle BAD is. given; : ee naa mit 6 
therefore ¢ the triangle ABD is given in — gee 
species, and the angle ABD is therefore given ; ‘the angle: BAC 
is also given: wherefore the triangle ABC is given in species ©. 

A triangle which shall have the things that are mentioned — 


“in the proposition to be. Beets can be found in ae eeteeag | 


tz 
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‘manner. Let EFG be the given angle, and let the ratio of H 
to K_ be the given ratio which the two sides*about the angle 
FG must have to the third side of the triangle ; therefore, 
because two sides of a triangle are greater than the third side, 
the ratio of H to K must be the ratio ofa greater ta a less, 
Bisect ® the. angle EFG by ‘the straight line FL, and by. the 
47th proposition ‘find a triangle of which EFL is one of the 
angles, and in which the ratio of the sides about the angle op- 


_. posite to FE is the same with the ratio of H to K; to do 
which take FE” given in position and magnitude, and draw EL. 


perpendicular to FL; then, if the’ ratio of H to K be the same 
with the ratio of F E to EL, produce EL, and let it meet FG 
in P; the ‘triangle FEP is that which was to be found: for it 
has the. given angle EFG; and 

because this ahgle is bisected BY HP Rev H : 
FL, the sides EF, FP together | G K 

are to EP, as® FE to EL, that : 
is, as H to K. 

But if the ratio of H to K 

be not the same with the ratio ~ 
of FE‘to EL, it must be less E N ak ®. 
than it; as was shown in prop. 47 and in this case there are two 
triangles, each of which has the given angle EFL, and the ratio 
of the sides about the angle opposite to FL the same with the 
ratio of Hto K. By prop. 47, find these triangles EFM, EFN, 
each of which-has the angle FFL for one of its angles, and the 
ratio of the side FE to EM or EN the same with the ratio of H 
to K ; and let the-angle EMF be‘greater, and ENF less than a 
fight angle. And because H is greater than K, EF is greater 
than EN, and therefore the angle EFN, that is, ‘the angle NFG, 
. is less than the angle ENF. To each of these add the angles 
NEF, EFN: therefore the’ angles NEF, EFG are léss than the 


angles NEF, EFN, FNE; that is, than two right angles; there-- 


fore the straight lines. EN, FG must meet together when. pro- 
duced; let them meet in O, and prodtice EM to G. © Each of 
the triangles EFG, EFO has the things mentioned to be given 
in the proposition: for each of them has the given angle EFG; 
and because this angle is bisected by the straight line FMN, thie 
sides EF, FG together have to EG the third side the ratio of FE 
to EM, that is, of H to K. In like matitier, the sides EF, FO 
’ together have to: =O the r ratio which QR has to K, 


> ’ 
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a 44, dat. 


hb. 43. dat. 


EUCLID’S 


PROP. XLIX: 


IF a bb malite has one angle given, sil if the cide, . 


about another angle, both together, have a given ratio: 


to the third side; the triangle is SIvenith, APECICS- 


Let the triangle ABC have one angle ABC given, ‘and let the — a 


two sides BA, AC about another angle BAC have a given ratio a 


to BC; the triangle ABC is given in species. 


Suppose the angle BAC to be bisected by the straight line - a | 


AD: BA and AC together are to BC, as AS to BD, as was © 
shown in the preceding proposition. But the ratioof BA and ~ 
AC together to BC is given, therefore. also the ratio of AB to 
BD is given. And the angle ABD is given, wherefore ® the 
triangle ABD is given in species: and seamhaacaend the angle 
BAD, and its double the angle BAC hen, ¢ 
are given; and the angle ABC is gi-. |, 
ven. Therefore the triangle ABC beat 
given in species >. 

A triangle which shall have the 
things mentioned in the proposition 
to be given, may be thus found. Let 
EFG be the given angle, and the ra- 
tio of H to K the given ratio; and 
by prop. 44 find the triangle EFL, sii 
which has the angle EFG for one of | ig ied a. 
its angles, and the ratio of the sides. F wie G | 
EF, FL about this angle the same. a 
with the ratio of H to K; and make the angle LEM equal to the 


angle FEL. And because the ratio of H to K is the ratio which 
two sides of a triangle have to the third, H must be greater than 

K ; and because EF is to FL, as H to &, therefore EF is greater 
‘Hah FL, and the angle FEL, that is, LEM, istherefore less than 


the angle ELF. Wherefore the angles LFE, FEM areless than 


_two right angles, as was shown i in the foregoing proposition, and a 
the straight lines FL, EM must meet, if produced; Ietthem 


meet in G, EFG i is the triangle which was to be found ; for EFG 
is one of its angles, and because the angle FEG is. bisected by 
EL, the two sides FE, EG together have to the third side FG 
the ratio of EF to FL, that is, the given ratio of H to K. 
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PROP. L. of 76. 


IF from the vertex of a triangle, given in species, a 
straight line be drawn to the base in a given angle, it 


shall have a given ratio to the base. 


From the vertex A of the triangle ABC which is given in spe- 
cies, let AD be drawn to the base BC in a given angle sino the 


_ratio of AD to BC is given. 


‘Because the triangle ABC is given in spe- A ” 

cies, the angle ABD is given, and the angle 

ADB is given, therefore the triangle ABD is Le 

given * in species; wherefore the ratio of AD : a 43. dat. 
to AB is given. And the ratioof ABtoBC Rp yy C 

| is given; and therefore » the ratio of AD to b 9. dat. 
au is Ere. ; 
“, PROP. LI. . | AP. 


RECTILINEAL figures, given in species, are di- | 


vided into triangles which are given in species. 


Let the rectilineal figure ABCDE be given in PER) ; ABCDE 
may be divided into triangles given in species. 

Join BE, BD; and because ABCDE is given in os Sinan the... 
angle BAE is given 9, and the ratio of BA a 3.def. 


to AE is given 3; wherefore the triangle 
BAE is given in species», and the angle b 44, dat.. 
AEB is therefore given *. But the whole E 


angle AED ‘is given, and therefore the re-_ Ms 
‘maining angle BED is given, and the ratio 


of AE to EB is given, as also the ratio of 

AE to ED; therefore the ratio of BE to © D 

ED is given®.. And the angle BED is given, wherefore the tri- ¢ 9. dat.. 
angle BED is given » in species. In the same manner, the 
triangle BDC is given in species: therefore rectilineal figures 


which are given in species are divided into triangles giyen in 


species. 


406. 


48, 


@ 23. 1. 


~ to the triangle ABD is given. 


the triangle ACE is g¢1- 


is equal ¢ to the triangle AEB, and as the triangle AEB, or Ace, 4 


and which are described upon the same straight line AB. 


- atthe points IF, G_ of the. straight line FG, make the angles 


EUCLID’S 
PROP. LII. 


IF two triangles given in species be described upon 4 
the same straight line, they shall have a eve ratio ie 7 
one another. _ LE ONE Se _ 


_ Let the triangles ABC, ABD, lve in species, Ne sone 4 
upon the same straight line AB; the ratio of the iengle ABC - 


Through the point C draw CE parallel to AB, ‘and let it a 
meet DA produced. in E, and join BE. Because the triangle 7 
ABC is given in species, the angle BAC, that is) the angle —@ 
ACE, is given; and, because the ene ABD. is eens in Spy a 
cies; the angle DAB, E gee ge 
thatis,the angle ALC = | L 
is given. Therefore \ Us ‘Gre 


ven in species; where- AS BFE 

fore the ratio of EA to ere cakes 

AC is given*, andthe = = \QYA 2 . 

ratio of CA to AB is ee Ces ak 
given, as also the ra- aed Li Ay tetany ate: 
tio: of Bk’ “to SAD rr Ti ee Mae oS EL ERR 


therefore the ratio of b EA to AD is given, sa the triangle ACB. 


is to the triangle ADB, so is “ the straight line EA to AD. But ~ a 
the ratio of EA to AD is given, therefore the ratio of the tridigle i 
ACB to he triangle ADB i is given, ae a 


+ Bet ‘ PROBLEM. ak ‘ Nee He ere | ae 
“To find the ratio WE two triangles ‘ABC, ABD given in species, a 


Take a straight line FG given in position and magnitude, 
and because the angles of the triangles ABC, ABD are given, 


GFH, GFK ¢e ened to the angles.BAC, BAD; and. the angles ; 
FGH, FGK equal to the angles ABC, ABD, each: to each: 

Therefore the triangles ABC, ABD are equiangular to the tri- 
angles FGH, FGK, each to each. Through the point. H. draw 
HL parallel to FG, meeting KF produced in L. And because 
the angles BAC, BAD are equal to the angles GFH, GFK, each 
to each; therefore the angles ACE, AEC are equal to FHL, 
FLH, each to each, and the triangle AEC equiangular to the 
triangle FLH. Thereforeas EA to AC, so is LF to FH; and ~ 2 


Ps eet ana SF Cy ee eh 


| given >; and, by composition, the 


_ And the: ratio of DAC to CAB is 
, given >, because they are described 
upon the.same straight line AC; 


-ratloof ABCDE to ABC is given. Hi 


given *. 
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as CA to AB, so HF to FG; and as BA to AD, so is GF to 
FK; wherefore, ex eguali, as EA to AD,'so is LF to FK. But, 
as was shown, the triangle ABC is to the triangle ABD, as the 
streight line EA to AD, that is, as LF toFK. The ratio there- 
fore of LF to FK has been found, which is the same with the 
ratio of the triangle ABC to the triangle ABD. 


PROP. LIL - : 49. 


IF two rectilineal figures given in species be de- 5° Nos 
scribed upon the same straight line, they shall have a 


_ given ratio to one another. 


Let any tworectilineal figures ABCDE, ABFG, which are | 
given in species, be described upon the same straight line AB;. 


~ the ratio of them to one another is given. 


~ Join AC, AD, AF: each of the triangles AED, “ADC, ACB, 


AGF, ABF is ‘given *in species. And because the triangles 4 51. dat. 
D 


ADE, ADC given in’ species are de- — 
scribed upon the same straight line 
AD, the ratio of EAD ‘to DAC is 


ratio of EACD to DAC is given‘. 


therefore the ratio of EACD to ACB 
is given *; and, by composition, ghe KLMWN 
: ae ee ee 
| ! 


O d 9. dat. 


In the same manner, the ratio of ABFG to ABF is piven. But 
the ratio of the triangle ABC to the triangle ABF is given; 
wherefore», because the ratio of ABCDE to ABC is given, as 
also the ratio of ABC to ABF, and the ratio of ABF to ABFG; 
the ratio of the rectilineal ABCDE to the rectilineal ABFG is 


ot 


J 


PROBLEM. 


To find the ratio of two rectilineal figures given in species, 


«and described upon the same straight line. 


Let ABCDE, ABFG be two rectilineal figures* given in 
species, and described upon the same straight’ line AB, and 


_ join AC, AD, AF.° Take a straight line HK given in position 
~ and magnitude, and-by the 52d dat. find the ratio’ of the tri- 


angle ADE to the triangle ADC, and make the ratio of HK 


408 


50. 


a 9. dat. 


b 2. Cor, 
20. 6, yy 


_to ABFG is the same with the ra- 


‘HM to ML. In like manner, because the triangle GAF is wa ’ | 


to CD is given, wherefore the ratio 


EUCLID’S ° | e 


to KL the same with it. Find also the ratio of the site ACD 

to the triangle ACB. And make ,the ratio of KL to LM the | 
same. - Also, find. the ratio of the triangle ABC to the triangle — 
ABF, and make the ratio of LM to MN the same. And, lastlgod 
find the ratio of the triangle AFB to the triangle AFG, and 
make‘the ratio of MN to NO the D ae 
same. Then tle ratio of ABCDE 


tio of HM to MQ. 

‘Because the triangle EAD is to | 
the triangle DAC as the straight 
line HK to KL; and as the trian- 
gle DAC to CAB, so is the straight 
line KL to LM; therefore, by us- — 
ing composition as often as the 
number of triangles requires, the . 2 
rectilineal ABCDE is to the triangle ABC; as the straight Une 


FAB, as ON to NM, by composition, the rectilineal ABFG is to 
the triangle ABF, as MO to NM; and, by inversion, as ABF to. 
ABFG, sois NMto MO. And the triangle ABC is to ABF, as % 
LM to MN. Wherefore, because as ABCDE to ABC, sois iM 
to ML; and as ABCto ABF, so is LM to MN; and as ABF to 
ABFG, so is MN to MO: ex equalt, as the rectilineal regia 
to ABFG, so is the shehael line HM to MO, : - 


fr | 


PROP. LIV. 


; 
IF two sipatpht lines have a given ratio to one ano. 

ther, the similar rectilineal figures described upont Ren 9 4 

similarly, shall have a given ratio to one another. grijes ae 


Let.the straight Hes AB, CD have a given. ratio to erie? ano- a 
ther, and let the -similar and Similarly placed rectilineal figures © 
E, F be described upon them; the ratioof E toF is given. — & 

To AB, CD, let G be a third pro- - eo a 
portional: therefore, as AB to CD, | | 
so is CD to G. And the ratio of AB 


of CD to. Gis given; and conse- 


quently the ratio of AB to G is also/ A B aca dD: 
given *. But as AB to G, so is the » Ho ¥ i Eg 
figure Eto the figure > F, Phere~ | wee ee 


fore the ratio of E to F is given. 


* 


a4 
+ 

a 

ae 
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5). craaldingth Hi PROBLEM. 


"Be find the ratio of two similar poutine figures, E, F, simi- 
larly described upon straight lines AB, CD which have a given 
ratio to one another: let G be a third proportional to AB, CD. 

Take a straight line H given in magnitude; and because the 
| ratio of AB to CD is given, make the ratio of H to K the same 
with it; and because H is given, K is given. As H is to K, so 
make K to L.; then the ratio of E to. °F ‘is:the same with the 
- yatio of H to L: for AB is to CD, as H to Ks wherefore CD i is to 
| G,asK to L: and, ex eguali, as AB to G, so is H to L: but 
the figure E is to» the figure F, as AB to G; that is, as Hto L: b 2. Cor. 

j= 20, 6. 
PROP. LV. © 5h, 


_ IF two straight lines have a given ratio to one ane 
other; the rectilineal figures given in species described 
upon them, shall have to one another a given ratio. 


~ Let AB, CD be two straight lines which have a given ratio 
to one another; the rectilineal figures E, F given in species and 
described upon them, have a given ratio to one another. 

Upon the straight line AB, describe the figure AG similar 
and similarly placed to the figure r 5 and because .F is given in 
species, AG is aiso given in spe- 


| cles: therefore, since the figures rE 4 

| E, AG, which are given in spe- » 4 £— BC D 
cies, are described upon the same 
straitht.ine AB, the ratioof E | F 
to AGis given, and because the’ G a 53. dat, 


ratio of AB to CD i is. given, ; and H K- a 

upen them are described the simi- 

Jar and similarly placed rectilineal figures AG, F, the ratio ‘of 

AG to F is given >: and the ratio of AG to E is ghren: there- 54, dat, 
-fore the ratio of E to F is given % 69, dat, 


PROBLEM. ive , 


To find the ratio of two rectilineal figures E, F given in species, 
_ and described upon the straight lines AB, CD which have a given 
_. Yatio to one another. 

“Take a straight line H given in magnitude; and because 
the rectilineal figures E, AG given in species are described up- 
| onthe same straight line AB, find their ratio by the 53d dat. 
and make the ratio of H to K the same: ’K is therefore given: 
and because the similar ee a figures AG, F are described 

3 


f 


, 


alo 


a 53. dat. 


b 2. dat. > 


c 14. 5. 


given straight line AB, and by the 53d}, 
dat. find the ratio which the square AF 


/ 
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upon the straight lines AB, CD; which have a given ratio, find 
their ratio by the 54th dat. aid make the ratioof K to L the 
same: the figure E has to F the same ratio which H has toh: | 
for; by the construction, as E isto AG, so is H to K; andas) 


AG, to F, so is K to L; therefore, ex eae as E to F, sois H 4 | 
tol. . aed. | — 


PROP. LVI. 


IF a rectilineal figure given in species be described q 
upon a straight line given in eR ue the figure is < 


given in magnitude. 


Let the rectilineal figure ABCDE given in ‘species be de- @ . 
scribed upon’ the straight line AB given in magnitude ; >, the 


figure ABCDE is given in magnitude. ag 
» Upon AB let the square AF be described; therefore AF i6 


given in species and magnitude, and because. the rectilineal 7 


figures ABCDE, AF given in species are Cu. 
described upon the same straight line AB, : 
the ratio of ABCDE to AF is given ®: B 
but the oo ay AF is given in magnitude, D 
therefore » also the figure ABCDE is eryen 
in im enegniiae 

PROB. 


To find the magnitude of a rectilineal E 


Pee | 
: | 
i ‘ 
hs. 
onl ca? 
+A 4 ef 
ae: 


figure given in species described upon a His (Vinee tes 4 : 


siraight line given in magnitude. 
Take the straight line GH equal to the 


upon AB has to the figure ABCDE; G H kom 


and make the ratio of GH to. HK the same; and upon CH des @ 


scribe the square GL, and complete the. parallelogram LHKM;. a 
the figure ABCDE is equal to LHKM: because AF is to — 


ABCDE, as the straight line GH to HK, that is, as the figure 


GL to HM; and RP) is equa to GL; therefore ABCDEi is and 
toHM*. ; ; 


, 


PROP. LVI. 


IF two rectilineal firures are given in species; and 


- if a side of one of them hasa given ratio to a side of . 


the other; the ratios of the remaining sides, to y the re- - 
maining sides shall be om és i 


dine G given in magnitude, and: be- B : Cc E 


jaa - DATA. sai 


Let AC, DF be two rectilineal figures given in species, and 


Jet the ratio of the side AB to the side DE be given, the ratios 


ofthe remaining sides to the: ‘remaining sides are also given. 

Because the ratio of AB to DE is given, as also * the ratios of a 3. def. 
AB to BC, and of DE to EF, the ratio of BC to EF is given >, b 10. dat. 
In the same manner, the ratios of the 
other sides to the other sides are~ D 
given. A 

The ratio sia BC has to EF oe 
may be found thus: take a straight Ge 

ae 


cause the ratio of BC to BA is given, _ 

make the ratio of G to H the same; — 

and because the ratio of AB to DE is 

given, make the ratio of H to K the | fait 
same; and make the ratioof K to L G 

the same withthe given ratio of DE - 

to EF. Since therefore as BC to BA, so is G to HW: and as os 4 
to DE, so is H to K: and as DE to EF, so is K to L: 
equali, BC is to EF, as G to L; therefore the ratio of G' to - 
has been found, which is the same with tie ratio of BC to EP. 


PROP. LVI. wet 4 stabsaiag = 


IF two similar rectilineal figures have a given rae See N. 
to one another, their homologous sides have aisai. a 
given ratio to one another, | 


Let the two similar rectilineal figures, A, B have a given ra- 
tio to one another, their homologous sides’ have also a given ratio. 

Let the side DC be homologous to EF, and to CID, EF tet 
the ‘straight line G be a third Proportional. a therefore *°CD a2. Cor, 
to G, sois the figure A to B; and 20, e 
the ratio of A to B is given, therg- Sita: 3 ) 


fore the ratio of CD to’G is given; ae 
and CD, EF; G are proportionals ; | 
wherefore > the ratio of CD to EF. Se 4 79 das 


is given, | oe kee? OR 
.- The ratio of cD to EF may be C Wak ok. 
found thus : take a straight line H u ae ee K | 


given in magnitude; aiid because - 
the ratio of the figure A to B is given, make the ratio of H to K 


the same with it: and, as the 13th dat. directs to be done, find 


@ mean proportional LL between H oe K; the ratio of CD to 


< 


oe 
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See N. 


¢ 53. dat, 


_. therefore > ‘the ratio of the figure (; Kinrtitere ot is yi 2 ni 
\ oe. Ato EG is given ; and’ A ig,sin( Macpete aoe tec) 02 Wiis 
d 58. dat, 


_EF is the same with that of H to L. a G.be a third propor- + 
tional to CD,, Ek}; therefore as CD to G,'sois, (A to B, and so 


, bane sat: 


‘placed to the figure A, ‘so that © | 


“ line H_ given in magnitude, and because the ratio of the figure — 


“game. with the.ratio of H to M; because the figure A is to B 


EUCLID’S 


is) Hto:‘K ; and.as. me: to nite > so is H_ to 28 as is ahha in the 


¢ 


-PROP. seit “a 
IF t two octinien! Spates given in species have : a 


given ratio to one another, their sides shall likewise | a 
have given ratios | to one another. e 


Let the two bectilinea! figures A, B, paw in. species, have 19 | 


al given ratio to one another, their sides shall also have. given 
ratios to one another. . 4 

ifthe figure A be similar. to. B, their SAcoliome: pin shall. © 
os a given ratio to one another; by, the preceding. proposition ; | 


and. because the figures are given in species, the sides of each of | 
them: have given ratios * to one, another ;_ therefore, each side of | 


one of them has » to each side of the other a given ratio. 
But if the .figure A be not similar to B, let CD, EF.be any 


two of their sides; and upon EF conceive the ah: EG to be | 4 | 


described similar and similarly 


CD, EF be homologous sides ; » 
therefore EG is given in spe- . Ae 
cies; andthe figure Bis given | 
in species; .wherefore © the ra-_ 
tio.of B to EG is given grand, -<coteed 5 ad tere: 
the ratio of Ato B is’ siven, H— nee 


milar to EG; therefore4 the ra- L---— | 


tio of the side CD to EF is given; and Menasmentiy, 4 the ratios 7 


of the remaining sides to the remaining sides are given. - 
The ratio of CD to EF may be found thus: take a oxcaiaa 


A to B is given, make the ratio of H to :K the same with it. 
And’ by the “$3d“dat. find the ratio of the figure B to EG, and 
make the ratio of K to. L the same: between’ H ‘and L 
find a mean, proportional M, the ratio of CD to EF is the 


as H to. Ke; _and as Bto EG, pia -K ta ibs iid ca as A. 


a DAT A. ALS 


to EG, so is H to L: and the figures A, EG are similar, and 
M is a mean proportional between H and L; therefore, as was 
shown in the preceding proposition, CD is to EF as H to M. 


PROP. LX. Dalz 55. 


I¥ a rectilineal figure be given in species and mag- 
nitude, the sides of it shall be given in magnitude. 


Let'the rectilineal figure A be given in species and magni- 
tude, its sides are given in magnitude. | 

. Take a straight line BC given in position and magnitude, 

and upon BC describe * the figure D similar, and simiiarly a 18. 6. 
placed, to the figure A, and 


let EF be the side of the. 
figure A homologous to } | 
BC the side of D; there- —D | 


fore the figure D is givenG} A | 
in species. And because E : L 
upon the given straight E Cc 
line BC the figure D giv- t 

en in species is described, [ | 
D is given» in magnitude, | H M eo b 56. dat. 
and the figure A is giv- Pi. | 


rr] 


awed 


_enin magnitude, therefore, — . 


the ratio of A to D is given: and the figure A is similar to 
D,; therefore the ratio of the side EF to the homologous side 
BC is given®; and BC is given, wherefore 4 EF is, given: eg ae 
and the ratio of EF to EG is given ¢, therefore EG is given. 4 >. ea 
And, in the same manner, eachiof the other sides of the figure e 3. def. 
A can be shown to be given. 

PROBLEM. | 

To describe a rectilineal figure A, similar to a given figure D, 
and equal to another given figure H. It is prop. 25, b 6, Elem. 

Because each of the figures D, H is given, their ratio is giv- 
en, which may be found by making upon the given straight f Cor. 45. 
liné BC the parallelogram BK equal to D, and upon its side 1. 
CK making‘ the parallelogram KL equal to H, and the angle 
KCL equal to the angle MBC; therefore the ratioof D to H, 
that is, of BK to KL, is the same with the ratio of BC to CL: 
and because the figures D, A are similar, and that the ratio of 


D to A,or.H, is the same with the ratio of BC to CL; by 


the 58th dat. the ratio of the homologous sides: BC, EF is the 


same with the ratio of BC to the mean proportional between 


BC and CL. Find EF the mean proportional ; then EF is the 


414 


gz 2. Cor. 

20. 6, 

h 14. 5, 
57, 


See N. 


a 1. def. 


b Cor. 45. 
1, 


a 43 dat. 


b1. 6. 
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3. 


7 
i 


side of the figure to be described, homologous. to BC the ‘side 
of D, and the figure itself can be described by the 18th*prop. 
book 6, which, by. the: construction, is similar to _D; and because q 
Disto A, as § BC to CL, that is, as the figure BK to KL; and — 
that D is equal to BK, therefore A is equal to KL, that i Iss H. 


~ PROP. LXI. 


IF a parallelogram: given in magnitude bias one of | 4 | 
its sides and one of its angles ere in magnitude,, the 


other side also is given. — } 
Let the parallelogram ABDC given in magnitude, have ‘het a 
side AB and the angle. BAC len in Nise: ara the other side = 
AC is given. | 
Take a straight line EF given in | position and magnitudes 4 4 | 
and because the parallelogram AD 8 Boo ae 
is given in magnitude, a rectifineal ime ae Tet 
figure equal to it can be found?, of : ; 
And a parallelogram equal to this f/f 9. | 4 
figure canbe applied» tothe given = (7 D a 
straight line EF in an angle @qual to eh hae foie | 
the pivenangle BAC. Letthisbe © Eo « © 
the parallelogram EFHG, having . 
the angle FEG equal to the angle 
BAC. And because the parallelo- 
grams AD, EH are equal, and have 
the angles at A and E equal; the 
sides about them: are saioasite pr iat ¢5 therefore. as 
AB to EF, sois EG to AC; and AB, ne EG ate given, theres ” 
fore also AC is given ®. W hence the any of erper AC is rheges a 


+ « 
a7 ee 


PROP. LXI. Be Bessie 4 

IF a parallelooins: has a given angle the rectangle 4 
contained by the sides about that nee has a BNE | 
ratio to the parallelogram, Mesaiid Cie 


A ea D a 

Let the parallelograit ABCD bite eKe'g gi- Rk a ie 
ven angle ABC, the rectangle AB, BC has Das ic “4 hal 
a given ratio to the parallelogram AC: a ae 
From the point A draw AE perpendi-. BE = @ = 
cularto BC; bechuse the angle ABC isgi- PO 


ABE is givenmp in’ species: therefore the §~ 
ratioof BA to AE isgiven. But as BA to  f/ | 
AE, so is » the rectangle AB, BC tothe GR fei 
rectangle AE, BC; therefore the ratio of — uy 


ven, as slab the angle AEB, the ‘triangle. /\ eres 


“DATA, | Ale 


a ¢ : 
; 


| the rectangle AB, BC to: AE, BC, that is °, to the parallelogram c 59.1. 


AC isgavens)!. 3 slated Me eee 

And it is evident how the ratio of the rectangle to the paral- 
jJelogram may be found by making the angle FGH equal to 
the given angle ABC, and drawing, from any point F in one of 
its sides, FK perpendicular to the other GH; for GF isto FK, 
as BA to AE, that is, as the rectangle AB, BC to the parallelo- 
gram AC, . . 

Cor. And if a triangle ABC has a given angle ABC, the 66. 
rectangle AB, BC contained by the sides about that angle, shall 
have a given ratio to the triangle ABC. . Ae | 
~ Complete the parallelogram ABCD; therefore, by this pro- 
position, the rectangle AB, BC has a given ratio to the paral- 
lelogram AC; and AC has a given ratio to its half the triangle 4 q 41. 1, 
ABC; therefore the rectangle AB, BC has a given® ratio to the e 9. dat. 


triangle ABC. 


_ And the ratio of the rectangle to the triangle is found thus: 
make the triangle FGK, as was shown in the proposition; the 
ratio of GF to the half of the perpendicular FK is the same with 


_ the ratio of the rectangle AB, BC to the triangle ABC. Be- 


cause, as was shown, GF is to FK, as AB, BC to the parallelo- 
gram AC; and FK is toits half, as AC is to its half, gwhich is 
the triangle ABC; therefore, ex equali, GF is tothe half of 
IK, as AB, BC rectangle is to the triangle ABC. 


ma | 


BHO UERIN: Go nck) ie eschee 50 


IF two parallelograms be equiangular, as a side of 
the first to a side of the second, so is the other side 
of the second to.the straight line to which the other 
side of the first has the same ratio which the first pa- 
rallelogram has to the second. And consequently, 
if the ratio of the first parallelogram to the second be 


given, the ratio of the other side of the first to that 


straight line is given; and if the ratio of the other side 
of the first to that straight line be given, the ratio of 
the first parallelogram to the second:is given. 


_ Let AC, DF be two equiangular parallelograms; as BC, a 
side of the first, is to EF, a side of the second, s0 is DE, the 
other side of the second, to the straight line to which AB, the 


a 14. 6. 


Ns 63. dat. 
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other side of the first, has the same ratio which AC has to DP. — 
Produce the straight line AB, and make as BC to EF, so 

DE to BG, and complete the parallelo- =» A> Ah Ae 
gram BGHC; therefore because Bor oi te ee oe | 
GH‘is to EF, as DE to BG, the sides / : fe 
about the equal angles: BGH, DEF are «p, Cy 
reciprocally proportional; wherefore 2. — we : pu 

the parallelogram BH is equal to Ts: H 

and AB is to BG, as the parallelogram ve 

AC is to: BH, that-is, to DF; as there- 

fore BC is to EF; so is‘DE to BG, 


which is the straight line to which AB - 


has the same ratio that AC has to DI. 


And if the ratio of the parallelogram AC to a be given, then 


the ratio of the straight line AB to BG is given; and if the ra-. 


tio of AB to the straight line BG be eaajeeat he ratio of the a. 
rallelogram AC to DF is givens 


PROP. LXIV. 


TF two parallelograms have unequal But given an- 
eles, and if asa side of the first toa side of the se- © 


cond, so the other side of the second be made toa 
certain straight line; if the ratio of the first parallelo- 
sram to the second be given, the ratio of the other 
side of the first to that straight line shall be given. 


And if the ratio of the other side of the first to that | 


straight line be given, the ratio of the first parallelo- 
gram to the second shall be given., | 


Let ABCD, EFCH be two iisiseuiay 4 which have the . 
unequal, but given angles ABC, EFG; and as BC to FG, so.” 


make EF to the straight line M. If the ratio of the parallelo- 
gram AC to EG be given, the Yatio of AB to M is given. f 
— At-the point B of the ‘straight line BC. make the angle, 
CBK equal to the angle EFG, and complete the parallelogram 


-KBCL. And because the ratio AC to EG is given, and that — 


AC is equal * to the parallelogram »KC, therefore the ratio of 


KC to EG is given; and KC, EG are equiangular; there- | 
fore as BC to FG, so is > EF to the straight line to which KB . 


has a given ratio, viz. the same which the parallelogram 
KC has to EG; but as BC to FG, so is EP to the straight 
line M; therefore KB has a given ratio to M; and the ratio 


y 


153 


oe 


- equiangular, as BC to FG, so is'> EF to BN b 63, dat. 
‘the straight line to which KB has the said | Cc | 
same ratio which the parallelogram KC Ee H 
has to EG; but as BC to FG, sois EF to Ee Na 
M; therefore KB is to M, as the’parallel- — Ma or 


DATA. | | | 4H 


ef AB to BK is given, because the triangle ABK is given in 


’ species ©; therefore the ratioof AB to Mis given*, Po 6 43. dat. 
.. And if the ratio of AB'to M be given, the’ ratio of the pa- d 9. dat. 


rallelogram AC to EG is given; for since the ratio of KB to 
BA is given, as also the ratio of ABtoM, K° A «= L D 
the ratio'‘of KB to M is given; and be- — : : 

cause the parallelograms KC, EG are 


ogram KC is to EG; and the ratio of KB 
to M is given, therefore the ratio of the parallelogram KC, that 
is, of AC to EG, is given. ; 


Cor. And if two triangles ABC, EFG, have two equal angles, 73, 


é 


‘or two unequal, but given, angles ABC, EFG, and if as BC a side 


of the first to FG a side of the second, so the other sice of the 
second EF be made toa straight line M; if the ratio of the tri- 
angles be given, the ratio of the other side of the first to the» 
straight line Mis given. eyes 
Complete the parallelograms ABCD, EFGH ; and because the | 
ratio of the triangle ABC to the triangle EFG is given, the ratio 


of the parallelogram AC to EG is given *, because the parallel- e 15. 5. 


ograms are double ‘ of the triangles ; and because BC is to FG, f 41.1. 
as EF to M, the ratio of AB to M is given by the 63d dat. if the 


_ angles ABC, EFG are equal; butif they be unequal, but given 
_ angles, the ratio of AB to M is given by this proposition, 


And if the ratio of AB to M be given, the ratio of the parallel- 
ogram AC to EG is given by the same proposition; and there- 


| fore the ratio of the triangle ABC to EFG is given. 


PROP. LXV. - : 68. 


IF two ‘equiangular parallelograms have a. given 
ratio to one another, and if one side have to one side ~ 


| a given ratio; the other side shall also have to the 


other side a given ratio. 


. A Tiee the two equiangular parallelograms AB, CD have a given 


vatio to one another, and let the side EB have a given ratio to the 


side FD; the other side AE has also a given ratio to the other 


side CF, ; : 
ast 7 3G 


<< 
ne ee 


~ 
Rote ig canngman ipl tis 9 Dede NE geet amy: 


oo pan Ar a, a 


; ‘418. 


a 63. dat. 


b 9. dat. 


ong 4 


69. 


a 43. date 


mats 
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Betatise the two. Seistaneolar parallelograms AB, CD havea 
given ratio to one another ;. as EB, a side of the first, is to FD, 
-a side of the second, so is *’ BCH ‘the other side of the second, to — 
the straight line to which AE, the other side of the first, has 
the same given ratio which the first parallelogram. AB has 
to the other CD. Let this straight line be. eC ; therefore the — 
ratio of AE to EG is given; a 


and EB is to FD, as FC to ies Ly One ein ae 
EG, therefore the ratioof FC. A oy) | : hee} a7 
to EG is given, because the ‘ poy Re een 6 _ 


ratio of EB to FDis given; x 

and because the ratio of AE f | 

to EG, as also the ratioof FC G. | 

to EG is given; the ratio of ie ae aan 

AE to CF is given >. | ae 
The ratio of AE to CF may be found.thus: take a qtehti 

line H given in magnitude ; ; and because the ratio of the paral- | 


Jelogram AB to CD is given, make the ratio of H to K the same 


with it. And because the ratio of FD to EB is given, make — 
the ratio of K to L the same: the ratio of AE to CF is the same © 


with the ratio of H to L.. Make as EB to FD, so FC to EG, © 
therefore, by inversion, as FD to EB, sois EG toFC; andasAE @ 
to EG, so is *(the parallelogram AB to CD, and so is) HtoK; ~ 


but as EG to FC, so is (PD to EB, and so is) - to L; therefore, 
ex xquali, as AE to FC, so is H to L. y 


PROP. LXVI. 


; é ie +m piss 
If two parallelograms have unequal, but given 7 


angles, and a given ratio to one another; if one side 7 


have to one side a given ratio, the other side has also — 
a given ratio to the other side. . oo 


Let the two parallelograms ABCD, EFGH which have ‘the a 
given unequal angles ABC, EG, have a given ratio to one ano- 
ther, and let the ratio of BC to F G be given ; the ratio also ‘of 4 
AB to EF is given. . ie 

At the point B of the straight line BC make. the angle CBK ‘- 
equal to the given angle EFG, and complete the parallelor 


- gram BRLC; and because each of the. angles BAK, AKB, is 


given, the triangle ABK is. given * in species; therefore the 
ratio of AB to BK is bial and because, 3 ne hypothesis, i 


% 


| EF is given. 


‘thus: take the straight line MN given fa 


EB it; therefore LL is’ given *: and 
; . because the ratio of BC to FG B 
is given, make’ the ratio of L toK —— 


DATA: alg 


the ratio of the parallelogram AC to’ EG is given, and’ that AG 


is equal» to BL; therefore the ratio of BL to EG is given: and b 35. 1. 


because BL is equiangular to EG, and; by the hypothesis, the 

ratio of BC to FG is given ; therefore © the ratio of KB to EF is c 65. dat. 
given, and the ratio of KB to BA is AK DL 

given ; the ratio therefore 4 of AB to a d 9, dat. 


- The ratio of ABto EF may be found B 


in position and magnitude ; and make F 

the angle NMO equal to the given G., 
angle BAK, and the angle MNO equal 

to the given angle EFG or AKB: and oO 

because the parallelogram BL is equiangular to EG, aia has a 

given ratio to it, and that the ratio of BC to. FG is given; find 

by the 65th dat. the ratio of KB to EF ; and make the ratio of 
NO to.OP the same with it: then the ratio of AB to EF is the 

same with the ratioof MO to OP: for since the triangle ABK 

is equiangular to MON, as AB to BK, sois MO to ON: and as 


Cc 
N 
- 


«KB to EF, so is NO-to OP; hati ex panel as ABjto EF, 


so is MO to-OP. 


PROP. LAVA. ix be es 7, 


IF the sides of two equiangular parallelograms have See N. 
given ratios to one another; the parallelograms shall 


2 have a given ratio to one another. 


Let ABCD, EFGH be two equiangular nscailercandiits and let 
the ratio of AB to EF, as also‘the ratio of BC to FG, be given ; ; 
the ratio of the parallelogram AC to EG is given. 

Take a straight line K given in: peeanitude, oy because the 


ratio of AB to EF is given, make A. . H 


the ratio of K to L the same with A a 


oN 


_M the same: therefore M is L 
-given*: and K is. given, where Mi ee 

dore > the ratio‘of K to M is given: but the pavaliblonratn: AC ‘is b 1. dat, 
to the ie am EG, as the straight’ line K to the Straight . 


\ 


420 


‘< lelog: ams. may be found when. as ratios ms chr sides are given. 4 
; ay 


70. 


- See Note. 


given, 


“MO to.Q, + y 


» to ON; and as °BA. to EF, so. is N\) to Py _ wherefore, EX 


. fore» the ratio of BK to EF is K° A ED EH 


-FGis given; andthe an. le KBC,, 


-NO to P the same ; also make the ratio of P to Q the same with ; 
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tine M, a9 is demonstrated in the 23d prop. OF ‘Bi 6, Elem: there a 
fore the ratio of AC to EG is given,” 3 
From: this it is plain how the ratio of two equiangular parale © 


~~ ~. ! 
, Roll ae 
x23 : ‘ : PRS ay en | 
Bs, 


* - 


PROP. LXV. 


IF the sides of two parallels which Habe’ ¢ un- . 
equal, but given. angles, have given’ ratios to one» i” 
another; the perletcnman ts shall hays: a given. 1 ratio ee: 
to one beak a Loh Mg $a) 4 | 


wy 
ay ‘ 


- 


FdiSecas ewes ipsvallelinepaiale ABCD, EFGH, which have the given 
unequal angles ABC, EFG have the ratios of their sides, viz. of 
AB to EF; and of BC to FG, given; the’ ratio of the parallelo- El 
gram AC to EG is‘given. ~ “ 

Atthe point B of the straight line BC fiat the angle CBK ~ 
equal’to the given angle EPG, and complete the parallelogram a 
KBCL: and because each of the angles BAK, BKA is” given, | x 
the triangle ABK is given * in species: theréfore the ratio of | 
AB to BK is given; and the ratio of AB to EF is given, where- 4 


given: and the ratio of BE to - ‘ 


is’ equal tothe angle EPG; B re 
theretore® the ratio of the pa- |) _ 7 


rallelogram KC to EG is given: — | 
but KC is equal * to AC; there-" eee | 
fore the ratio of AC to: BGUisi i 577 oq Ov P Q _- Cc ; 
The. ratio of the patallelogvane AC to EG may. be Grind = a 
thus: -take the straight lineyMN given in position and | magnie ~ 
tude, and make the angle MNO equal to-the.given angle KAB, — ~ 
and the angle NMO_ equal to. the. given: angle AKB, or FEH = os 
and because the ratio of AB to KE ds given, make the ratio of © 


the given ratio of BC to F GC, the parallelogram, AC is to eS as 
Because the shite KAB is equal to the angle. MNO; and 

the angle AKB equal to the angle NMO; the: triangle: AKB a 

is eyuiangular to NMO: therefore as KB .to Bhs sois MO |— 


zquali, as KB to EF; so.is MO to P: and BC is to #G; as Pe 2 | 


SW aE a al I ee ee ORC nae bo ecu 


4 


. the angles AGC, DHF yor their equals, the angles KBC, LEF 


£ 


“DATA. one. ; 421 
to Q; and) the pai witajeaie KC, EG are. equiancular; there- 
fore, as'was shown in prop. 67, ene parallelogram KC, that is, 
fee is'to EG, as MO to Q. 

2 en 8 2 two triangles, ABC, DEF have two equal angles, 71, 
or two unequal, but given angles, ABC, DEF, and if the ratios 


of the sides about these angles; viz. © A GooDse H 


the ratios of AB to DE, and of BC” 

to EF be given; the triangles: shall. 

have a given ratio to one another. Ny 
_ Complete the pavallelograms BG, A ime : Bo) oF 

EH: the ratio of BG to EH is gi- aii 

ven *; and therefore. the triangles Lane are thes halves » of 5.67. or. ox 

them have a given © ratio to one another. © b 34. 7 
Cor: 2, Ifthe bases BC, EF of two triangles ABC, DEF have. obs. 5, 

a given ratio to one: ‘another, and if also the straight lines AG, 72, 

DH which are drawn to the bases from. the opposite angles; — 

either in equal anyles, or unequal, but giyen angles. AGC, 

DHF have a given ratio toone’ K A | SD 

another; the triangles shall have | 

a given ratio to one another. 
- Draw BK, EL parallel to AG, Hs: : 

DH and complete the parallel- BG 1c: EH F 

ograms KC, LF. And because. 


are either equal, or unequal, but given; and thatthe ratioof AG. 
to DH, that is, of KB to LE, is given, as also the ratio. of BC to 
EF; therefore? the ratio of ‘the parallelogram KC to LF vis gis a 67, or 
ven; wherefore also the ratio of the seanile ABC) to DEF is 68. dat. 
given?) tts, db i 5. 


¥ 


\ ke 


ea Oar eieiotnts Rena 61, 
IF a atalstogeem which rat a given angle be ap. 
plied to one side of a rectilinéal figure given’ in spe- 


cies; if the fizure have a given ratio to the. parelelo- 


| gram, the ‘parallelogram | is sails in specics, 


Let ABCD be a fbectili cual figure. given in, speties; sath to.one 
side of it AB, let-the parallelogram ABEF, having the. given 


“aigle ABE, be applied; if the figure ABCD) have a. given ratio 
- to the pad ‘corey head te aercaalg Phas is os in 


ba: ge ee 
* oe, £4 ; - ° a he 4 a 
4 3 ~ gegy & i t 5 bt ‘Cy ra tS ; sf ae 
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‘a 3. def. 


b 53. dat. 


ec 9. dat. 
d 35. 1, 
e1. 6, 


BEETS 


Throweh the point A draw AG parallel to. BC,: inh throuch ; 
the point C draw.CG parallel to AB, and produce GA, CBito | 


the points H, K: because the angle ABC: is. ‘given 3, anus the @ 
ratio of AB to BC is given,‘the figure ABCD being given ?in a 
species; therefore, ‘thé parallelogram BG is given ? im species: © 
And because: upon the same straight line AB the two rectilineak 7 
figures. BD, BG given in species are described, the ratioof BD 
to BG is given »; and, by hypothesis, the ratioof BD to the | 


parallelogram BP’is given; wherefore ¢ the ratio of BF, that is 4, 


ofthe parallelogram BH, to BG is given, and therefore ¢ the da 


tio of the straight line KB to- BC is given; ‘and the ratio of BC 4 


to BAis given, wherefore the ratio of KB to BA is given %: and 


because the angle ABC is given, the adjacent angle ABK is gi- 


ven; andthe angle ABE is ‘given, ‘therefore the remaining angle | 


KBE is given. . The angle EKB is also givenybecause itis equal 
to the angle ABK; therefore the triangle BRE is given in spe= | 
cies, and consequently the . ratio ns EB to BK is given; paces the 4 
ratio of KB to BA is given, 


LN La 


a 
O' 
a 


wherefore’ the ratioof EB=) .. } . | 
to BA is given; and thean- | Grp C ‘ if 
gle ABE as given,there-. 0 407 9) 0! SL—_+. 
fore the pavallelogram BF : M 
‘is given in Species. \ PAE Bo 

A parallelogram similar fr > mS a4 
to BP may ‘be found thus: i i TP E sae Q a 


take a straight line LM gi- 


ven in position and magnitude; and because the angles ABK, 


ABE are given, make‘the angle NLM: ¢qual to ABK, and the 
angle NLO equal to ABE. And because the ratio of BF to BD 
is given, make the ratio of LM to P the same with it; and be- 
cause the ratio of the figure BD to BG is given, find this ratio by 


the 53.dat.and make the ratio of P.to. Q the same. Also, be- 7 
cause the ratio of CB to BA is given, make the ratioofQtoR 
the same; and take LN equal to R; through the point M draw” 
OM parailelto»LN, and complete, the pareilcioprem NLOS;then  — 


this is similar to the par allelogram, BF. : 

Because the angle ABK is equal to NLM, and the angle ABE i 
to NLO, the angle KBE is equal to MLO; and the anglas 
BKE, LMO. are equal, because the’ angle “ABK is equal | ee “4 


NLM; therefore the triangles BBE, LMO are equiangu- a 
lar to! one: another ;. wherefore as BE) to BK, so. ‘is LO to . 


ILM, antl because as the figure BF to BD, so is the straight 
line LM to’ P;and as BD) to BG, sois°P to Q; ex ex equali, 5 
as: BE; that. is M BAL: to BG, ‘so is’ LM’ to Q: but ‘BH is toe oe 
BG, as KB to BC; as therefore KB to BC, so is LM toQ; 
and because BE is to BK, as LO to LM; and as BK to BC, 7 
so is LM to Q: and as BC to BA, so Q was made to R; there- 


> 
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and. the angles ABE, NLO are) equal; therefore the parallelo- / 
gram BF is similar to LS.) Fi exp 
run ¢ wari f 


1 PE: ee 


aid 
i 


figure given in species, and upon the other a paral- 
lelogram having a given angle; if the figure have a 
given ratio to the parallelogram, the parallelogram is 


i 


given in species. (4, 


Let the two straight lines AB; CD have a given ratio to one 


another, and upon AB let the figure AEB given in species be 


described, and upon CD the paraliclogram DF having the given 

angle FCD; if the ratio of AEB to DF be-given, the parallelo- 

gram DF is given in species. : ¥s 
Upon the straight line AB, conceive the parallelogram AG 


to be described similar, and similarly placed to FD; and because 


the-ratio of AB ‘to CD is given, and upon them are described 


A parallelogram similar to FD may be found thus: take a 
straight line H given in magnitude; and because the ratio of 
the figure AEB to I'D is given, make the ratio of H to K the 
same with it: also, because the ratio of the straight line CD to 
ADB is given, find by the 54th dat. the ratio which the figure 


FD described upon CD has to the figure AG described upon 
AB similar to FD; and make the ratio of K to L. the same 


With this ratio; and because the ratios ef H to K, and of K 


fore, ex equali, as BE to: BA, ‘so is LO to R, that is to LN; 


62, 78. 


_ IF two straight lines have a given ratio to one ano- Sce Note. 
ther, and upon one of them be described a rectilineal 


_ the similar rectilineal figures AG, EK re 

FD; the ratio of AG to FD is gi- F Ps 

ven; andthe ratioof FD to AEB | A B : 
is given; therefore » the ratio of a $4, dat. 
AEB to AG is given; and the angle CG D »9. dat. 
ABG is given, because it is equal G 
tothe angle FCD: because there- M hea 
fore the parallelogram AG which i 
has a given angle ABG is applied H KL 
to a side AB of the figure ABB gi- | Eee, 
ven in species, and the ratio of AEB to AG is given, the paral- 
lelogram AG is. given © in species; but FD is. similar. to AG; | 
therefore FD is given in species. c 69, dat, 


‘424, 


b 9, dat. 


81, 


a 67. dat. 
b 17. 6.. - 


c 58. dat. 


d 54, dat. 


e 65, dat. 
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to Lare given, thelratio of H to, L is. given >; : ewites there- a 
fore, as AEB to FD; so is H to K; and. as. FD to. AG, so:is 


“K to L; ex equali, as AEB to AG, so-is H to Li; aici a 
the ratio of AEB to AG, is given ; and the figure AEB is given - | 
in species, and to its side AB the parallelogram AG is applied ~~ 
in the given angle ABG ; therefore by the 69th dat. a parallelo- J 


gram may be found similar to AG: let-this be the parallelogram 


MN ; MN also is similar to FD; for, by the construction, MN’ a? 


is Similar to AG, and AG is similar to FD; ber tes gs: we paral: “eg 
lelogram FDi is similar to MIN 2 hei 2g 


Ns PROP. LXXI. ep este - 


IF the extremes of three proportiensl Leute lines 
have given ratios to the extremes of other three pro- — 
portional straight lines; the means shall also have a — 
given ratio to oneanother: and if one extreme havea | 
given ratio to one extreme, and the mean tothe mean; 
likewise the other extreme anee have to the other a o 
given ratio. | ee 


Let A, B, C be three proportional main lines, and DE, r @ 


three other; and let the ratios of A to D, and of C to F be ‘given ; ‘. 
then the ratio of B to E is also given. : 


Because the ratio of Ato D, as also of C to F is given, the ratio 4 
of the rectangle A, C to the rectangle D, F is given®; but the = 


square of B is equal » to the rectangle A,C ; and the square ofE 


to the rectangle > D, F ; therefore the ratio of the square of B to a 
the square of E is given ; wherefore ¢ also vi ratio of the str ‘aight ia 


line B to Eis given. 

Next, let the ratio of A to D, and of B to E be 
given ; then the ratio of C to Fis ‘also given. 

Because the ratio of B to E is given, the ratio of 
the square of B to the square of Eis given’; there- 
fore > the ratio of the rectangle A, C tothe rectangle, l i 
D, Fis given; and the ratio of the side A to the side © ag 
D is given ; therefore the ratio of the other sideC to. i 
the other F is given ° ae ae 

Cor. And. if the seletviennés! af: ‘ute propartionialsthave to the | 


extremes of four other proportionals given ratios, and one of 


the means a given ratio to one of the means ; the other mean 


shall have a given ratio to the other mean,’ as may peenows 1 in’ y 


the same manner as #63 the foregoing be icy fess 


+ 
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r 


| 1 four stable lines be pr oportionals; as the first 

| is to the straight line to which the second has a given 

| ratio, so is the third to a straight line to which the | 
: 


- fourth has a given ratio. . ' 


Let A, B, C, D be four“ pronevannal straight lines, viz. as 
- Ato B,soC to D; as A isto the straight line to which B has 
a given ratio, sois C to a straight line to which D hasa given 
~ yatio. 
Let E be the seaight line to which B has a given 
ratio, and as B to’ E,.so make D to F: the ratio of - 
| Bto Eis given ®, and therefore the ratio of D to F; | 
and because as A to B, so is C to D; and as B to E | 
so Dto F; therefore, ex xquali, as A to E, sois A B E 
C.D) FB 


€ to F; and E is the straight line to which B has a 
given ratio, and F that to which D has a given ratio; 
therefore as A is to the straight line to which B has 
agiven ratio, so is C to a line to which D ‘has a 
given ratio. 


”“ 


PROP. LXXIIL. | 83. 


pe ee le hla lias ela ilinenainie ei ee ee Ce 


ie ys ane lings be proportionals; as the first See N.. 
| isto the straight line to which the second has a given 
| ratio, so is a straight line to which the third has a 
| given ratio to the fourth, 


Let the straight line A be to B, as C to D} as A to ree 
straight line to which B has a given. ratio, so is a 
straight line to which C has a given ratio to D. 

Let E be the straight line to which B has a given 
tatio, and as B to E, so make F_ to C; because the 
ratio of B to Eis given, the ratio of C to F is gi- B 
ven: and because A is to B, as C to Dj and a» B P the 
to E, so F to C; therefore, ex equaliin proportione : 

_-perturbata*, A is to Ey as F to D; thatis, AistoE | a 23. & 
to which B has a given ratio, as Yr, to pc C has — : 
— a given ela is to ae zs 
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therefore the ratio of twice the rectangle 
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PROP. LXXIV.- 
‘ IF a wiahele have a piven Sonu sols, the exeeue g 
of the square of the side which subtends the obtuse | 


angle, above the squares of the sides. which contain | 
it, shall have a et ralig't to cee tr angle. at 


Let the triangle ABC Reos a given dabitisét anigle’ ABE; sand 
produce the straight’ line CB, and from the point A draw: AD 


perpendicular to BC: the excess of the square of AC above the a 
‘squares of AB, BC, that is *, the double of the rectangle: contain- 4 


ed by DB, BC, has a siven ratio to the triangle ABC.° > © hat 


Hecsuse the angle ABC is given, the angle ABD is ‘also’ gi. a 
ven ; and the angle ADB is’ given; wherefore the ‘triangle q 
ABD is given P in species; and therefore the ratio of AD to 


DB is given: and as AD to DB, so is © the rectangle AD, 


BC to the rectangle DB, BC}; wherefore the ratio of the rect- © 


angle AD, BC to ‘the rectangle DB, BC is Late as alse the | 
ratio of twice the: rectangle DB, BC to the A EB. ? 

rectangle AD, BC : but the ratio of the rect- 
angle AD, BG to the hgh ABC is gi- 
ven, because it is double * of the triangle ; 


DB, BC to: the triangle ABC is given ©; 
and twice the, rectangle DB, BC is the ex- D B 


2 ya 
test 


cess * of the square of AC above the squares of AB, BC; 5 there- ; 


fore this excess has a given ratio to the triangle ABC, 
And the ratio of this excess to the triangle ABC may be found. 


thus: take a straight line EF given in position and magnitude ; a 
and because the angle ABC is given, at the point F ofthe straight © 
line EF, make the ‘angle EFG: equal to the angle ABC; preduce 
GP, and draw EH perpendicular to PG: then the ratio of the ex- 4 
cess of the square of AC above the squares of AB, BC to the tri- 


angle. ABC, is the same: re tee ratio of rey the straight 


Jing HF to HE. = fae - 


Because the abele ABD is. hia) to. the angle EFH, and © 


the angle ADBato EHF, ‘each being a right angle ; the tri- a 
angle ADB is equiangular to EHF ; therefore ‘as’ BD toDA, . 
g Cor,4.5 so FH to HE ; and as quadruple of BD to DA, sovis ® qua- © 
“druple of FH to HE: but as twice BD isto DA, so is twice 


the rectangle DB, BC to the rectangle AD, BC; ‘and as DA 
to the half of it, so is» thet réctanele AD, BC to its half o 
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triangle ABC ; thetefone, ex equaliy a as nice BD i is to the. half 
| of DA, that is, as quadruple. of BD isto DA, that is,,.as.qua- 
| druple of FH to HE, so is twice the rectangle DB, BCcto the 
- triangle HAG 


PROP.LXXW!) on 


IF a eee have’a given acute angle, the space by 
which the square of. the side subtéiding the acute 
angie is less than the squares of the sides which con- 
‘tain it, shall have a given ratio to the triangle. 


‘Let the triangle ABC have a given acute angle ABC, and row 
AD perpendicular to BC, the space, by which the square of AC 
is less. than’ the squares of AB, BC, that is *, the double of: the a 13. 2 
rectangle contained by fo BD, has a given ratio to the friangle, 
ABC, 
Because the. angles ABD, ADB sare cach of them given, 
the triangle ABD is given in species; and therefore the ratio 
of BD to DA is given: and as BD to DA, A 
so is the rectangle CB, BD to the rectangle 
CB, AD ; therefore the ratio of these rect- 
angles i is given, as also the ratio of twice the 
rectangle CB, BD tothe rectangle CB, AD ; 
but the rectangle CB, AD has a given ratio soi : 
to its halfthe triangle ABC; therefore >the B D C p9. dat. 
’ fatio of twice the rectangle CB, BD.to the triangle ABC is given; 
and ‘twice the rectangle CB, BD is ®* the space by which the 
square of AC is less than the squares of AB, BC; therefore the 
ratio of this space to the triangle ABC is given: and ee ratio 
may be found as in the preceding proposition. 


LEMMA. 


IF from the vertex A of an isosceles tr iangle ABC; any straight 
line AD be drawn to the base BC, the square of the side AB is. 
equal to the rectangle BD, DC of the segments of: the base to- » 
gether with the square of AD; but if AD be drawn to the base 
produced, the square of AD is equal to the rectangle BD, De 

together with the square of AB. 
Casze 1. Bisect the base BC in Ey and A 


i 


a 


, join AE which will be perpendicular * ‘to 28.1 
A he: wherefore the square of AB is equal oe ates 
db to the squares of AE, EB; but the square Ces 
of EB is equal © to the. rectangle BD, DC Ge Ye 


together with the square: of DE; there- — - . 
ee fore the square of AB is equal to the D&B “6 Aen, © 


“4 BS 
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» 47,1, squares of AE, ED, that is, to > the square of AD, together with — : 
"the reetangle BD, DC; the other case is shown in the same way 

by 6, Ze Elem. ; . Be k ha ; Me / 

of. | «> 4, PROPLELAKME: 

_ TF a triangle haye a given angle, the excess of the ~ 
square of the straight line which is equalto the two | 
sides that contain the given angle, above the square ~ 
of the third side, shall have a given ratio to the triangle, 


Let the triangle ABC have the given angle BAC, the excess ~ 
of the square of the'straight line which is equal to BA, AC to- 7 
gether above the square of BC, shall have a given ratio to the 
triangle ABC. oe | a 
- Produce BA, and take AD equal to AC, join DC and pro- ¥ 
duce it to E, and through the point B draw BE paraliel to AC; | 
join AE, and draw AF perpendicular to DC; and because 
AD is equal to AC, BD is equal to BE: and BC is' drawn © 
from the yertex B of the isoscéles triangle DBE; there- | 
fore, by the lemma, the square of BD, that is, of BA and 
AC together, is equal to the rectangle DC, CE together with — 
the square of BC ; and, therefore, the square of BA; AC toe ~7 
gether, that is, of BD, is greater than D 
the square of BC by the rectangle DC, 
CE;_and this rectangle has a given 
ratio to the triangle ABC: because 
the angle BAC is given, the adjacent 
angle CAD is given; and each of the 
angles ADC, DCA is given, for each 
a5.& 32° of them is the. half of the given angle G 
‘. BAC; therefore the triangle ADC is 
b 43. dat. given> in species; and AF is drawn a 
* from its vertex to the base in a given. % i 
e §0,dat. angle; wherefore the ratio of AF to the base CD is given“; and 
d 1.6, as CD to AF, so is“ the rectangle DC, CE to the rectangle-AF, . 
e41,1, CE; and the ratio of the rectangle AF, CE to its half *, the tri- — 
angle ACE, is given; therefore the ratio of the rectangle DC, 
£37.1, CE to the triangle ACE, that is‘, to the triangle ABC, is givety  ~ 
= 9,dat, * and the rectangle DC, CE is the excess of the square of BA, 
AC together above the square of BC: therefore the ratio of this 
excess to the triangle ABC is given. . y 2 # 
The ratio which the rectangle DC, CE has to the triangle 
ABC is found thus; take the straight line GH given in posi-_ 
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tion and magnitude, and at the point G in GH make the angle 
HGK equal to the given angle CAD, and take GK equal to 
GH, join KH, and draw GL perpendicular to it: then the ratio 
of HK to the half of GL is the same-with the ratio of the rect- 
angle DC, CE to the triangle ABC: because the angles HGK, 
DAC at the vertices of the isosceles. triangles GHK, ADC are 
equal to one another, these triangles are similar ; and because 
GL, AF are perpendicular to the bases HK, DC, as HK to GL, 
so is* (DC to AF, and so is) the rectangle DC, CE to the rect- 
angle AF, CE; but as GL to its half, so is the rectangle AF, 
CE to its half, picts is the triangle ACE, or the triangle ABC ; 
therefore, ex xquali, HK is to the half of the straight line Gi; 
as the rectangle DC, CE is to the triangle ABC. 

Cor. And ifa triangle have a given angle, the space by which — , 
the square of the str aight line which is the difference of the 
sides which contaitf the given angle is less than the square of 
the third side, shall have a given ratio to the triangle. This is 
demonstrated the same way as the preceding proposition, by 
help of the second case of the lemma. 


PROP. LXXVII. ‘ 


IF the perpendicular drawn from a given angle of see Note. 
a triangle to the opposite side, or base, have a given 
ratio to the base, the triangle 1 is given in species. 


Let the triangle ABC have the given angle BAC, and let the 
perpendicular AD-drawn to the base BC have agiven ratio: to 
it, the triangle ABC is given im species. 
* If ABC be an isosceles paanetss it is evident ® that if, any : $+ & Se. 
re : ' 
N oe K 
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~ 
~ ene of its angles be given;'the rest are also given ; 3. and there- 


fore the triangle is given in species, without the consideration 


of the ratio of the perpendicular to the base, which in this case 

» is given by prog. 50. 2 

--- But when ABC is not an isosceles triangle, take any straight 
line EF given in position and magnitude, and upon it describe 
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b 2. dat. 


c 30. dat. 


a 31, dat. 


e 28. dat. 
£ 29. dat. 
g 42. dat. 
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the serment of a circle EGF’ containing an. angle equal to the 
given angle BAC, draw GH bisecting EF at right angles, and 
join EG, GF: then, since the angle EGF is equal to the angle 
BAC, and that EGF is an isosceles triangle, and AB©: is. not, 
the angle FEG is not equal to the angle CBA: draw BL mak+ 
ing the angle FEL equal to the angle CBA ;> join FL, and 
draw LM perpendicular to EF ; then, because the triangles ELF; 7 
BAC are equiangular, as also ate cthe triangles*MLE,/ DAB, | 
as ML to LE, sois DA to AB; and as LE to EF, sois AB to 
BC; wherefore, ex equali, as: LM to EF, so is AD ‘to BC; 4 
and because the ratio of AD to BC is given, therefore the ratio 


of LM: to EF is given; and EF isgiven, wherefore > 4M also a 


is given. Complete the parallelogram LMEFK ; and becauseLM | 
is given, FK is given in magnitude; itis also given in position, 
and the point F is given, and consequently © the point K ; and be- 
cause through K the straight line KL is drawn parallel to EF 
which is ‘given in’ position, therefore 4 KL is given in position: 


. Nea xk 
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and the circumference ELF is given in position; therefore the 
point L is given®. And because the points L, E, F, are given, — 
the straight lines LE, EF, FL, are given * in magnitude; there- | 
fore the triangle LEF is given in species. §; and the triangle — 
ABC is similar to LEF, wherefore also ABC is given in species. 
Because LM is less than GH, the ratio of LM to EF, that is, 
the given ratio of AD to BC, must be less than the ratio of GH | 
to EF, which the straight line, inasegment of acirclecontain- 
ing an angle equal to the given angle, that bisectsthe base of 
the segment at right angles, has unto the base. coe 
Cor. 1. If two triangles, ABC, LEF have one angle BAC 


- equal to one angle ELIT’, and.if.the perpendicular AD be to the 


base BC as the perpendicular LM’to the base EF, the triangles 
ABC; LEP dre vsrniplar. 26.44 age if 42 Sobeeagey: 

Describe thei@ircle EGF about the triangle BLF, and draw 
LN parallel to EF, join EN, NF, and draw NO perpendicu- 7 
lar to EF; because the angles ENE, ELF.are equalyandthat | 


a 
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the angle EFN is equal to- the alternate angle FNL, that is, to 


the angle FEL in the same segment; therefore the’ triangle 
NEF is similar to LEF; and in the segment EGF there can be 
no other triangle upon the base EF, which has the ratio of its 
perpendicular to that base the same with the ratio of LM or NO 
to EF, because the perpendicular must be greater or less than 


- LM or NO; but, as has been shown in the preceding demon- 
stration, a triangle Similar to ABC can be described in the seg- 


ment EGF upon’ the base EF, and the ratio of its perpendicular 
to the base is the same, as was there shewn, with the ratio of 
AD to BC, that is, of LM to EF; therefore that triangle must 
be either LEF, or NEF, which therefore are similar to the tri- 


Cor: 2: Ifa triangle ABC have a siven angle BAC, andif the 


straight line AR drawn from the given angle to the opposite 
side BC, ina given angle ARG, have a given ratio to BC, the tri- 


-angle ABC is given in species. ; 


‘Draw AD. perpendicular to BC ;. therefore the triangle ARD 
is given in species ; wherefore the ratio of AD to AR is given: 
and the ratio of AR to BC is given, and,consequently ® the ratio 
of AD to. BC is given; and the triangle ABC is therefore given 
in species *. Amy | 

Cor. 3. If two triangles ABC, LEF. have one angle BAC 
equal to one angle ELF, and if straight lines drawn. from’ these 


angles to the bases, making with them given and equal angles, 


have the same ratio to the bases, each'to each;*then the trian- 


_ gles are similar ; for having drawn perpendiculars to the bases 


from the equal angles, as one perpendicular is to its:base, so is 
the other to its base *; wherefore,, by Cor, 1, the triangles are 
similar. a Ret Nabhan TS BN :. fois 

» A triangle ‘simila¥ to ABC may be found thus: having de- 
scribed the segment EGF, and drawn the straight line GH, as 
was directed’ in the proposition, find FK, which has to EF the 
given ratio of AD to BC ; and: place PK at right angles to EF 
from the point F ; then because, as has been shown, the ratio 
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ef AD to BC; that isof FK to EF, must be‘less than the ratio of - 
GH to EF; therefore FK is Jess than GH; and consequently 


the parallel to EF, drawn through the point K, must. meet the 


“circumference of the segment in two points: let L. be either of 


them, and join EL, LF, and draw LM perpendicular to EF: 


aM then, because'the angle BAC is equal to the angle ELF, and that 
Be 
- milar to the triangle LE, by Corel. > Re race 


AD is to BC; as KF, that is LM, to EF, the triangle ABC is si- 


F é 
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e 77, dat. 


the given ratio of the rect- © 
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PROP. LXXVUI. oa 


IF a triangle have one angle given, and if the ratio : | 
of the rectangle of the sides which contain the given | 
angle to the square of the third side be given, the 


triangle is given in species. 


~ 


Let the triangle ABC have the given angle BAC, and let 


the ratio of the rectangle BA, AC to the square of BC be ‘gi- i 


ven; the triangle ABC is given in species. : 


From the point A, draw AD perpendicular to BC, the rect- “? 


angle AD, BC‘has a given ratio to its half *, the triangle ABC ; a 7 


and because the angle BAC is given, the ratio of the triangle 


ABC to the rectangle BA, AC-is given»;-and by the hypo- 
thesis, the ratio of the rectangle BA, AC to the square of BC is 
given ; therefore © the ratio of the rectangle AD, BC to the 


square of BC, that is 4, the ratio of the straight line AD to BC © A | 


is given; wherefore the triangle ABC is given in.species®. 
A triangle similar to’ ABC may be found thus: take -a 
straight line EF given in position and magnitude, and make 


the angle FEG equal to the given angle BAC, anddraw FH 


perpendicular to EG; and BK perpendicular to AC; therefore 
the triangles ABK, EFH MO gets 

are similar, and the rect- A 

angle AD, BC, or the iz ieee 
rectangle BK, AC which 


is equal to it, is to the De O & oe 
rectangle BA, AC, as the | fg ashe 
straight line BK to BA, “~ -- at ae 
that is, as FH to FE. Let B D N Cc F G 


\ 


angle BA, AC to the square of BC be the same with the ratio of 
the straight line EF to FL; therefore, ex quali, the ratio of the 
rectangle AD, BC to the square of BC, that is, the ratio of the 
straight line AD to BC, is the same with the ratio of HF to FL; 


and because AD is not greater than the straight line MN in the. 
segment of the circle described about the triangle ABC, which 
“bisects BC at right angles; the ratioof AD to BC, that 1s, of 


HF to FL, must not be greater than the ratio of MN to BC: 


Jet it be so, and, by the 77th dat. find a triangle OPQ. 


which has one of its angles POQ equal to the ‘given 
angle BAC, and the ratio of the perpendicular’ OR, 
“drawn from that angle to the base PQ the same. with the 


ratio of HF to FL; then»the triangle ABC is similar to >| 


- 
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OPQ: because, as has been shown, the ratio of AD to BC is 
the same with therratio of (HF to FL, thatis, by the construc- 
tion, with the ratio of) OR to PQ; and the angle BAC is 
equal to the angle POQ; nets the mst ABC is similar ‘ f 1, Cor. 
to the cna POQ. 7 | 77, date. 


Otherwise, 


Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the att of BC be given; 


~ the triangle ABC is given in species. — 


Because the angle BAC is given, the excess of the square 
of both the sides BA, AC together above the square of the 
third side BC has a given * ratio to the triangle ABC. Let the a 76. dat. 
figure D be equal to this excess; therefore the ratio of D to 
the triangle ABC is given: and. the ratio of the triangle ABC 


. tothe rectangle BA, AC is given >, because BAC isa given b Cor. 62. 


angle ; and the rectangle BA, AC bias ae dat. - 

a given ratio to the square of BC: A. 

wherefore © the ratio of D to the square D jc 10. dat. 
of BC is given; and by composition 4, d 7. dat. 


the ratio of the space D together with 
the square of BC to the square of BC B C 
is given; but D together with the square of BC is equal to the 


~ square of both BA.and AC together; therefore the ratio of the 


square of BA, AC together to the square of BC is given; and the 

ratio of BA, AC together to BC is therefore given ©; and the e 59. dat. 

angle BAC is given, wherefore * the triangle ABC is given in f 48. dat. 

species. 
The composition of this, which depends upon those of the 


_ 76th and 48th propositions, is more complex than the preced- 


ing REPL which depends upon that of prop. 77, which 
is easy. } 


PROP. LXXIX, . K, 


IF a triangle hate: a given angle, and if the straight See Note. 


_ line drawn from that-angle to the base, making a 


given angle with it, divide the base into segments 
which have a given ratio to one another ; the triangle 
is given in species. 


Let the triangle ABC have the given sige BAC, and let 


f - the strairht line AD drawn to the base BC making the given . 


angle ADB, divide BC into the segments BD, DC which have 
3] 


g 43. dat. 


"each of the angles BED, BEC is given; 


ven; and the triangle AEC is therefore © 


ner i ahi 


& 
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a given ratio to-one another ; ; the triangle ABC. is éiven: in P. 


species. 


Describe * the ‘ivele BAC about the sriabaen: and from its | 
centre E, draw EA, EB, EC, ED because the angle BAC is © 


given, the angle BEC at the centre, which is the double » of it, 
is given. And the ratio of BE to EC is given, because they 
are equal , to oné another; therefore ©° the triangle BEC is © 
given in species, and the ratio of EB to BC is given; also the _ 
ratio of CB to BD is given, because the ratioof BD to DC — 
is given; therefore the ratio of EB to BD is given *, and the 
angle EBC is given, wherefore the triangle EBD is given © 
in species, and the ratio of EB, that is, of EA to ED, is there- 


fore given; and the angle: EDA is given, because each of the - : 


angles BDE, BDA is given; therefore the Sener AED is . 5 
given‘ in species, and the angle AED gi- en 
ven: also the angle. DEC is given, because — 


therefore the angle AEC is given, and the 
ratio of EA to EC, which are equal, is gi- 


given ® in species, and the angle ECA gi- - 


ven; and the angle ECB is given, wherefore the angle ACB is qi 


given, and the angle BAC is also given ; ; therefore § the triangle 
ABC 1 is given in species. - 


A triangle gimilar to ABC may be found, by taking a straight a 


line given in position and magnitude, and dividing it in the 
given ratio which the segments BD, DC are required to have 

to one another; then, if upon that straight line a segment of a 
circle be described containing an angle equal to the given angle 


BAC, and a straight line be drawn from the point of division in ~ 4 


an angle equal: to the given angle ADB, and from the point 4 | 


where it meets the circumference, straight lines be drawn.to 


the €xtremity of the first line, these, together with the first line, 


shall contain a triangle similar to ABC, as may easily be shown. 4 . 
- The demonstration may be also made in the manner of that a 


of the 77th prop. and that of he 7 7th may be made | in the man- 


he 
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- IF the sides about an angle of a triangle have a 
given ratio to one another, and if the perpendicular 
a drawn. from that angle to the base have a given ratio“ 
to the base ; the triangle is given in species. 


_. Let the sides BA, AC, about the angle BAC of the triangle 
_ ABC have a given ratio to one another, and let the perpendicu- 
| Jar AD havea given ratio to the base BC; the triangle ABC is 
given in species. 
First, let the sides” AB, AC ie omnis) to one another, theres 
fore the perpendicular AD bisects® thebase. 1 0A a 26, 1, 
BC ; and the ratio of AD to BC, and there- Ae iat 
fore to its half’ DB, is given; and the angle 
. ADB is given ; Wherefore the triangle* ABD, ; 
and consequently tis er ABC, is piven B D ‘ c > 44, dat. 
in species. 
But let the sides be’ nequal, col BA be greater than AC; 
and make the angle CAE, equal to the angle ABC; becande 
the angle AEB is common to the triangles AEB, CEA, they 
are similar; therefore as AB to BE; so is CA, to AF, and, by 
“permutation, as BA to AC, so is’ BE to EA, ‘and so is EA 
to EC; afd the ratio of BA to AC is given, therefore the 
- ratio of BE to EA, and the ratio of EA to EC, as also the 
ratio of BE to EC is given ©; wherefore the ratio ef EB toc9. dat. 
BC is given *; and the ratio of AD to BC i Ad 6, dat. 


| is given by the hypothesis; therefore © the 2 
| -yatio of AD to BE is given; and the ratio | 
of BE to EA was shown to be given ; where- . 


fore the ratio of AD to AE is given, and BoP EG E D : 
ADE is a right angle, therefore the triangle 
ADE is given® in species, and the angle AEB given; the ra-e 46, dat: 
tio of BE to EA is likewise given, therefore » the triangle ABE 
is given in species, and consequently the angle EAB, as also 
the angle ABE, that is, the angle CAE, is given ; therefore the 
angle BAC is given, — the angle ABC being also given, the 
. triangle ABC is given fin species, - £43, dat. 
How to find a triangle which shall have the things which 
are mentioned to be given in the proposition, is evident: in 
| the first case; and to find it the more easily in the other 
 @ase, it is to be observed that, if the straight line EF equal te 
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EA be placed in EB towards B, the point F divides the base 


BC into the segments BF, FC which have to one another the | 


ratio of the sides BA, AC, because BE, EA or EF, and 


EC were shown to be proportionals, therefore * BF is to FC | 
as BE to EF, or EA, that is,as BA to AC; and AE cannot | 


be less than the altitude of the triangle ABC, but it may be 


equal to it, which, if it be, the triangle, in this case, as also ~ 
the ratio of the sides, may be thus fouhd: having given the 


ratio of the perpendicular to the base, take the straight line 
GH given in position and magnitude; for the base of the tri- 
angle to be found; and let the given ratio of the perpendicu- 
lar to the base be that of the straight line K to GH, that is, let 


K be equal to: the perpendicular; and suppose GLH. to be the 


triangle which is to be found, therefore having made the angle 


HLM equal to LGH, it is required that LM be perpendicular to. 


GM, and ¢qual to K; and because GM, ML, MH are propor- 
tionals, as was shewn of BE, EA, EC, the rectangle GMH is 
equal to the square of ML. Add the common square of NH, 


(having bisected GH in N), and the square of NM is equal $ to | 


the squares of the given straight lines NH and ML or K 3 there- 
fore the square of NM and its side NM, is given, as also the 


point M, viz. by taking the straight line NM, the. square of — 


which is equal,to the squares of NH, ML: Draw ML equal to 


K, at right angles to GM; and because ML is. given in position 


and magnitude, therefore the point L.is given, join LG, LH; 
then the triangle LGH is that which was.to be. found, for the 


square of NM is equal to the squares of NH and ML, and taking | 


away the common square of . . _ 

NH, the rectangle GMH is) K re) a Beene S 
equal & to the square of ) see 
ML: therefore as GM to 2 ai eae 
ML, so is ML to MH, and AO NAL be | 
the triangle LGM is ® there- 

fore ‘equiangular to HLM, 1 phic tay 
and the angle HLM equaltoG -NQ HM PP... 


i 
3 


the angle LGM, and the straight line LM, drawn from the 


vertex of the triangle making the angle- HLM equal to LGH, is 
perpendicular to the base and equal ta the given straight line K, 


as was required; and the ratio of the sides GL. LH is the same 


with the ratio of GM to ML, that is, with the ratio of the 
straight line which is made up of GN the half of the given base 
and of NM, the square of whichis equal to the squares of GN 
and K, to the straight line K. 2 hed ape 

And whether this ratio of GM to ML be greater or. less 
than the ratio of the sides of any other triangle upon the bas¢ 
GH, and of which the altitude is equal to the straight line K, 


~ 


5 
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that is, the vertex of which is in the parallel to GH drawn 
through the point L, may be thus found. Let OGH be any 
such triangle, and draw OP, making the angle HOP equal to 
the angle OGH; therefore, as before, GP, PO, PH are pro- 
portionals, and PO cannot be equal to LM, because the rect- 
angle GPH would be equal to the rectangle GMH, which 
is impossible; for the point P cannot fall upon M, because O 
would then fallon L; nor can PO be ‘less than LM, therefore 
it is greater; and consequently the rectangle GPH is greater 
than the rectangle GMH, and the straight line GP greater 
than GM: therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the square of GM to 
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the square of ML is therefore’ greater than the ratio of the i 2. Cor. 


square of GP to the square of PO, and the ratio of the straight 20. 6. 


line GM to ML, greater than the ratio of GP to PO. But as 
GM to ML, so is GL to LH; and as GP to PO, so is GO to 
OH; therefore the ratio of GL to LH is greater than the ratio 


— of GO to OH; wherefore the ratio of GL to LH is the greatest 
- ofall others; and consequently the given ratio of the greater 


side to the less, must not be greater than this ratio. 

But ifthe ratio of the sides be not the same with this great- 
est ratio of GM to ML, it must necessarily be less than it: 
let any less ratio be given, and the same things being suppo- 
sed, viz. that GH is the base, and K equal to the altitude of 
the triangle, it may be found as follows. Divide GH in the 
point Q, so that the ratio of GQ to QH may be the same 
with the given ratio of the sides; and as GQ to QH,so make 


GP to PQ, and so will’ PQ be to PH; wherefore the square f 19, 5. 


of GP is to, the square of PQ, asithe straight line GP to 
PH.: and because GM, ML, MH are proportionals, the square 
of GM is to the square of ML, as‘ the straight line GM. to MH + 
but the ratio of GQ to QH, that is, the ratio of GP to PQ,: 
isless than the ratio of GM to ML; and therefore the ratio 
of the square of GP to the: square of PQ is less than the ratio 
of the square of GM to’ that of ML; and consequently the 
yatio of the straight line GP to PH is less than the ratio of 


GM to MH; and by division, the ratio of GH to HP is less - 


than that of GH to HM; wherefore’ the straight line HP is k 10. 5, 


greater than HM, and the’rectangle GPH, that is, the squire 
of PQ, greater than the rectangle GMH, that is, than the, 
square of ML, and the straight line PQ is therefore greater 
than ML. Draw LR parallel to GP, and from P draw PR at 
right angles to GP: because PQ is greater than ML or PR’ 
the circle described from the centre P, at the distance PQ, 
must necessarily cut LR in two points; let these be O, S, and 


ag 
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join OG,OH; SG, SH: each of the: ‘triangles OGH, SGH — 
has. the things mentioned to be given in the proposition : 
jom OP, SP; and because as GP to PQ, or PO, so is PO 
to PH, the triangle OGP is equiangular to HOP } as, there- 
fore, OG to GP, so is HO to OP; and,’ by permutation, as 
GO to OH so is GP to PO, or PQ: ail so is GQ to QH: 


‘therefore the triangle. OGH has the ratio of its sides GO, OH 


the same with the given ratio of GQ: to QH: and the perpendi- | 
cular has to the base the given ratio of K toGH, because the 
“perpendicular is equal to LM or K: the like may be shown in 
the same way of the triangle SGH. 

This construction by which the ction tl? OGH is feted ‘is 
shorter than that which would be deduced from the demonstra- 
tion of the datum, by reason that the base GH is given in 
position and magnitude, which: was hot supposed in the de- 
monstration: the same thing is to be observed in the next pro- 
emul ‘ ', \ 


_ PROP. LXXXI. 


IF the sides about an angle of a triangle be une- 
qual and have a given ratio to. one another, and if the 
perpendicular from’ that angle to the base divide it 
into segments that have a given ratio to one another, 
_ the triangle is ahi in SPEEA. a 


. 
ye 


Let ABC be a triangle, the sides of which about the angle 
BAG are unequal, and have'a given ratio to one another, and 
let ty perpendicular AD to.the base BC divide ‘it into the seg-. 
ments: BD, DC, which have’ a: eee ratio to one fro we the 


“ee re 
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,» by permutation, as AB to AC, so BE to a 
_ EA, and sois EA to EC: but the ratio of ps aoa ei 
' BA to AC is given, therefore the ratio : ha 

of BE to EA, as also the ratio of EA to > 


DOR eee ERNE RT ee a 
te 


B DC E b 9. dat, 


EC is given; wherefore » the ratio of c 
BE to EC, as also © the ratio of EC to | Mien. 6. den bis 


CB is given: and the ratio of BC toCD 
is given ¢, because the ratio of BDsto 
_ DCis given; theréfore > the ratio of EC . 
». to CD is given; and consequently ¢ the _ <———~? |. \ SS 
| ‘ratioof DEto EC: andtheratioof EC G | KL. N 
to EA was shown to be given, therefore > the ratioof DEtoEA | 
is given: and ADE isa right angle, wherefore © the triangle © 46. dat. 
ADE is given in species, angi the angle AED given: and the 
ratio of CE to EA is given, therefore * the triangle~ AEC is f 44. dat. 
given in species, and conséquently the angle ACE is given, as v 
also the adjacent angle ACB. In the same manner, because the 
ratio of BE to EA is given, the triangle BEA is given in spe- 
cies, and’ the angle ABE is therefore given: and the, angle 
ACB is given; wherefore the triangle ABC is given & in species, 43. a 
But the ratio of the greater side BA to the other AC must. 
be less than the ratio of the greater segment BD to DC: be- 
cause the square of BA is tothe square of AC, as the squares 
of BD, DA to the squares of DC, DA; and the squares of 
BD, DA have to the squares of DC, DA a less ratio than the © 
square of BD has to the square of DC}, because the square of - 
BD is greater than the square of DC; therefore the square of 
BA has to the square of AC a less ratio than the square of BD 
has to that of DC: and consequently the ratio of BA to AC is 
Jess than the ratio of BD to DC... 
This being premised, a triangle which shall have the things 
mentioned to be given in the proposition, and to which the 
triangle ABC is similar, may be found thus: take a straight 
line GH given in position and magnitude, and divide it in K, 
so that the ratio of GK to KH may be the same with the given 
ratio of BA to AC: divide also GH in L, so that the ratio 
of GL to LH may be the same with thé given ratio of BD to 


d7.dat, | 


i 


+ If A be greater than B, and C any third magnitude; then A and C to- 

- gether have to B and C together a less ratio than A hastoB. 

_ _ Let A be to B as C ta. D, and because A is greater than B, C is greater 
than D: butas Ais to. B, so A and C to B and D; and A and C have to B 
andC a less ratio than A and C have to B and D, because C is greater 

“than D, therefore A andC have to B and C a less ratio than A to B. 
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a 19. 5, 


magnitude, the sides of the gnomon are given in 


2. def. 
2< 2. and 
24. 6, 


b 60, dat. 
c 4, dat. 


at the distance NK, describe a circle, and let its circumference » 


‘fore as oG to GN, so is HO to ON, and, by permutation, as 


nitude be increased by the given gnomon ECBDFG, each of the . i 


is given in magnitude : but AG is also given in species, be- 
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DC, and draw LM at right angles to GH: and becom the | 
ratio of the side of a triangle is less than the ratio of the seg- 
ments of the base, as has been shown, the ratio of GK to KH 
is less than the ratio of GL to LH; wherefore the point L ~ 
must fall between K and H: also make as GK to KH,soGN | 
to NK, and so shall» NK be toNH. Andfrom the centreN, 


meet LM in O, and join OG, OH; then OGH is the triangle - — 
which was to be described: because GN i is to NK, or NO, as 
NO to NH, the triangle OGN is equiangular to HON; there 


GO to OH, so is GN to NO, or NK; that is. as GK to KH, | g 
that is, in the given ratio of the sides, and by the construction, — 


GL, LH have to one another the given ratio of the segments of 
the base. ( | 


"he PROP. LXXXII. 


IF a parallelogram given in species and magnitude sf 
be increased or diminished by a gnomon given in | 


magnitude. He 
First, Let the parallelogram AB given fn species and mag- — 4 
straight lines CE, DF is given. & 
Because AB is given in species and magnitude, and that the 


snomon ECBDFG. is given, therefore the whole space AG 


cause It is Sirmilar ® to AB; therefore the sides of AG are 


given > each of the straight lines AE, AF C Be 
is therefore given; and each of the straight — rk Ce 


lines CA, AD is given », therefore each of 
the remainders EC, DF is given ¢ ! Og 
‘Next, let the parallelogram AG givenin FD. A 
species and magnitude, be diminished by te 
the given gnomon ECBDFG, each of SEZ, © 
straight lines CE, DF is given, 
Because the parallelogram AG is given 
as also its gnomon ECBDFG, the remaining scdeiiey AB is given 


me 
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‘in rmaighitae ‘but it is also given in species; because it is simi- (2. def. 
/ Jar ®'to AG; therefore its sides CA, AD are given, and each of 992 and 
i the straight lines EA, AP i is given; therefore Ex DF are each ) &> oe 
-ofthem given. a ee 
The cen ns and its idee CE, DF may be ee thus in the Ss a : 

first case. ‘Let H be the pad space to which the ghomon must ee 
be Made equal, and find “ a parallelogram similar to AB and d 25. 6,0 
equal to the figures AB and H together, and place its sides AE, 
AF from the point A, upon the siraight lines AC, AD, and com- 
plete the parallelogram “AG which is abdut the same diameter © ¢ 26. 6. 
_with AB ; because therefore AG is equal to both AB and H, take 
“away the common part AB, the remaining gnomon ECBDFG is 
equal to the remaining figure H; therefore a gnomon equal to H, 
and its sides CE, DF are found: and in like manner they may be 
I found in the other case, in which the given figure H must be less 

than the figure FE from which it is to be taken. 


PROP. ears 7 | 58. 


“IF a parallelogram equal to a given space be. ap- 

- plied to a given straight line, deficient by a parailelo- 

gram given in. iS ie me sides of | ne defect are 
given, 

. , 

bet the Snare AC oe to a given space be applied 

to the given straight line AB, deficient by the parallelogram 

BDCL given in species, — of the straight lines CD, DB are 

iven. 
*, Bisect AB in E; ‘hevators EBi 1s pies in magnitude: upon EB 


describe ® the parallelogram EF ‘similar to DL. and similarly aes 
placed; therefore EF is given in spécies, and eee 3 ae wae ah b 
is about’ the’ same diameter > with DL; let |. 8 noe 
BCG be the diameter, and construct the kK | \ A 

figure ; therefore, because the figure EF ¢i- iL 

ven in speciés is described: upon the given x me 86 ake 
straight line EB, ED’ is given® in magnitude,,” EF OD Be 4 36 and 
and the gnomon ELH is equal to the gi- 43. 1. 


~ ¥en figure AC: therefore * since EF is diminished by. the given ¢.82. dat. 
a 0 mon ELH, the sides EK, FH of the gnomon are given ; 3 but 
K is equal to DC, and RH to DB ;. wher efore CD, DB are each 
‘of them given. , . 
: 3K 
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This demonstration is the analysis of the problem in the 28th 
prop. of book 6, the construction and demonstration of which 


proposition is the composition of the analysis; and because the 
given space AC or its equal the gnomon EL H is to be taken 


from the figure EF described upon the half of AB similar to 


BC, therefore AC must not be greater igre ne ) as is shown i in 


the 27th prop. B. 6. 


¢ 56. dat. 


d 36. dat. 
43.1, 
© 82. dat. 


PROP. LXXXIV. 


i 


IF a parallelogram equal to a given space be ap- 


plied to a given straight line, exceeding by a paral- 
lelogram given in SPECies 5 the sides of the excess 
are given. 


Let the parallelogram AC. equal to a given space be applied 
to the given straight line AB, exceeding by the parallelogram 


BDCL given in species ; each of the straight lines CD, DB are. 


given. 


Bisect AB in E; therefore EB is given in magnitude: gion’ | 


EB describe * the par allelogram EF similar to LD, and similar- 
ly placed: therefore EF is given in species, and is about the 
same diameter > with LD. Let CBG be Ee Br |S 
the diameter, and construct the figure : : | 
therefore, because the figure EF given iE B 


in species is described upon the given ra ; D.& 


straight line EB, EF is given in magni- | | 
tude *, and the gnomon ELH is equal j net Feige 
to the given figure ¢ AC; wherefore, 


since EF is encreased by the given gnomon ELH, its sides EK, zs 


FH are given ®; but EK is equal to CD, and FH te BD ; there-. a 


fore CD, DB are each of them given. 


This demonstration is the analysis of the problem in the 29th 


prop. book 6, the construction and demonstration of which is 
the composition of the analysis. 2 

Con. If a parallelogram given in species be. applied toa given 
straight line, exceeding by a parallelogram equal to a Cob 
space ; the sides of the parallelogram are given. 

Let the parallelogram ADCE given in species be applied to 
the given straight line AB, exceeding by the parallelogram 
BDCG equal toa given space; the sides AD, DC red the paral- 
itlogram are given. 7 


\ t 

_. Draw the diameter DE of the parallelogram AC, and con- 3 

i struct the figure. Because the parallelogram AK is equal ® to 2 43. 8. 
BC which ‘is given, therefore: AK ‘is {0H too > G. € 

_ given ; and BK is similar > to AC, there- b 24, 6, 

_ fore BK is given in species. And _ since OE 

» the parallelogram AK given in magni- NF 


tude is applied to the given straight line Hi K 
a AB, exceeding by the parallelogram BK 
© given in species, therefore, by this pro- A. BD 
position, BD, DK the sides of the excess are given, and the 
|. straight line AB is given ; therefore the whole AD, as also DC, 
to which it has a given ratio, is given. 


Po . PROB. 


To apply a parallelogram similar to a given one to a given 
straight line AB, hate a by a parallelogram equal to a given 
space. 

To the given straight line AB apply ¢ the parallelogram AK c 29. 6, 
equal to the given space, exceeding by the parallelogram BK si- 
milar to the one given. Draw DF, the diameter of BK, and 
through the point A draw AE parallel to BF, meeting DF pro- 
duced in E, and complete the parallelogram AC. 

The parallelogram BC is equal* to AK, that is, to the given 
space ; and the parallelogram AC is similar >bto BK ; therefore 
the parallelogram AC is applied to the straight line AB similar 
to the one given, and exceeding by the parallelogram BC which 
is equal to the given space. | 


PROP. LXXXYV. 


IF’ two straight lines contain a parallelogram given 
in magnitude, in a given angle; if the diflerence of | 
_ the straight lines be given, they shall each of them 
be given. 
Let AB, BC contain the parallelogram. AC given in magni- 
tude, in tie: given angle ABC, and let the excess of BC above 


AB be given; each of the straight lines AB, BC is cata 
Iuet DC be the given excess of BC above 


BA, therefore the remainder BD is equal 
to BA. Complete the parallelogram AD ; x Z / 


Ot” We ee > tre Wor pe ge * 


84, 


and because AB is equal to BD, the ratio 
>. of AB to BD is given; and the angle ABD 
| is given, therefore the parallelogram AD is 
given. in species; and because the given parallelogram AC i 


DATA. sag 


¥en parallélogr am, AC is applied to the given > 


~ »@ 83. dat. 


in magnitude, ina given angle ; if both of them to- 4 | 


eens - EUCLID’S ee oa 
applied to the given. straight. line DC, exceeding: is the paral- ae 
lelogram AD given in species, the sides of the excess aregiven*: 9) 
therefore BD is given ; ; and DC is given, wherefore the whole 4 
BC is given : and AB is SteRs. Spanetore ae BE: are each. of 
them > yes ie TRS | 


van 
i x 


PROP. LXXXVI. 


IF two straight fae contain a a ie iven 


gether be given, they shall cach of them be given. 


a ; 
; ) re. er: 
a 

® 


Let the two straight fines AB, BC contain the parallelogram a | 
AC given in magnitude, in the given angle ABC, and let AB; 
BC togethei be given ; ; each of the s straight lines AB, BC is 
given. ~~ 

Produce CB, and Alek: BD RS to _AB, and complete the. | 
parallelogram. ABDE. Because DB is equal to oy, et the: <a 
angle ABD given, because the adjacent an- “1 


ele ABC is given, the parallelogram AD is = i nis 


given in ‘species: and because AB, BC to- 
gether are given, and AB is equal to BD ; 
therefore DC is given: and because the gi- 


straight line DC, deficient by the Reed AD given in 
species, the sides AB, BD of the defect are given #; and DC 
is given, wherefore the remainder BC is given ; and each of the 
straight lines AB, BC is therefore given, toes Mager 


Y ares PROP. LXXXVI..» gant 


IF two straight lines contain a Ndbclicllpth given, . 
in magnitude, in a given angle; if the excess of the — 
square of the greater above the square of the lesser’ Bees 
ine each of “the ii lines shall, be Bets io 


Let the two st raigh it Kies AB, BC” ofan the giv en par allelo- nad: 
gram AC in the given angle ABC; if, the excess of the square 
of BC above the square: of BA be Bron i and BC, are oe 
of them given. ae eR oi: aa 

Let the given excess of the. square of; BE. sbovelfthie. square is 
of BA be the ivelingle CB, BD:. take this. from, the square 


PTC 
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of BC, the remainder, which is * the rectangele BC, CD, is e- a 2.2. 
qual to the.square of AB 3 and because; the angle ABC of 
the parallelogram AC is given, the ratio of the rectangle 
of the sides AB, .BC to the parallelogram AC is given >; and b 62 dat. 
- AC is given, therefore the rectangle AB, BU is given; and 
the rectangle CB, BD is given; therefore the ratio of the rect- i 
angle CB, BD to the rectangle AB, BC, that is ° the ratio of the ¢ 1.6, 5». 
straight line DB to BA is given; ; therefore ¢ yore Table of the d 54, dat, 
square of DB to the square of BA is gi-. 
ven: and the square of BA is equal to 
| the rectangle BC, CD: wherefore the ra- ea: woes 
tio of the rectangle BC, CD to the square 
of BD is given, as also the ratio. of four , B -P dD. 
times the rectangle BC, CD tothe square , 
of BD ; and; by composition ¢, the’ ratio of cae times the rect- 
angle BC, CD together with the square of BC to the square 
of BD is given: but-four times the rectangle BC, CD together 
| with the square of BD is. equal to the square of the straight f 8.2 
| lines BC, CD taken together: therefore the ratio of the square 
of BC, CD together to the square of BD is given; wherefore 
& the ratio of the straight line BC, together with CD. to BD, is g 58. dat. 
| given; and, by, composition, the ratio of BC, together with 
CD. and DB, that is, the ratio of twice BE to BD, is given ; 
therefore the, ratio of BC to BD is given, as also © the ratio of 
the square of BC to. the rectangle CB, BD: but the rectangle 
CB, BD is given,. being the given excess of the squares of BC, 
| BA; therefore. the square of BC, and the straight line BC, is , 
| given: and the ratio of BC to BD, as also of BD to BA, has sensi 
_ shown to be given; therefore" the ratio of BC to BA is given ; 3h 9, dat. 
_ and BC is given, wherefore BA is given. 
The preceding demonstrationis the analysis of this problem, viz. 
A. parallelogram AC which has a given angle ABC being gi- 
ven in magnitude, and the excess of the square of BC one of its 
sides above the square.of the other BA being given ; to find the 
sides: and the composition is as follows. 
Let EFG be the given angle to which the angle ABC is re- 
quired to ‘be equal, “and from any point E in ne draw EG 
perpendicular to FG; let the rect- 
angle EG, GH be, the given space 
to which the parallelogram AC is 
- to be made equal; and the rectangle 
. HG, GL be the giver excess of the 
“Squares of BC, BA. | 
Take, in the sinelit line GE, y 
ie GK equal to FE, and make GM EG 2b Oo HN 
double of GK: join ML, and in GL pr oduced, take LN equal to 
LM: bisect GN in O, and between GH, GO find a mean pro- 
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eS tee 
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™ 


4A6 


at. 6. 
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potieal BC: as OG to GL, so make CB to BD; and make the 
angle CBA equal to GFE, and as LG to GK so thie DBto BA; | 
and complete the paralielogr am AC: AC is equal to the rect: .. 
angle EG, GH, and tlie excess of the squares of CB, BA is equal 


to the rectangle HG, GL. 


- Because as CB to BD, so is OG to GL, the square ‘of CB 4 
is to the rectangle CB, BD as 2 the rectangle HG, GO to © 
the rectangle HG, GL: and the square of CB is equal to the ~ 


rectangle HG, GO, because GO, BC, GH are proportionals ; a 


therefore the rectangle CB, BD is equal P toHG, CL. And © 
because as CB to. BD, so is OG to GL; twice CB is to BD, © 
as twice OG, that. is, GN, to GL; Gr by division, | as BC a 
together with’ CD is to BD, so is NL, that i isy LM, to LG: 


therefore © the square of BC together with CD is to the square 4 


of BD, as the square of ML to the square of LG: but the a 
square of BC and CD together is equal ¢ to four times the | 


rectangle BC, CD together with the square of BD; therefore ~ 
four times the rectangle BC, CD together with the square of ~ 


BD is to the square of BD, as the square of ML to the square s 
of LG: and, by division, four times the rectangle BC, CD is — 


_ to the square of BD, as the square of MG to the square of a 


GL; wherefore the rectangle BC, CD is to the square of BD © 
as (the square of KG the half of MG to the square of GL, © 
that is, as) the square of AB to the square of BD, because ‘as 


LG to GK, so DB: was: made to BA: therefore » the rectan- a 


gle BC, CD is equal to the square of AB. ‘Toeach of theseadd 


the rectangle CB, BD, and the square of BC becomes equal . 7 
to the square of AB together with the rectangle CB, BD;) 
therefore this rectangle, that is, the given rectangle KG, Gis a 
is the excess of the squares of BC, AB. From the point A, © 
draw AP perpendicular to BC, and, because the angle ABP 


is equal to the angle EFG, the triangle ABP is equiangular 


to EFG: ‘and DB was made to BA, as LG to GK; therefore. — 


as the rectangle €B, BD to CB, BA, so is the rectangle HG, a 


A. : i K | + 
; E j 
Bie PDL G: | ae o HN 


GL to HG, CK; and as the rectangle cE, RA to “AP, BC;o 4 
so-is (the det es line BA t AP, aug sO. is FE or GK to 


DATA: 


_ EG, and so is) the rectangle HG, GK to wes GE; ;_ therefore, 
| ex equali, as the*réetangle CB, BD to AP, BC, so is the rect 
angle HG, GL to EG, GH: and the rectangle CB, BD is equal 
lo HG, GL; therefore the rectangle AP, BC, that is, the paral- 
elogram hei s equal to the given esi He EG, GH. 


i 


PROP. LXXXVIIL. 


” * 


IF two straight lines contain a RE ae ae given 
in magnitude, ina given angle ; if the sum of the 
squares of its sides be given, the sides shall each of 
them be “ai 


Let the two straight lines AB, BC. contain the parallelogram 
ABCD given in magnitude in the given angle ABC, and let the 
sum of the squares of AB, BC be given; AB, BC are each of 
them given. 


First, let ABC ie a right angle ; and because twice the rect- - 


angle contained by two equal. straight lines is equal to both 


their squares ; but if two straight lines areun- A D 
equal, twice the rectangle contained by them is 
less than the sum of their squares, asisevident B ae 


from the 7th prop. book 2, Elem.; thereforetwice . 

the given space, to which space the rectangle of which the sides 
are to be found is equal, must not be greater than the given 
- sum of the squares of the sides: and if twice that space be 
equal to the given sum of the squares, the sides of the rectangle’ 


must necessarily be equal to one another: therefore in this. 


case describe a square ABCD equal to the given rectangle, and 
its sides AB, BC are those which were to be found: for the 
rectangle AC is equal to the given space, and the sum of the 


ee squares of its sides AB, BC is equal to twice the rectangle AC, 
that is, by the hypothesis, to the given space to which the sum 


-of the squares was required to be equal. 
But if twice the given rectangle be not equal to the given 
sum of the squares of the sides, it must be less than it, as 


has Depo shown. het ABCD be the mee ct AC and 


Aa? 
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draw BE perpendicular to it, and complete the rectangle a 
AEBF, and describe the circle ABC about'tife triangle ABC 5 
a Cor. 3.4, AC is its diameter ?: and because the triangle ABC is simi- 
b 8, 6, lar > to AEB, as AC to CB so is AB to BE; therefore the — 
rectangle AC, BE is equal to AB, BC ; and the rectangle AB, 
BC is given, wherefore AC, BE-is given: and because the sum : S 
_of the squares of AB, BC is given, the square of AC whic» is 
c 47,1. equal © to that sums given; and AC itself is therefore given 2 
in magnitude: let AC be likewise given in position, and the 
d 32, dat. point A; therefore AF is given4 in po- A ps a 
sition: and the rectangle AC, BE ‘is none 
given, as has been shown, and .AC* is: : 
e61.dat. given, wherefore® BE is given in mag- 
nitude, as also AF which is equal toit; — cers % 
and AF is also given in position, and 7G 
£30. dat. the paint: A is given; wherefore * the 
point F is given, and the straight line a 
g3l dat. FBin position §: and the circumference G = KR / att a 
h 28.dat. ABC is given in position, wherefore * the point B is given: and a 
the points A, C are given; therefore the straight lines AB, BC 
i29.dat. are given! in position and magnitude. of 
The sides AB, BC of the rectangle may be found thus: let , 
the rectangle GH, GK be the given space to which the rect- 7 
angle AB, BC is equal; and let GH, GL be the given rect.) © 
angle to which the sum of the squares of AB, BC is equal: © 
k14.2. find * a square equal to the rectangle GH,* GL: and let its ~ 
side AC be given in position; upon AC as a diameter describe ~ 
the semicircle ABC, and as AC to GH, so make GK to AF, a 
and from the point A place AF at right angles to AC: there- 4 
116.6. . fore the- vrectangle CA, AF is equal! to GH, GK; and, by : 
the hypothesis, twice the rectangle GH, GK is less than GH,. q 
a GL, that is, than the square of AC; wherefore twice the 
4 rectangle CA, AF itself less than half ‘the square of AC, that “a 
is, than the rectangle contained by the diameter AC and its half; a 
wherefore AF is Tess than the semidiameter of the circle, and 
consequently the straight line drawn through the point ve parallel a 
to AC must meet the circumference in two points: let B be — 
either of them, and join AB, BC, and complete the rectangle 
ABCD, ABCD. is the rectangle which was to be found: draw 
m 34.1. BE perpendicular to AC; therefore BE is equal ® to AF, and 
because the’ angle ABC in a semicircle is a right angle, the rect. 
angle AB, BC is equal» to AC, BE, that is, to the rectangle 
CA, AF, whichis equal to the given rectangle GH, GK: and ~ 
the squares of AB, BC are together ¢ qual © to agi square of AC, p. 
that is, to the given ae GH, GL. é ¥ 
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‘But if the given snela ABC of the parallelogram AC be not _ 
a right angle, in this case, because ABC is a given angle, the ~ 


ratio of the rectangle contained by the sides AB, BC to the pa- 
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rallelogram AC is given"; and AC is given, therefore the eek. n 62, dat, 


angle AB, BC is given; and the sum of the squares of AB, BC 
is given ; therefore the sides AB, BC are given ms the igre 

ease. : 
The ides AB, BC and the parallelogram AC may be found 
. thus: let EPG be the given angle of the parallelogram, and 
from any point Ein FE draw EG perpendicular to FG; and 


Jet the rectangle E.G, FH be the given space to oie the par * 


rallelogram is to be made equal, and let EF, 


FK bé@ the given rectangle to which the 3 
sum of the squares of the sides is to bé equal. 4 
And, by the preceding case, find the sides 


of a rectangle which is equal to the given B L 
rectangle EF, FH, and the squares of the 
sides of which are together equal to the gi- 
ven rectangle EF, FR; therefore, as was 
shown in that case, twice the rectangle EF, 
FH must not be greater than the rectangle 
“EF, FK; let it beso, and let AB, BC be. » i 
hs the sides: of the rectangle joined in thean- pf HG K 
gle ABC equal to the given angle EFG, 


and complete the. parallelogram ABCD, which will be that. 


which was to be found: draw AL perpendicular to BC, and 
because the angle ABL is equal to EFG, the triangle ABL is 
equiangular to EFG; and the parallelogram AC,. that is, the 
. rectangle AL, BC is to the rectangle AB, BC as (the straight 
-~ jine AL, to AB, that is, as EGto EF, that is, as) the rectangle 
» EG, FH, to EF, FH; and, by the construction, the rectangle 
AB, BC is equal to EF, FH, therefore the rectangle AL, BC, 
k ee its equal, the parallelogram AC, is equal to the given rect 
; angle EG, FH; and the squares of AB, BC are be aA equal, 
by construction, to the given rectangle EVE FR. 


«tai 


t 


b 43. dat. 


c 58. dat, 


d 9. dat. 
¢ 35.1. 


£ 87, dat. 


shall be given. ee 


to the rectangle FB, BC; and AC is given, wherefore the rect- 


beagdiges e AP BC are given. 
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ee BRO LXXXIX. Dies Oe 
IF two. straight lines contain a given eapuiclognan : 
ina given angle, and if the excess of the square of s 
one of them above a given space, has a given ratio to ” 
the square of the pihehs each of the straight | lines | 


pe 


Let the two str ae a AB, BC contain the given paralfilos o 
gram AC in the given angle ABC, and let the excess of the 
square of BC above a given space have a given ratio to the square oe 
of AB, each of the straight lines AB, BC is given. | Aa 

Betmise the excess of the square of BC above a given space © 
has a given ratio to the square of BA, let the rectangle CB, © 
BD be the given space; take this from the square of BC, the } 
remainder, to wit, the rectangle ® BC, CD has a given ratio to 
the square of BA: draw AE perpendicular to BC, and let the — 
square of BF be equal to the rectangle BC, CD, then, because a) 
the angle ABC, as also BEA, is given, the © bc AS 
triangle ABE is’ given > in species, and the — Ge Pca 
ratio of AE, to AB given: and because the AZ. fs, | a 
ratio of the rectangle BC, CD, that is, of j ; 
the square. of BF to the square of BA, is gi- fe ae ee _ 
ven; the ratio of the straight line BFto BA BoE DH CG! “Z 
is given °; and the ratio of AE to AB-is ee ae 
given, wherefore “ the ratio of AE to BF is given; as also the ~ 
ratio of the rectangle AE, BC, that is ¢, of the parallelogram AC — 


angle FB, BC is given. ‘The excess of the square of BC above | 
the square of BF, that is, above the rectangle BC, CD, is given, — 
for it is equal @ to the given rectangle CB, BD; therefor es because “ae 
the rectangle contained by the straight lines FB, BC is given, and — 
also the excess of the square of BC above the square of BF; FB, © 
BC are each of them given f; and the ratio of FB to BA is ue : 


sage f ee - 
The composition is as follows : os a 
Let: (GUK be the given angle to which the hole of ee. Pa: 7 
rallelogram is to be inden: equal, aed from any point G in 
HG, draw GK teeny 3 to HK; let GK, HL be the rect: 
ee a 


: Me Sa’ ye 
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angle. to which the parallelogram is to be N 
. made equal, and let LH, HM be therect- real : 
angle equal to the given space whichisto “A - 4m ae 
be taken from the square of one of the sides ; ses 3 
and let the ratio of the remainder to the 
square of the other side be the same with 


‘ ee 
HKM pS 

the ratio of the square of the given straight line NH to the square 
~ of the viven straight line HG. © me ts 

By help of the 87th dat. find two straight lines BC, BF, which 
contain a rectangle equal to the given rectangle NH, HL, and g 
such that the excess of the squareof BE NN. . 
above the square of BF be equal to the gi- 
ven rectangle LH, HM; and join CB, BF | A Fs 


in the angle FBC equal to the given angle 
GHK: and as NH to HG, so make FB to. 4 >>-—= 
BA, and complete the parallelogram AC, ats C 
and draw AE perpendicular to BC; then AC is equal to the 
rectangle GK, HL; and if from the square of BC, the given 
rectangle LH, HM be taken, the remainder shall have to the 
square of BA the same ratio which the square of NH has to the: 
square of HG. ee 

- Because, by the construction, the square of BC is equal to 

the square of BF, together with the rectangle LH, HM; if 
“from the square of BC there be taken the rectangle LH, HM, 

there remains the square of BF which has& to the square of ¢ 22.6, 
BA the same ratio which the square of NH has to the square 

of HG, because, as NH to HG, so FB was made to BA; but as: 

HG to GK, so is BA to AE, because the triangle GHK is equi- 
angular to ABE; therefore, ex eguali,as NH to GK, so is FB 

to AE; wherefore » the rectangle NH, HL is to the rectangle h1. €. 
GK, HL, as the rectangle FB, BC to AE, BC; but by the con- 
struction, the rectangle NH, HL is equal to FB, BC; thereforei i 14. 5. 
the rectangle GK, HiL is equal to the rectangle AE, BC, that is, 

to the parallelogram AC. enn peat Pay 

The analysis of this problem might have been made as in the 

86th prop. in the Greek, and the composition of it may be made 

as that which is in prop. 87th of this edition. | 


\ 
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bs Pag be given, AB, 
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» ae PROP. KC. ae ‘4 i : 


IF two straight Hees contain a given parallelogram ; 4 : 


in a given angle, and if the square of one of them 


together with the space. which hasa_ given ratio: to 
the square of the other be given, each of the SrHon ea 
lines shall be given. — | if 


Let the two straight lines AB, BC contain the given paralle- aa 
logram AC in the given angle ABC, and let the square of BC 
. together with the spi ace which has _a given ratio to the square ‘of (a 
»are each ofthem given, a 
Let the square of BD be the space which has the given ratio 


to the square of AB; therefore, by the hypothesis, the square 


- . of BC together with the square of BD is given. From the point a 


a 43. dat. 


b 58. dat. 


e 9. dat. 


4 88, dat. 


A, draw AE perpendicular to BC ; and because the angles ABE, | 
BEA are given, the triangle ABE i is given® in species; there-  — 


fore the ratio of BA to AE is given; and because the ratio of _ 5 : 
the square of BD to the : square of BA is given, the ratio of the 


straight line BD to BA is given b; and the ratio of BA to AE 
is given ; therefore® the ratio of AE to BD is given, as also the 
ratio of the rectangle AE, BC, that i is, of the parallelogram AC 
to the rectangle DB, BC; and AC is given, therefore the rect- 
angle DB, BC is gives and the square of BC spec Hc with the 


D M 


BE he ele ee ee 


square of BD i is given; therefore ¢ because the rectangle con- me 
tained by the two straight lines DB, BC is given, and the sum 
of their squares is given; the straight lines DB, BC are each of Ne 
them given; and the ratio of Ae to BAI is Peet ; hengtone this ae. 


BC are given. ee oo 


The Sig ets és as follows : x 


4 


Let FGH be the given angle to which the angle of sue se a 


rallelogram is to be made equal, and from any point F in GF 
draw FH perpendicular to GH; and let the rectangle FH, 
GK be that to which the parallelogram is to be made equal; 
and. let the rectangle KG, GL be the space to which the square | 
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of one of the sides of the: parallelogram together with the space 
which has a given ratio to the square of the other side, is to be 
made equal ; and let this given ratio be the same which the square 
of the given straight line MG has to the square of GF. 

By the 88th dat. find two straight lines DB, BC which con- 
tain a rectangle equal to the given rectangle MG, GK, and 
such that the sum of their squares is equal to the given rect- 
angle KG, GL: therefore, by the determination of the pro- 
blem in that proposition, twice the rectangle MG, GK must 


| > not be greater than the rectangle KG, GL. Let it be so, and 


join the straight lines DB, BC in the angle DBC equal to the 


given angle FGH ; and, as MG to GF, so make DB to BA, | 
and complete the paraliclogram AC: AC is equal to the rect- 


Af 


eee 
BE Cc GH K L 
angle FH, GK; and the square of BC together with the square 
of BD, which, by the construction, has to the square of BA the 
given ratio which the square of MG has to the square of GF, is 
equal, by, the construction, to the given rectangle KG, GL. 
Draw AE perpendicular to BC. 

Because, as DB to BA, so is MG to GF; andas BA to AE, 
so GF to FH; ex eguali, as DB to AE, so is MG to FH; there- 
fore as the rectangle DB, BC’ to AE, BC, so is the rectangle 
MG, GK to FH, GK ; and tie rectangle DB, BC is equal to the 
rectangle MG, GK; therefore the rectangle AE, BC, that is, 
the parallelogram AC, is equal to the rectangle FH, GR. 


PROP. XCI. 


IF a straight line drawn within a circle given in 
magnitude cuts off a segment which contains a given 
_ angle; the straight line is given in magnitude. 


_ ‘Inthe circle ABC given in magnitude, let the straight line 
AC be drawn, cutting off the segment AEC which contains the 
- given angle AEC; the straight line AC is given in magnitude. 


Take D the centre of the circle *, join AD and produce it a1. 3. 


7. 
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» 20, 3. 


. AC is therefore given; and EA is given in 


_ within a circle given in magnitude, it shail cut off a 
- segment containing a Bien angle. 


. is given, their ratio is given* ; and the an- 


‘Mceting the circumference and containing a given an. 4 
gle; if the point in which one of them meets the cir- — 
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to E,,and join EC: the angle ACE being 
aright» angle is given; and the angle 
AECis given ; theréfore* the triangle ACE 
is given in species, and the ratio of EA to 


magnitude, because the circle is given 4 in 
magnitude; ACistherefore given*in mage — 
nitude. : 


; PROM SGI Go q 


IF a straight line given in ‘magnitude be drawn 


Let the straight line AC. given in magnitude be oy within 3 
the circle ABC given in magnitude ; it shall cut off a segment — ‘a 2 
containing a given angle. oo 

‘Take D the centre of the cirele, join AD 
and produce it to E, and join EC: and be-  - 
cause each of the straight lines EA and AC 


7 


gle ACE is a right angle, therefore the tri- 
angle ACE is given » in species, and conse~ / 
quently the angle AEC is given. 


PRO XCIIT. 


IF from any point in the circumference of a_ 
circle given in position two straight lines be drawh dl a 


cumference again be given, the point in wingp the a 
other meets it is also given. Py 


From any point Ain the circumference of a circle ABC gi- 
ven in position, Jet AB, AC’be drawn to the circumference, ma- a 
king the given angle BAC; ifthe point B pose 
be given, the point C is also given. 

Take D the centre of the circle, and 
join BD, DC; and because each of the 
points B, D is given, BD is given 2 in po- 
sition ; and because the angle BAC is gi- Bt 
ven, the CAape BDC is give en, therefore 


: | DATA; | fae 455 
f Secsane ihe eetsiont line DC is drawn to the given point D in 

) > the straight line BD given in ‘position in the given angle BDC, 

) DCis given © in position: and the circumference ABC i is given ¢ 39. dat. 

in position, therefore 4 the point Cis on . d 28.dat.. 


a Ries : PROP. XCIV. | of. 


_ IF from a given point a straight line be drawn i 
touching a circle given in position; the straight linc > 
is given in position and magnitude. 


Let the straight line AB be drawn from the given point A 
touching the circle BC given in position; AB is given in ates 
tion and magnitude. 

Take D the centre of the circle, and join DA, DB: because 

each of the points D, A ‘is given, the ; 
Straight line AD is given * in position 
| and magnitude; and DBA isa right > 
angle, wherefore DA is a diameter ° of 
the circle DBA, described about the tri- 
angle DBA; and that circle is there- 
fore given “ in position : and the circle 
BC is given in position, therefore the , 
point B is. given ot the point A is also given ; therefore the e 98. dat, 
straight line AB is given ® in position and Magnitude, 


vA PROP. XCV. eS 92 


IF a straight line be drawn Ficin a given. point with- — 
out a circle given in position; the rectangle contain- 
ed by the segments betwixt the point once the cir. ; 
eumference of the circle is given. 


i Let the straight line ABC be ‘drawn from the given point A 


; 

| without the circle BCD given in posi- D 

' . tion, cutting it in B, C; the rectangle 

BA, ACis given. ek 
: From the point A draw? AD touch- 5a 

: ‘a ing the circle; therefore AD is given » 
A 
: 


in position and magnitude ; and because 
“AD is given, the square of AD is gi- 
“ven ¢, which is equal ¢ to the rectangle BA, AC: : therefore the c 56. dat, 
eens BA, AC i is given. 436, 5. 


a 29. dat. 


* 28. dat. 
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t 


IF a straight line be drawn through a given point 4 | 
within a circle given in position, the rectangle con- 7 
' tained. by the segments betwixt the point aie the oS 


cumference of the circle is given. 


Let the straight line BAC be drawn through the "piven point : 4 | 
' A within the circle BCE Bee in ai then the rectangle we a | 


AC is given, ‘ 

- Take D the centre of the circle, join. 
AD, and produce it to the points Ey F 3 
because the points A, D are given, the 
straight line AD is given ® in position ; 


and the circle BEC is given in position; | — LTO 5 
therefore the points E, F are given»; and or 
the point A is given, therefore EA, AF are _ F | 


each of them given 2; and the rectangle EA, AF is therefore gi- _ 4 
ven; and it is equal ¢ to the rectangle BA, AC, which conse- a 


quently is given. 


PROP. XCVII, 


TFs a straight line be drain within a rile given a 


in n magnitude cutting offa segment containing a given 
angle; if the angle “in the scgment be bisected by a 
straight line produced till it meets the circumference, 
the straight lines which contain the given angle shall 


both of them together have a given ratio to the straight 
line which ‘ments the angle : ~and the rectangle cone. 


tained by both these lines ‘together which contain the 


below the base of the segment, shall be given. 

Let the straight fine BC be drawn within the circle ABC. gi 
ven in magnitude, clittine off a segment containing ; the given 
angle BAC, and let the angle BAC be bisected by the straight 


line AD; BA together with AC has a given ratio to AD; and 


the rectangle contained | oy. BA and AC together, and the’ ‘straight, 
line ED cut off from AD. below hia the base sO. the vagal is 
given. ne 

Join BD ; iz and Becail BC is: “drawn within the circle ABC 


given angle, and the part of the. bisecting line cut of 


ita 
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| given in magnitude cutting off the segment BAC, containing 
the given angle BAC; BC is given * in magnitude : by the a 91, dat. 
same reason. BD is given; therefore » the ratio of BC to BD 6 isdat: 
_. is given: and because the angle BAC is bisected by AD, as 
| ~ BA ‘to AC, so is¢ BE to EC; and, by permutation, as AB toc 3. 6, 
BE, so is AC to CE; wherefore 4 as BA and AC together to g 19,3, 
: BC, so is AC to CE: and because the angle cag is equal to 
EAC, and the angle ACE to ® ADB, : 
the triangle ACE is equiangular to 
the triangle ADB; therefore as AC 
to CE, sois AD to DB: but as AC 
to CE, sois BA togetSer with AC 
to BC: as therefore BA and AC to 
BC, so is AD to DB; and, by per- 
mutation, as BA and AC to AD, so 
is BC to BD: and the ratio of BC to 
_ BD is given, therefore the ratio of BA together, with AC to AD 
is given. _ 
Also the rectangle contained by BA and AC =e bean and DE ¢ 
is given. 
Because the triangle BDE is equiangular to the triangle ACE; 
as BD to DE, sois AC to CE; andas AC to CE, so is BA 
and AC to BC; therefore as BA and AC to BC, sois BD to 
DE; wherefore the rectangle contained by BA ‘and AC togee 
ther, and DE, is equal to the rectangie CB, BD: but CB, BD is 
given; therefore the rectangle eontained by BA and AC toge- 
ther, and DE, is given. See 3 


e 21, 3. 


Otherwise, 


Produce CA, and make AF equal to AB, and join BF; and 
because the angle BAC is double * of each oF the angles BFA, C5 & 
BAD, the angle BFA is equal to BAD; and the angle BCA is * 232.1, 
equal to BDA, therefore the triangle FCB is equiangular to 
ABD: as therefore FC to CB, so is AD to DB; and, by per-. 
mutation; as FC, that is, BA and AC together, to AD, so is CB 
to BD: and the ratio of CB to BD is given; therefore the ratio 
of BA and AC to AD is given, 

~ _ And 'beeause the angle BFC is equal to the angle DAC, that 

“4s, to the angle DBC, and the angle ACB equal to the pst 

ADB; the triangle FCB is equiangular to BDE, as therefore 

FC to CB, SO is BD to DE; therefore the rectangle contained 

dy FC, that is, BA and AC pen and DE is equal to the 
| $M 3 


435% 


P.. 3 


‘a 91. dat. 


fore the ratio of BC to BD is given: 3x AC 
and because the angle CAE is equal = > | 
to EAF, of which CAE is equal to - : €4 
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rectangle CB, BD, which is given, and therefore the Babies 
contained by BA, AC together, and DE is: given. 


PROP. XCVIIL 


IF a straight line be drawn within a circle given 
in magnitude, cutting off a segment containing a gi- 


ven ¢ angle : if the angle adjacent to the angle in the 


segment be bisected by a straight line produced till it 
meet the circumference again and the base of the seg- 
ment; the excess of the straight lines which contain 
the given angle shall havea given ratio to the seg- 


‘ment of the bisecting line which is within the circle ; : 


and the rectangle contained by the same excess and 
the segment of the bisecting line betwixt the base 


produced and the point where it again meets the cir- . 


cumference, shall be given, 


Let the straight line BC be daars within the circle “ABC 


civen in magnitude cutting off a segment containing the given 


angle BAC, and let the angle CAF adjacent to BAC be bisect+ 
ed by the straight line DAE meeting the circumference again 
in D, and BC the base of the segment produced in E; the ex- 
cess of BA, AC hasa given ratio to AD; and the rectangle 


which is contained by the same excess and the straight line ED, 


is given. 
Join BD, and through B draw BG Sateltel to DE meeting 
AC produced in G: and because BC-cuts off from the circle 
ABC given in magnitude the seg- De ie 
ment BAC containing a given an- | 
ele, BC is therefore given ® in mag- 
nitude: by the same reason BD is 
given, because the angle BAD is e- {| 
gual to the given angle EAT: there- 


the alternate angle AGB, and EAF to the interior and opposite 


angle ABG; therefore the angle AGB is equal to ABG, and — 
‘the straight line AB equal to AG; so that GC is the excess 


— 
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of BA, AAC; and because the angle BGC is equal to GAR, 
that is, to EAF, or: the angle BAD; and that the angle BCG 
is equal to the opposite interior angle BDA of the quadrilateral 
BCAD in the circle; therefore the triangle BGC is equiangu- 
lar to BDA: therefore as GC to CB, so is AD to DB; and, 
by permutation, as GC which is the excess ‘of BA,: AC to AD, 
so is CB to BD: and the ratio of CB to BD is giv én: ‘therefore 
the ratio of the excess of BA, AC to AD is given. 

And because the angle GBC is equal to the alternate angle 
DEB, and the angle BCG equal to BDE; the triangle BCG is 
equiangular to BDE: therefore as GC to CB, so is BD to DE; 
and consequently the rectangle GC, DE is equal to the rect- 
angle CB, BD which is given, because its sides CB, BD are gi- 
ven: therefore the rectangle contained by the excess of BA, cig 
and the straight line DE is given. 


PROP. XCIX. 


IF from a given point in the diameter of a circle 
given in position, or in the diameter produced, a 
straight line be drawn to any point in the. circumfe- 
rence, and from that pointa-straight line be drawn at 


this meets the circumference again, a straight line be 
drawn parallel to the first; the point in which this 
- paralle; meets the dianibter is given; and the rect- 
- angle contained by the two parallels is given. 


In BC the diameter of the circle ABC given in position, or 
“in BC produced, let the given point D be taken, and from D 
let a straight line DA be drawn to any point A in the circum- 
~ ference, and let AE be drawn at right angles to DA, and from 
the point E where it meets the circumference again let EF be 
drawn parallel to DA meeting BC in F ; 5 the point F is given, as 
also the rectangle AD, ET’. 
Produce EF to the circumference in G, and join AG: be- 
cause GEA is aright angle, the straight line AG is the dia- 
‘meter of the circle ABC ; and BC is also a diameter of it; 
_* therefore the point H’ where they meet is the centre of the 
circle, and consequently H is given: and the point D is given, 
Wherefore DH is given in magnitude: and because AD i is pa- 


459. 


right angies to the first, and from the point in which 


a Cor. 5.4. 
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AD equal to GF: and DH is given, therefore HF is given in 


magnitude ; and it is also given in position, and the point fis a 


given, therefore © the point I is given, ; 4 
And because the straight line EFGis drawn from a given 


point I’ without or within the circle ABC given in position, — 
therefore “ the rectangle EF’, FG is given: and GF is equal to — 


AD, wherefore the rectangle AD, EF is given. 
PROP. C, . 
IF from a given point in a straight line given in 
position, a straight line be drawn to any point in the 


circumference of a circle given in position; and from 


this point a straight line be drawn making with the 
first an angle equal to the difference of a right an 

and the angle contained by the straight life given in 
position, and the straight line which joins the given 


point and the centre of the circle; and from the point 
in which the second line meets the circumference 7 
avain, a third straight line be drawn making with 7 
the second an angle equal to that which the first makes 

with the second: the point in which this third line — 
mects the straight line given in position is given; as ~ 
also the rectangle contained by the first straight line — 
aud the segment of the third betwixt the circumfe. — 
rence and the straight line given in position, is given. © 


Let the straight line CD be drawn from the given point C 


inthe straight ling AB given in position, to the citcumference 
of the circle DEF given in position, of which G is the centre ; 


join CG, and from the point D let DF be drawn fn the "4 
angle CDF equal to the difference of a right angle and the — 
angle BCG, and from the point F let FE be drawn making } 
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the angle DFE equal to CDF, meeting AB in 


given; as also the rectangle CD, FH. 

Let CD, FH meet one another in 
the point K, from which draw KL 
perpendicular to DF; and let DC 
_ meet the circumference again in M, 
and fet FH meet the same in FE, and 
join MG, GF, GH, } 

‘Because the angles MDF, DFE are 
equal to one another, the circumfe- 
_ rences MP, DE are @hual *; and add- 
ing or taking away the common part 
ME, the circumference DM is equal 
to EF ; therefore the straight line DM 


- is equal to the straight line EF, and 


the angle GMD tothe angle GFE; 
and the angles GMC, GFH are equal 
to one another, because they are ci- 
ther the same with the angles GMD, 
GFE, or adjacent to them: and be- 
cause the angles KDL, LKD are toge- 
_ ther equal © toa right angle, that is, 
by the hypothesis, to the angles KDL, 
GCB; the angle GCB, or GCH is 
equal to the angle (LKD, that is to 


the angle) LKF or GKH: therefore the points C, K, H, G 
are in the circumference of a circle; and the angle GCK is 
therefore equal to the angle GHF; and the angle GMC is 


Hi: the point His ‘ 


Marry 
a 26, 3, 
b 8.1. i 
c 32. 1, 


equal to GFH, and the straight line GM to GF ; therefore 4CG 425 1. - 


is equal to GH, and CM to HF: and because CG is equal to 
GH, the angle GCH is equal to GHC; but the angle GCH is 

ven: therefore GHC is given, and consequently the angle 
GH is given ; and CG is given in position, and the point G ; 


therefore © GH is given in position; and CB is also given in po- e 32. dat, 


sition, whereof the point H is given. 


And because HF is equal to CM, the rectangle DC, FH is 
equal to DC, CM: but DC, CM is given’, because the 
is given, therefore the rectangle DC, FH is given. 
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NOTES ON EUCLID’S DATA. 


DEFINITION IH. 


‘Tus is made more explicit than in the Greek text, to. pre- 
vent a mistake which the author of the second demonstration of 
the 24th proposition in the Greek edition has fallen into, of think- 
ing that a ratio is given to which’ another ratio is shown to be 
equal, though this other be not exhibited in given magnitudes. 
See the Notes on that proposition, which is the 13¢) in this edi- 
‘tion. Besides, by this definition, as it is now given, some pro- 
positions are demonstrated, which in the Greek are not so well 
done by help of prop. 2. 


DEF. TV. 


In the Greek text, def. 4. is thus: “ Points, lines, spaces, 


“and angles are said to be given in position which have always — 


“ the same situation ;” but this is imperfect and useless, because 
there are innumerable cases in which things may. be given ac- 
cording to this definition, and yet their position cannot be found ; 
for instance, let the triangle ABC be given in position, and let 
it be proposed to draw a straight line BD from the angle at B 
to the opposite side AC, which shall cut A 
off the angle DBG, which shall be the 
seventh part of the angle ABC ; suppose | 
this is done, therefore the straight line D 
BD is invariable in its position, that i | 
“i po u ’ at IS, B pa 
has always the same situation ; for.any St sage xt 
other straight line drawn from the point B on either ‘side of 
BD ctts off'an angle greater or lesser than the’seventh part of 
_ the angle ABC; therefore, according to this definition, the 
straight line BD is given in position, as also* the point D in 


a 28. dat, 


which it meets the straight line AC which is given in position. | 


| ‘But from the things here given, neither the straight line BD 
mor the point D can be found by the help of Euclid’s Ele- 
ments only, by which every thing in his Data is supposed may 
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be found. This definition is therefore of no use. We have 
amended it by adding, * and which are either actually exhibited 
“ or can be found ;” for nothing is te be reckoned given; which 
cunnot be found, or is not actually exhibited. 

The definition of an angle given by position is taken out of 
the 4th, and given more distinctly by itself i in the definition 4 
marked A. a 


DEF. XI, XII, XIII, XIV, XV. 


The 11th and 12th are omitted, because they cannot be given 
in English so as to have any tolerable sense ; and, therefore, 
wherever the terms defined occur, the words which expres their 
meaning are made use of in their place. i 

The 13th, 14th, 15th are omitted, as being of no use. 

It is to be observed in general of the Data in this book, that 
they are to be understood to be given geometrically, not always 4 | 
arithmetically, that is, they cannot always be exhibited in num- — 

bers 3 for instance, if the ne ofa square be given, the ratio of _ 

» 44, dat. it to its diameter is given > geometrically, but not in numbers; — 
¢2.dat. and the diameter is given ©; but though the numberof anyequal ~ 
_ parts in the side be given, for example 10, the number ofthem #7 
in the diameter cannot be given: and the like holds in ire aS 

other cases. 7 


PROPOSITION I. 


d In this it is shown that A is to B, asC to D, from this, that 
A isto C, as B to D, and then by permutation ; but it follows 
directly, without these two wed bi from 7. 6s 


PROP. If. 
The limitation added at the end of this proposition between 
the inverted commas is quite necessary, because. without. it the 
‘ proposition cannot always be demonstrated: for the author 
‘ having said*, “ because A is given; a magnitude equal to it 
def. “‘ can be found®; let this be C; and because the ratioof A to 
def. “B is given, a ratio which is the same to it can be. found »,” : 
adds, * let it be found) and let it be the ratio of C to A.’ 
Now, from the second definition nothing more follows, — 
than that some ratio, suppose the ratio of E to Z, can be 
found, which is. the same with the ratio of A to B; and 
when the author supposes that the ratio of C to Ay which is 


"ie 


*See Dr Gregory’ $ edition of the Data. ° 


my 


4 pre. 
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also the same Sith the fase ok de, to B, can be found, he ne- 
nessarily supposes that to the three magnitudes E, Z, C, a 
fourth proportional A may be found; but this cannot always 
be done by the Elements of Euclid; from which it is plain 
Euclid must have understood the proposition under the limita- 
tion which is now added to his text. An example will make 
this clear: let A bea given angle, | 


and B another. angle to which(\A.has 
a given ratio, for instance, the ratio ~ 
of the given straight line E to the | 
given one Z; then, having found an . 
angle C equal to A, how can the an- é | i 


gle A be found to which C has the 


same ratio that E has to Z? certain- Len we 
ly ne way; until it be shown how to 
find an angle to which a given an-° —— 


gle has a given ratio which can- 

not be done by Euclid’s Elements, 

nor probably by any Geometry known in his time. Therefore, in 
all the propositions of this book which depend upon this second, 
the above mentioned limitation must be understood, though it 
be not explicitly mentioned. 


PROP. V. 

| The order of the propositions in the Greek text, between 
prop. 4 and prop. 25, is now changed into another which is 
more natural, by placing those -which are more simple before 
those which are more complex; and by placing together those 
which are of the same kind, some of which were mixed among 
‘others of a different kind. Thus, prop. 12, in the Greek, is now 
‘made the 5th, and those which were the 22d and 23d are made 
the lith and 12th, as they are more simple than the proposi- 
tions concerning magnitudes, the excess of one of which above 
‘a given magnitude has a given ratio to the other, after which 
these two were placed; and the 24th in the Greek text ne for 

the same reason, made the 13th. 


4 


he 


PROP. VI, Vil. 


These are universally true, though in the Greek text, they 


-~ are demonstrated by prop. 2, which has a limitation; they are 


: therefore now shewn without it. 
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. rantly kept in by Claud. Hardy and Dr. -Gregory, and has been 
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PROP. XII. 


In the 23d prop. in “ike Greek text, which here is the. Lath, . 
the words, “un res avres Os,” are wrong translated by Claud. — 
Hardy, in his edition of Euclid’s Data, printed at Paris, anne ~ 
1625, which was the first edition of the Greek text; and Dr. 3 
Gregory follows him in translating them by the words “ etsi 
non easdem,” as if the Greek had been «& xa: un Tes avres, 
as in prop. 9, of the Greek text. Euclid’s meaning is, that the 
ratios mentioned in the proposition must not be the same ; for, 
if they were, the proposition would not be true. Whatever — 
ratio the whole has to the whole, if the ratios of the parts of the — 
first to the parts of the other be the same with this ratio, one — 
part of the first may be double, triple, kc. of the dther part of ~ 
it, or have any other ratio to it, and consequently cannot havea — 
given ratio to it; wherefore these words must be rendered by - 
“non autem easdem,” but not the same ratios, as Zambertus has — 


translated them in his edition. | : 
{ ? . : t F 

PROP. xT. . ‘2 

5 


Some very ignorant editor has siven a seca demonstration rt 
of.this proposition in the Greek text, which has been as igno- © 


retained in the translations of Zambertus and. others; Carolus 

Renaldinus gives it only: the author of it has thought that a_ 
ratio was given if another ratio could be shown to be the same to 
it, though this last ratio be not found: but this is altogether ab- 
surd, because from it would be deduced, that the ratio of the — 
sides of any two squares is given, and the ratio of the diameters 
of any two circles, &c. And itis to be observed, that the mo- 
derns frequently take given ratios, and ratios that are always the 
same, for one and the same thing} and Sir Isaac’ Newton has 

fallen into this mistake in the 17th lemma of his Principia, edit. ~ 
17 13, and in other places ; but this should be carefully avcideny 7 
as it may lead into other errors. : Pee a 


sie ph RO AMM tlt ei Stn eet Mano 


peaehar a Mees 


PROP. XIV, XV. 


] 
of 
. : * oe r I ti 4 Ss ie Sef A < 
Euclid, in this book, has several propositions concerning ~ 
magnitudes, the excess of one of which aboye a given magni-— 
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tude. has a given ratio to the other; but he has given none 


concerning magnitudes whereof one together with a given 


magnitude has a given ratio to the other; though these last oc- 
eur as frequently in the solution of problems asthe first; the 
reason ‘of which is, that the last may be all demonstrated by 
help of the, first; for, if a magnitude, together with a given 
magnitude has a given ratio to another magnitude, the excess of 
this other above a given magnitude shall have a given ratio to 
the first, and on the contrary; as we have demonstrated in prop. 


| 14. And for a like reason prop. 15, has. been added to the 
- Data. One example will make the thing clear: suppose it 


were to be.demonstrated, that if a magnitude A together with a 
given magnitude has a given ratio to another magnitude B, 
that the two magnitudes A and B, together witha given mag- 
nitude, have a given ratio to that other magnitude B; which is 


‘the same proposition with respect to the last kind of magnitudes 


above-mentioned, that the first part of prop. 16, in this edition, 
is in respect of the first kind: this is shown thus; from the.hy- 
pothesis, and by the first part of prop. 14, the excess of B above 
a given magnitude has unto A a given ratio; and, therefore, by 
the frst part of prop. 17, the excess of B above a given magni- 
tude has unto B and A together a given ratio; and by the se- 
cond part of prop. 14, A and B together with a given magni- 
tude has unto B a given ratio; which is the thing that was to 


_ be demonstrated. In like manner, the other propositions con- 
cerning the last kind of magnitudes may be shown. 


PROP. XVI, XVII. 


In the third part of prop. 10, in the Greek text, which is the 


-- 16th in this edition, after the ratio of EC to CB has been 


et shown to be given; from this, by inversion and conversion the 
ratio of BC to BE is demonstrated to be given; but without 
these two steps, the conclusion should have been made only by 


citing the 6th proposition. And in like manner, in the first 


part of prop. 11, in the Greek, which in this edition is the 17th 
from the ratio of DB to BC being given, the ratio of DC to 
- DB is shown to be given by inversion and composition, instead 
of citing prop. 7, and the same fault occurs in the second part 
of the same prop, 11. 2 


ss PROP. XXI, XXII. 


- These now are added, as being wanting to complete the sub- 


‘ject treated of in the four preceding propositions. 7 


' 
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~ need, into the demonstration, but is now only cited. 
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PROP. XXIII. 


~ 


This, which is prop. “20, in the Greek text, was RE 4 
from prop. 14, 15, 16, in that text, after which it should.have ~ 


been immediately placed, as being of the same kind ; 5 Itis now 
_ put into its proper place ; but prop. 21, in the Greek is left out, 
as being the #ame with prop. 14, in that aa which is here 


prop. 18. 
PROP. XXIV. 
This, which is prop. 13, in the Greek, is now put into its pro- . 
per place, having been disjoined from the three following it in 4 
this edition, which are of the same kind. ; ie 
PROP. XXVIII. 
This, which in the Greek text is prop. 25, and several of the 


following propositions afte there deduced from def. 4, which is 4 


not sufficient, as has been mentioned in the note on that defini- 
tion: sald are therefore now shown more explicitly. 


PROP. XXXIV, XXXVI. 
Each of these hasa determination, which is now added, which 


oe 


occasions a change’ in their demonstrations. 


PROP. XXXVI], XXXIX, XL, XLI. 


The $5th and 36th propositions in the Greek text are joined 
into one, which makes the 39th in this edition, because the same 
enunciation and demonstration serves both : and for the same. 
reason prop. 37, 38, in the. Greek, are joined into one, W ich 
here is the 40th. F; 

Prop. 37, is added to athe Data, as it frequently occurs. in the De 
solution of ee anid Drop: 4}, is added to eet the 
rest. 7 os 


PROP. XLII. 


This is prep. 89,in the Greek text, ict the hale con=— é 
struction of prop. 22, of book I. of the Elements is put, without 7 


PROP. XLV. 


This is prop. 42, in the Greek, where the three stseigiaede See 
made use of in the construction aré said, but not shown, to be 
such that any two of them is pee than the ge. cael is 


- ROW done. 


> 
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PROP. XLVII. 
- 'Thisis prop. 44, in the Greek text; but the demonstration 


of itis chawged into another, wherein the several cases of it are 


showe, Which, though necessary, is not done i in the Greek. 


PROP. XLVIIL. pe 3 
There are two cases in this proposition, arisine from the two 
cases of the third part of prop. 47, on which the 48th depends ; 
and in the composition these two cases are explicitly given. » 
| PROP. LI. ~~ ibn 
The construction and demonstration ef this, which is prop’ 
48, in the Greek, are made something shorter than in that text. 


PROP. LIII. 


Prop. 63, in the Greek text is omitted, being only a case of 


prop. 49, in that text, which is prop. 53, in this edition. 


PROP. LVIII. 


This is not in the Greek text, but its demonstration is contain- 
ed in that of the first part of prop. 54, in that text; which pro- 
position is concerning figures that are given in species : this 58th 


_istrue of similar figures, though they be not given in species, 


and as it frequently occurs, it was necessary to add it. 


PROP. LIX, LXI. 


“This i is the 54th in the Greek; and the “77th in the Greek, 
being the very same with it, is left out, and a shorter demon- 
stration is given of prop. 61. 


~ 


PROP. LXII. 


This, which is most frequently useful, is not in the Greek, 
and is necessary to prop. 87, 88, in this edition, as also, though 
not mentioned, to prop. 86, 87, in the former editions. Prop. 66, 
in the Greek text, is made a corollary to it. * 


“PROP. LXIV, 


This contains both prop. 74, and 73, in the Greek text ;. the 
first case of the 74th is a repetition of prop. 56, from: which it 
is separated 1 in that text by many propositions ; ; and as there is 
no order in these propositions, as they stand in the Greek, they 
are now put into the order which seemed most convenient and 
vatural. 
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The demonstration of the first part of prop. 73, in the Greek, 
is grossly vitiated. Dr. Gregory says, that the sentences he has 
inclosed betwixt two stars are superfluous, and ought to be can- 
celled; but he has not observed, that what follows them is ab- 
surd, being to'‘prove that the ratio [see his figure] of A 1 to 

SR hs given, which by the hypothesis at the beginning of the oY 
Bahicaagi is expressly given 5 so, that the whole of this part a 
was to be altered, which is done in this prop. 64. . a 


PROP. LXV, LXVIIL. 


Prop. 70, in the Gteck text, is divided into these two, for. q 
the sake of distinctness ; and the demonstration of the 67th is 
rendered shorter than that of the first part of prop. 70, inthe — 
Greek, by means of h DPOB. 28, of Book: 6, of the Elements. a 


PROP. LXX. 


This is prop. 62, in the Greek text; prop. 78, in that text, “Is am 
only a particular case of it, and is therefore omitted. fom 
Dr. Gregory, in the demonstration of prop. 62, cites the 49th 
prop. dat. to prove that the ratio of the figure AEB to the pa- 
rallelogram AH is given; whereas this was shown a few lines 
before: and besides, the 49th prop. is not applicable to these 
two figures; because AH is not given in spécies, but is by the 
step for which the citation is brought, proved to be given in 
species. 


f 


PROP. LXXII. 


' Prop. 83, inthe Greek text, is neither well enunciated | nor 
demonstrated. The 73d, which in this edition is put in place of © 
it, is really the same, as will appear by considering [see Dr. 
Gregory’s edition] that .A, B, I’, E in the Greek text are 
four proportionals ; and that the proposition is to show that ~ 
Ay Which has a given ratio to E, isto T,as Bis to a straight 7 
jine to which A has a given ratio; or, by inversion, that [isto 
A. as a straight line to which A has a given ratio is to B ; that 
is, if the proportionals be placed in this order, viz. T , E, Ay B, 
that the first [is to A. to which the second E has a given ratio, ~ 
as astraight line to which the third A has a given ratio. is to. 
the fourth B; which is the enunciation of this 73d, and was 
thus changed that it might be made like to that of prop. 72, in 
this cai which is the 82d in the Greek text : and sci OGe 


EUCLID’S DATA. 


‘ monstration of prop. 73, is the same with that of prop. 72, only © 


making use of prop. 23, instead of prop. 22, of book 5, of the 
Elements. ; | 


PROP. LXXVII. ; 


} 


This is put in place of prop. 79,in the Greek text, which 


‘ is not a datum, but a theorem premised as a lemma to prop. 80), 


- in that text: and prop. 79, is made cor. 1}. to prop. 77, in this 
edition. Cl. Hardy, in his edition of the Data, takes notice, that 
in prop. 80, of the Greek text, the parallel KL in the figure of 
prop. 77,in this edition, must meet the circumference, but does 
' not demonstrate it, which is done here at the end of cor. 3, prop. 

77, in the construction for finding a triangle similar to ABC. 


PROP. La 


The demonstration of this, which is prop. 80, in the Greek, is 
rendered a good deal shorter by help of prop. 77. 


- PROP. LAXIX, conta LXXXfI, 


These are added to Eutlid’s Data, as Propositions which are 


eften useful in ae solution of problems. 
. | PROP. LXXKXII. 


This, whieh is prop. 60, in the Greek text, is ities before 
the 88d and 84th, which, in the Greek, are the 58th and 59th, 
because the demonstration of these two in this edition are de- 
duced from that of prop. 82, from which they haverally follow. 


PROP. LXXKVITL, XC. | 


Keane 2 Sy oS ey in his eS) to Euclid’s ‘Works, which he 
published at Oxford in 1703, after having told that he had sup- 
plied the defects of the Greek text of the Data in innumerable 
places from several manuscripts, and coyrected Cl, Hardy’s 
translation by Mr. Bernard’s, adds, that the 86th theorem, “ or 
proposition,’ seemed to be remarkably Vitiated, but which could 
not be restored by help of the manuscripts ; then he gives three 
different translations of it in Latin, according to which, he 
thinks, it may be read ; ; the two first have no distinct meaning, 
and the third; which he ‘says is the best, Siengh it contains a 


47a 
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BC above the square of the side Bid: to find its sides, and de- 
scribe it. ee 
‘The analysis of this is the same with the demonstration of 


NOTES ON 


true proposition, whigh is the 90th in this edition, has’ no con- 


nection in the least with the Greek text. And it is strange that | 

Dr, Gregory did not observe, that, if prop. 86 was changed into 
ie : 

this, the demonstration of the 86th must be cancelled, and ano- ~ 


ther put in its place: but the truth is, both the enunciation and — 
the demonstration of prop. 86, are quite entire and right, only 
prop. 87, which is more simple, ought to have been placed be- — 
fore it ; and the deficiency which the doctor justly observes to 
be in this part of Euclid’s Data, and which, no doubt, is owing 
to the carelessness and ignorance of the Greek editors, should 


have been supplied, not by changing prop. 86, which is both . a 
entire and necessary, but by adding the two propositions, biemmett a 
* a 


are the 88th and 90th in this edition. 


me 


PROP. XCVIII, C. 


These were communicated to me by two excellent geometers, _ 


the first of them by the Right Honourable the Earl of Stanhope, 


and the other by Dr. Nunee: Stewart; to which I have asad 4 : 


the demonstrations. 


Though the order of the soon ites has been in many. io ae 
_ changed from that in former editions, yet, this will be of little ~~ 
disadvantage, as the ancient geometers never She, the Data, and 

the moderns very rarely. ay | 


eee f 


% 
{ 


As that part of the composition of a problem which is its cons, @ 
struction may not be so readily deduced from the analysis by a 
beginners: for their sake the following example is given, in 34 
~ which the derivation of the several parts of the construction from.” 
the analysis is particularly shown, that ret may be assisted to 


do the like in other probiems. 


PROBLEM. Ee 


Haring piven the magnitude of a parallelogtam; the angle of 


ar 


which ABC is given, and also the excess of the square of its side 


the 87th prop. of the Data, and the construction that is given of 


the problem at the end of that proposition 15 is thus: ee from 


the analysis. " Es 


EUCLID'S DATA. 


_ Let. EFG be equal to the given angle: ABC, and because 
in the analysis it is said that the Yatio of the rectangle AB, 
. BC to the parallelogram AC is given by the 62d prop. dat: 
. therefore, from a point in FE, the perpendicular EG is drawn 
_ to FG, as the ratio of FE to EG so is the ratio of the rectangle 


ak 


oA “ 


“B PY C 


AB, BC to the parallelogram AC by what is shavin at the end. 


M 
ge ces 


4 
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of prop. 62. Next, the magnitude of AC is exhibited by mak- 
_ ing the rectangle EG, GH equal to it; and the given excess 
of the square of BC. above the square of BA, to which excess 
the rectangle CB, BD is equal, is exhibited by the rectangle HG, 
_ GL: then in the analysis, the rectangle AB, BC is said to be 
given, and this is equal to the rectangle FE, GH, because the 
rectangle AB, BC is to the parallelogram AC, as (F E to EG, 
that is, asthe rectangle) FE, GH to EG, GH; and the paral- 
lelogram AC is equal to the rectangle EG, GH, therefore the 
> rectangle AB, BC, is equal to FE,GH: and consequently the 
-ratio of the rectangle CB, BD, that is, of the rectangle HG, 
GL, to AB, BC, that is of the straight line DB to BA, is 
the same with the ratio (of the rectangle GL, GH to FE, GH, 
. that is) of the straight line GL to FE, which ratio of DB to 
BA is the next thing said to be given in the analysis: from 
this it is plain that the square of FE is to the square of GL, ‘as 
~ the square of BA, which is equal to the rectangle BC, CD, is 
to the square of BD: the ratio of which spaces is the next 
thihg said to be given: and froma this itfollows that four times 
the square of FE is to the square of GL, as feur times the rect- 
angle BC, CD is to the square of BD; and, by. composition, 
four times the square of FE together with the square of GL, 


: is to the square of GL, as four times the rectangle BC, CD). 


- together with-the square of BD, is to the. square “of BD, that 
. is (8. 6.) as the square of the straight ‘lines BC, CD taken toe 


gether is to the square of BD, which ratio-is the next thing — 


s said to be given in the analysis: 


a0 


and ‘because four times the 


square of FE’ and the square of GL are to be added tozetner ; 
_ therefore in ‘the perpendicular LG there is taken KG equal to 


4%3 


AT4 


‘LN, the straight line NG is to GL, as twice BC is to BD; 


shown that GO isto GL, as BC to BD, and that now the 


“of the first to the sccoud is given ; fe Ta given 4g 
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FE and MG equal to the double of it, because thereby the 
squares of MG, GL, that is, joining ML, the square of ML 
is equal to four times the square of FE and to the square of ny 

GL: and because the square of ML is to the square of GL, | 
as the square of the straight line made up of BC and CD is te | 
the square of BD, therefore (22..6.) ML isto LG, as BC to- 
gether with CD is to BD; and, by composition, ML and LG ~ 
together, that is, producing GL to N, sothat ML be equal to. 


and by taking GO equal to the half of NG, GOi is to GL, as ~ 
BC to BD, the ratio of which is said to be given in the igs “ 
sis: and from this it follows, that the rectangle HG, GO isto © 
HG, GL, as the square of BC is to the rectangle CB, BD, | 
which is equal to the rectangle HG, GL; and therefore the 
square of BC is equal to the rectangle HG, GO; and BC is 
consequently found by taking a mean proportional betwixt HG 
and GQ, as is said in the construction: and because it was 


three first are found, the fourth BD is found by 12. 6. I¢ . 
was likewise shown that LG is to FE, or GK, as DB to BA; © aa 
and the three first are now found, and thereby the fourth BA, 
Make the angle ABC equal to EFG, and complete the paral- — 
Ielogram of which the sidés are AB, BC, and the construction FE 
is finished; the rest of the composition contains the demon- 


stration 6 ee: R \ ° 
‘ " \ j ; 


AS the propositions from. the 13th to the 28th may be thought — 
by beginners to be less useful than the-rest, because they can- 
not so readily see how they are to be made use of in the solution — 
of problems; on this account the two following problems are — 
added, to show that they are equally useful with the other pro-— 
positions, and from which it may be. easily judged that many 
other pee depend upon these pr opositions, 


PROBLEM J. 


i 0 find tiie straight lines such, that the Hitio a 


straight line be taken from the ‘second, the ratio of — 
the remainder to the third is given; also the rectan- q 
sle contained by the first and third is given. iy 


> 
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Let AB be the first straight line, CD the second, and EF the 
_. third: and because the ratio of AB to CD is given, and that 
. ifa given straight line. be taken from CD, the ratio of the. re- 
_ mainderto EF is given: therefore * the excess of the first AB @ 24. dat. 
- above a given straight line has a given ratio to the third EF: 
Jet BH be that given straight line ; therefore AH, the excess 
of AB above it, has a given ratio to EF ; and 
consequently » the rectangle BA, AH, hasa <A> H ..B,,>1.6. 
given ratio to the rectangle AB, EF, which | 
last. rectangle is’ given by the hypothesis ; | - 
therefore nae rectangle BA, AH ‘is given, ie r Basie ae 
/ and BH the excess of its sides is given ; where- 
{ 


fore the sides AB, AH are given’: andbe- E  F d 85. dat, 
cause the ratios of AB to CD, and of AH to 
|. RF are given, CD and EF are © given. 


Ko NML O 
Cas 

: ; eg Raa | 

| 4 ’ The Composition. 


' Let the given ratio of KL to KM be that which AB is requir- 
_  edtohaveto CD; and let DG be the given straight line which 
| 4s to be taken from CD, and let the given ratio of KM to KN be 
_ that which the remainder must have to EF ; also let the given 
' rectangle NK, KO be that to which the rectangle AB, EF is re- 
quired to. be equal: find the given straight line BH which is to 
be taken from AB, which is done, as plainly appears from prop. 
24, dat. by making as KM to KL, so GDto HB. To the given» 
straight line BH apply © a rectangle equal to LK, KO exceeding 
_ by a square, and let BA, AH be its sides: then is AB the first 
_ of the straight lines required to be found, and by making as LK 
to KM, so AB to DC, DC will be the second: and lastly, make 
' as KM to KN, so CG to EF, and EF is the third. 
4 For as AB to CD, sois HB to GD, each of these ratios being 
, the same with the ratio of LK to KM; therefore AH is to CG, £19. 5. 
. as (AB to CD, that is, as) LK to KM; and as CG to EF, so is 
KM to KN ; wherefore, ex equali, as AH to EF, so is LK to 

KN: and as the reetangle BA, AH to the rectangle BA, EF, so 

is & the rectangle LK, KO to the rectangle KN, KO: and by the ¢ 1.6. 
construction, the rectangle BA, AH is equal to LK, KO: there- 
fore » the rectangle AB, EF is equal to the given deararigte NK, .h 14. 3. 
KO: and AB has to CD the given ratioof KL to KM ; and from ' 

CD the given straight line GD being taken, the remainger CG 

ha to EF the ones ratio of KM to KN. Quy BD, 


o 
& 
o 
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_ squares of the first and third is given. 


4 94. dat. 


b 44, dat. 


ce 32. dat, 
od 47.1, 


34. dat. 


Si 
* 


£28. dat. 
g 33. dat. 


h 29. dat. 
i 2, dat. 
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TO find three direiaie lines such, that the ee er ‘a 
the first to the second is given; and if a given sre 
line be taken from the second, the ratio of the re-. 
mainder to the third is. given ; ; also the sum of . al 


Let AB be the first straight line, BC the second, and BD the q 
third: and because the ratio of AB to BC is given, and that if _ 
a given straight line be taken from BC, the ratio of the remain- 
der to BD is given ;, therefore * the excess of the first AB above a 
a given straight line, has.a given ratio to the third BD: let AE. 
be that given einen line, therefore the remainder EB has a a 
given ratio to BD: let BD be placed a at right angles to EB, and — } 
join DE; then the triangle EBD. is » given: in species ; where- B 
fore the angle BED is given: let AL, which is given in magni- 
tude, be given also in position, as also the point E, and the o 
straight line ED will be given*¢ in position: /j join ‘tase and be-- | 
cause the sum of the squares of AB, BD, that is", the square | a 
of AD is given, therefore the straight line "AD: is given ih mage 
nitude ; and it is also given ¢ in position, because from the given | 7 
point A itis drawn to the straight line ED given in position: 7 
therefore the point D, in which the two straight lines AD, ED. 4 
given in position cut one anotHer, is given: er : and the straight a 
line DB which is at right angles to AB is given & in position, and | 
AB is given in pasition, therefore ‘the point B is given’: and the — 
points A, D are given, wherefore h the straight lines AB, BD are ~ 
given : and the’ ratio of AD to BC ts Ered and therefore! BC: | 
is given. We ALY ee 

the ‘Composition. i 3 ao 

ay the given Katib of FG to GH be that which AB i is requir a 
6d. tov have: to BC, and let HK be the ‘ ‘given straight line — 


. a 


hen 
, 


© 


which is to be taken from BC, and let the ratio which the re.” a 
Aa iis); Ae a 
re a 

Ao BB NM OP omg ee 


_t bac and. ee bag at right er to FH, me jen calle LH: 


mainder is required to have to BD, be the given ratio of HG 


« 
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next, as HG is to GF, so make HK to AE; produce AE to 

N, so that AN be the straight line to the square of which the i. 

sum of the squares of AB, BD is required to be equal; and | 

make the angle NED equal to the angle GFL; and from the. ' 

centre-A at the distance AN describe a circle, and let its cir- 

cumference meet ED in D, and draw DB perpendicular to AN, 

and DM, making the angle BDM equal to the angle GLH. 
Lastly, produce BM to C, so that MC be equal to HK; then is 

AB the first, BC the second, and BD the third of the straight 

lines that were to be found. : | 

_ For the triangles EBD, FGL, as also DBM, LGH being equi- 

angular, as EB to BD, sois FG toGL; and as DB to BM, so 

is LG to GH ; therefore, ex xquali, as EB to BM, so is (FG to 

GH, and so is) AE to HK or MC; wherefore‘, AB is to BC, k 12.5. 
- as AE to HK, that is; as FG to GH, that is, -in the given ratio; 

and from the straight line BC taking MC, which is equai to the 

given straight line HK, the remainder BM has to BD the given 

ratio of HG to GL; and the sum of the squares of AB, BD is. 

equal 4 to the square of AD or AN, which is the given space. 4 4¢. 1. 

@. FE. D, ‘ ; 

I believe it would be in vain to try to deduce the preceding 
construction from an algebraical solution of the problem. 
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PLANE TRIGONOMETRY. 


LEMMA I. FIG. J. 


Ler ABC be a rectilineal angle, if about the point B as a cen- 
tre, and with any distance BA, a circle be described, meeting 
BA, BC, the straight lines including the angle ABC in A, C; 


the angle ABC will be to four right angles, as the arch AC to 


the whole circumference. 


Produce AB till it meet the circle again in F, and eorse B 


draw DE Pee to AB, meeting the circle in D, E 

By 33. 6. Elem. the angle ABC is toa right angle ABD, as 
the ath AC to the arch AD; and quadrupling the conse- 
quents, the angle ABC will be to four right angles, as the 
arch AC to four times the arch AD, or to the whole. circum- 
ference. 


LEMMA II. FIG. 2. 


LET ABC be a plane rectilineal angle as before: about B 
as a centre with any two distances BD, BA, let two circles be 
described meeting BA, BC,in D, E, A, C; the arch AC will 
be to the whole circumference of which it is an arch, as the 
arch DE is to the whole circumference of which it is an arch. 

By Lemma 1. the arch AC isto the whole circumference of 


which it is an arch, as the angle ABC is to four right angles ; 


and by the same Lemma 1. the arch DE is to the whole cir- 
cumference of which.it is an arch, as the angle ABC is to four 
right angles; therefore the arch AC is to the whole circuimfe- 
rence of: which it is an arch, as the arch DE to the whole cir- 
eumference of which it is an atch. 


- DEFINITIONS. FIG: 3. 
I. gue 


LET ABC be a plane rectilineal angle; if about B asa cen- © 


tre, with BA any distance, a circle ACF be described meeting 
BA, BCin A, C; the arch AC is called the measure of the 
angle ABC. : | | : 
If, 
The cirouniferdtics of a circle ‘is supposed to be divided into 
360 equal parts callgd Erereee and each degree into 60 equal 
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parts called minutes, and each minute into 60 equal parts called 
seconds, &c. .And as many degrees, minutes, seconds, &c. as 
are contained in any arch, of so many degrees, ‘minutes, se- 
conds, &c. is the angle, of which that arch is the measure, 
said to be. 
Cor. Whatever be the radius of the cide of which the measure 
of a given angle is an arch, that arch will contain the same 
number of degrees, minutes, seconds, &c. as is manifest from 
Lemma 2. 


Ill. oe 


Let AB be ‘produced. dn it meet the circle again in F, the angle 
CBF, which, together with ABC, is equal to two right«an- 
gles, is called the Sufiplement of the angle 4 ABC, 


IV. 


A wood line os drawn through Ce one “of the extremities of 
the arch AC perpendicular upon the diameter passing through - 
the other extremity A, is called the Sine of the arch AC, or 
of the angle ABC, of which it is the measure. 

Cor. The Size of a quadrant, or of a right angle, is equal to the, 
radius. 


Vi 


The seement DA of the diameter passing through A, one ex- — 
tremity of the arch AC between the sine CD; and that ex- 
tremity, is called the Versed Sine of the ier a“ or angle 
~ ABC, | 


/ 


ee VI. 
A Straight line AE touching the circle at tA, one extremity of 
-thearch AC, and meeting the diameter BC passing through _ 
the other extremity C in E, is called the Tangent of the arch 

ae or the si oes ABC, 
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VI. 


The straight line BE between the centre and the extremity of 
_the tangent AE, is called ie Secant of the arch AC, or an= 
gle ABC. 7 

Cor. to def, 4. 6, 7. the sine, irieent: and secant of any angle * 

- ABC, are likewise the sine, ane and secant of its Supe . 
ment CBF. 

It is manifest from def. 4. that CD is the sine of the angle CBI... 
Let CB be produced till it meet th ee iréle again in G; and 

it is manifest that AE is the tangent, 

the ke Anele ABG or EBF, from def. 6.7. - 


= Set 


t, and BE the secant, of 
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. Cor. to def, 4, 5, 6; 7.” The sine, versed sine, Laieont: and ses 
cant, of any arch which is the measure of any given angle 
ABC, is to the sine, versed sine, tangent, and secant, of any 
other arch which is the measure of the same angle, as the 
radius of the first'is to the radius of the second. 

Let AC, MN be measures of the afigle ABC, accra td 
def. 1. CD the sine; DA the, versed sine,»sAE the tangent 
and BE the secant of the arch AC, according to def. 4, 5, 6, 
7. and NO the sine, OM the versed sine, MP the tangent 
and BP the secant of the arch MN, dccording to the sam$ 
definitions. Since CD, NO, AE, MP are parallel, CD is to 
NO as the radius CB to the radius NB, and AE to MP as 
AB to BM, and BC or BA-to BD as BN of BM to BO; and, 


by conversion, DA to MO as ABto MB. Hencé the corols | 
Jary is manifest ; > therefore, if the radius be supposed to be — 


divided into any given number of equal parts, the sine, versed 
sine, tangent, and secant of any. given angle, will each contaiat 
a given number of these parts ; and, by trigoridmetrical tables, 
the length of the sihe, versed sine, taigént, and secant of any 
angle may be found in parts of which the radius contains a 


siven number ; and, vice versa, a umber expressing the length 
of the sine, weracd sine, tangent, and sécant being given, the 


angle of which itis the sine, Versed sine, tangent, and secant 


_ may be found. : 
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Phe difference of an angle from a right angle is called the Fig. 2 


complement of, that angle. Tlius, if BH be drawn perpendi- 
cular to AB, the angle CBH will be the” Carepiemant ‘of the 


» angle ABC, or of CBF. 


1X. 


Let’ HK be the tangent, GL or DB, which is equal to it? the 


_ Sine, and BK the secant of CBH, the eomplement of ABE, 


according to def. 4, 6, 7. HK is called the co-tangent, BD the 


co-sine, and UK the co-secant of the angle ABC. 


€or. 1; The radius is a mean proportitiem between the spit, 


and co-tangent, 


| For, since HK, BA are parallel, the angles HKB,; ABC will 


be equal, and the angles KHB, BAKE; are right; therefore 
the triangles BAE; KHB are similar, abd’ therefore AE isto” 
AB, as BH or BA to HK. Avie 
~ Cor. 2. The raditis is a mean proportional between the co-sine 
and secant of any angle ABC. 
Since CD, AF ar ‘e parallel, BD ts to BC or R A, as BA to BE. 
9 eee 


soars % 
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~ PROP. L FIG, 5. 


= F Pe Rt | 
ST (a ee 


IN a right seed plane triangle, if ‘the hypothe 
nuse’ be made radius, the ‘aces become the sines of — 


the angles opposite to them; and if. either side be 


¥ 


“ 


‘a right angle, BC being ‘radius, AC is. the sine of the angle 
~ ABC by def. 4, and BA being radius, ,AC is the tangent, . and, 
BC the se¢ant of the angle ABC, by def. 6, 7 k 


angled triangle, any two being given, the third.is also { given. rie) 


rade radius, the remaining side is the tangent of the | 


angle. opposite to it, and ip byyomenaes the secant | 


of the same aves’ a | ee | 

Let ABC be a right iigiet rinse’ sit’ ‘the bypothenase BCT 
be made radius,.either of the sides AC will be the sine of the” 
angle ABC opposite to it; and if either side BA be made raq 
dius, the other side AC will be the tangent of the ahgie ABC 
opposite to it,’ and the hypothenuse BC thes secané of the same. 
angle. ; ass 

- About B as a ‘genie, with BC, BA for distances, let two clbcles! i 
CD, EA be described, meeting BA, BC in D, E: since CAB is 


Cor. 1.. Of the hypothenuse a side sn an apie of a fight | 


Cor. 2. Of the two sides and an angle of a right angles triangle, 4 


any. two being “Hage the third is ee oe ; Fab 
: ee 


PROP. Il, FIG. 6, rele eae! 
‘THE sides of : a plane triangle are to one ¢ another 
as the sines. of the angles Opposite to them. | A q 


In right angled triangles, this prop. ‘is aanitest from prop. 1. 4 
for if the hypothenuse be made radius, the sides are‘the sines of _ 
the angles opposite to them, and the radius is the sine of a righty 
angle (cor. to def. 4.).which 1s opposite to the hypothenuse, . E 

In any oblique angled triangle ABC, any two sides AB, AC 4 
will be to one another as the sines of the angles ACB, ABU, e 
which are opposite to thém. — 

From C; B draw CE, BD perpendicular upon the opposite 
sides AB, AC produced, if-need be. Since. CEB, CDB are® 
right angles; BC being radius, CE is the sine of the angle CBA, a 
and BD the sine of the angle ACB ; -but the two triangles CAK, | 
DAB ave cach a right angle at D and E-; and likewise the” 
“eommon angle CAB; thersiore they are. similar, on conse 


“PLANE TRIGONOMETRY. . 


E duenity CA is to AB, ads CE to ‘DB; that i isy seit sides are as, 
the sines of the angles opposite to them. 


a in a plane eg. ei any three being given, the fourth js also 
Biven. : ates : *: 


“~ 


apes ‘PROP. Al. FIG, BRA ass 


. ference. is SBAES : 


- difference. 
4 About A asa pike; Peet AB the greater sich for a distinc, 


‘ BE maéedig EB inG. 

* “The angle EAB (32. 1.) is aie to the sum of thé -angles 
» at the base, and the angle EFB at the circumference is sequal 
_ to the half of EAB at the centre (20. 8.); therefore EFB is 


. (32. 1.) Is equal to the angles CAD. and ADC, or ABC to- 


P base, and FBD at the circumference, or BFG, on ,acceunt of the 


: radius; BE, BG, are the tangents of the-angles EFB, BFG; but 

“itis manifest that EC is the sum of the sides BA AC, kid CF 
3 their difference ; and since BC FG are parallel (2. 6.) EC is to 
/ a -CF,;as EB to BG; that is, the sum of the sides is to their dif- 
pes as the tangent of half the sum of the angles at the base 
to the tangent of half their difference. : 


: Oo ARS “PROP, Iv. FIG. 18. 


“IN. any aren tridngleBAC, vies two sides are BA, 
PKC. and base BC, the less of the two sides which 
Tet be BA, 1s. to the greater AC as the radius is to 
a ae Pateent of an angie; 4 and the ‘radius. is to the tan- 


“Cor. Hence of two\sides, and two angles opposite to AAS, 7 


‘IN a plane triangle, the sum of\any two sides is to. . 
their difference, as the tangent. of half the sum ff the’. 
] _ is at’ the base; to the tangent of half their dif... 


Let ABC be a line triangle, the sum of any | two sides, AB, 5 
_ AC will be to their difference as the tangent of half the sum of © 
. the angles at the base ABC, ACB to the tangent of half their 


‘let a circle be described, meeting AC. produced in E,/F, and ~ » 
BC in D; join DA, EB, FB; auth ‘draw FG parallel# to BC, 


x half tke sum of the angles gt the base; but the angle ACB. 
§ ‘gether; therefore FAD is the difference of the angles at the 


parallels F G, BD, is the half of that difarence « ; but since-the : 
angle EBF in. a semicircle is-aright angle (1. ofthis) PB being - 
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gent of the excess of this angle above half a viabt. a 
angle as the tangent of half the sum of the angles B 
and’ C at the Hage, | is to the tangent of half their dif. 
ference. 


At the point A, draw the atéaieil line EAD seated | 
to BA; make AE, AF,. each equal to AB, and AD to AC; | 
join BE, BF, BD, and from D draw DG perpendicular upon.) 
BF, «And because BA is at right angles to EF, and EA, AB, © 
AF are equal, each of the angles EBA ABF i is half aright 7) 
angle, and the whole EBF is a right angle ; alsa (4. 1. El.) EB 
is equal to BF. And since EBF, FGD are right angles, EBis 
parallel to GD, and the, triangles EBF, FGD are similar; ~ 
therefore EB is to BF as DG to GF, and EB being equalto 
‘BF, FG must’ be equal to GD. And because BAD is aright 
angle, BA the lessside igio AD or AC the greater, as the ra- 
dius is to the tangent of the angle ABD; and because BGD is 
aright angle, BG is to GD or GF.as the radius isto the tan- © 
gent of GBD, which is the excess of the angle ABD above 
ABF half a right angle, But because EB is parallel to GD, BG Fi 
ts to GF as Ii). 4s to DF,. that is, since ED isthe sum of the — 
sides BA, AC and FD their difference (3. of this), as the tan- 
gent of half the sum of the angles B, C, at the base to the tan-_ 
gent of half their apse Therefore, in OY. plane triangle, i 
&C. Q. Sys § Ro ae 


by PROP. V. FIG. 9, 10. 


_TN any triangle, twice the ‘rectangle contained by B 
any two sides is to the difference’ of the sum of the 77 
Squares of these two sides, and the square of the buse 
as the radius is to the co- sine, of the angle included Y 
by the two sides. y 


Let ABC be a plane munglees twice the rectangle ABC c con- 
tained by any two sides BA, BC is to the difference of. the sum 
of the squares of BA, BC, and the square of the base AC;; as 

- the radius to the co-sine of the angle ABC, 

From A, draw AD perpendicular upon the opposite side BC; ; 
then (by 12, and 13.2. El.) the difference of the sum of the 
squares of AB, BG, and the square of the base: AC, is equal to a 

. twice the rectangle CBD; but twice the rectangle CBA isto a 
: twice the rectangle CBD; 3 that is, to the aati: of the sum - 


Pres 


PLANE TRIGONOMETRY. 


of the squares of AB, BC, and the square of AC, (1. 6.) as AB 
to BD; that is, by prop. 1. as radius to the sine of BAD, which 
is the complement of the gir Sa that is, as th be to the 
co-sine of ABC. ee 


PROP. v1. FIG, jt: 


Bs any triangle ABC, whose two sides are AB, 
AC, and_ base “BC, the rectangle contained by half 
the perimeter, and the excess of it above -the base 


~ BC, is to the rectangle contained by the straight lines 


by which the half. of the perimeter exceeds the other 
two sides AB, AC, as the square of the radius is to 
the square of the tangent of half the angle BAC oppo- 


site to the base. , | 
Let the angles BAC, ABC be bisected by the. seraight lines 


AG, BG; and producing the side AB, let the exterior angle 
CBH be bisected by the straight line BK, meeting AG in K; 

and from the points G, K, ‘let there be drawn perpendicular 
upon the sides the straight lines GD, GE, GF, KH, KL, 


KM. Since therefore’ (4. 4.) G is the centre of the circle in- 


scribed in the triangle ABC, GD, GI, GE will be equal, and 
AD will be equal to AE, BD, to BE, and CE to CF. In like 
manner KH, KL, KM will be equal, and BH will’ be equal 
to BM, and AH.to AL, because the angles HBM, HAL are bi- 
sected by the straight lines BK, KA: and because. in the tri- 
atigles KCL, KCM, the sides LK, KM are equal, KC is com- 
mon and KLC, KMC are right angles, CL will be equal to. 
CM: since sheetone BM is equal to BH, and CM to CL; 
BC will be equal to BH and CL together; and, adding AB 
and AC together, AB, AC, and BC will together be equal 


to AH and AL together: but AH, AL are equal: wherefore 


each of them is equal to half the perimeter of the triangle 
ABC: but since AD, AE are equal, and BD, BF, and. also 
CE, CF, AB together with FC, will be, equal to half the pe- 
rimeter of the triangle to which AH or AL was shewn to be 
equal; taking away ‘therefore the common AB; the remain- 
der FC will be equal to the remainder BH: in the same man- 


ner it is demonstrated, that BF is equal to CL: and since the. ° 


points B, D, G, F, are ina circle, the angle DGF will be equal 
to the éxterior and opposite angle FBH, (22. 3.); where- 


_ fore. their halves BGD, HBK will be equal to one another: 


the right angled triahgles BGD, HBK, will therefore be 


Ape git and GD: will be te BD, as Bi to Hk, and the 
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e rectangle caivtaiied by GD, HK will be equal to the yer 
RNs -DBH or. BFC: but since AH is to HK, ds AD to DG; the © 
— rectangle HAD (22. 6.) will be to the rectangle contained by — ee 
_ HK, DG, or the rectangle BFC, (as the square of AD is to’ 
the square of DG, that is) as the square of the radiu8 to the = 
~ square of the tangent of the “angle DAG, that is, the half of a aa 
BAC: but HA is half the perimeter of the triangle ABC, and _ 
AD is the excess of the same above HD, that is, above the 
base BC; but BF or CLids the excess of HA or AL above the 
side AC, ‘and FC, or HB, is the excess of the same HA above ~~ 
*- the side AB ; therefore the- rectangle contained by half the pe-. 
‘rimeter, and the excess of the samie above the base, viz, the 
rectangle HAD, “is to the rectangle contained by the straight _ 
lines by which the half of the perimeter exceeds the other two 
sides, that is, the rectangle BFC, as the square of. the radius. 
* is tothe square of the tangent of half the angle BAC opposite 
to the, base. Q-E. Dp. 


PROP. vil. FIG: 12; g33% 


BS hae IN a Abate triangle, the base is to the sum GE the 9 
sides, as the difference of the. sides is to the sum or _ 

- difference of the segments of the base made by the ~ 
perpendicular upon it. from the > vertex, according = 

as the’square of the greater side 1s greater or Jess. 

than the sum: of the Squares of the lesser side 5 


2 “the base. ing ere ee 
Let ABC be a wana triangle ; if from A the vertex be drawn _ 
2 straight line AD perpendicular upon: the base BC, the base - 
BC will be to'the'sum of the: sides BA, AC, as the idifferetice: 
3 "of the same sides is to the’ surh or difference of the segments | 
_ CD, BD, according as the square of AC: the greater side is 
‘greater or less than the sum of the squares of the lesser side» A 
*”B, and the base BC. ’ é Be i 
About A asa centre, with SAC the greater aide for-a dis- 
tance, let a circle be described meeting AB produced yh Eye) 
KF, and CB in G: it is manifest: that FB is the sum, and. BE 
the difference of the sides; and since AD is perpendicular to —. ._ 
GC, GRCD will be: equal ; consequently GB will be equal to. ~ 
the sum or difference of the’ ‘segments CD, BD, according as ‘the > 4 
perpendicular AD meets the base, or the base. produced ; that 
is, (by conv. 12. and 13. 2.) according as the ae of AC iS op 
Siena or tess than the sum of the eqtares of Casal duke but Kapp e 


“ 


‘ 


4 
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3508 1) the reétangle CBG is equal to the rectangle EBF ; that 


‘is, (16. 6.) BC is to BF, as BE isto BG ; that is,. the bane! is to 
' the sum of the sides, as the difference cs the sides is to the: sum 


- or difference of the segments of the base made by the perpendi- 


_ cular from the vertex, according. as the square ofthe greater side 
is greater oF less than the sum: of the mye es of the lesser side 
and the base. Qu Ress bee : : i : ae € 


a 3 


Studs PROP. vin. PROB. FIG. 14. aes 


‘ 


‘The sum and aiierence of two magnitudes being 
given, to find airets 


‘Half the given sum added to half the* given difference, will 
be the greater, and half the. difference subtracted from ‘half .the 
sum, will be the less. 

For, let AB be the given sum; AC the greater, and BC the 
less. Let AD be half the given sum; andto AD, DB, which 


- are equal, let DC be added, then, AC will be equal to BD, 


and D together ; ; that is, to BC, and twice DC ; consequent- 
ly twice DC is the difference, and DC half that difference : 
but AC the greater is equal to AD, DC; ; that is, to half the 


sum added to half the difference, afid BC the less is equal to’ 


theexcess of BD, half the sum. above be half, the difference. 
Q E. wont . : at 
Arye oo , ee 4 


Sone. | 


. Of the six parts of a plane trishele (the three sides and three 


god any three being given, to find the other three is the bu- 
_giness of plane trigonometry ; ; and the several cases of that prob- 


lem may be resolved by means of the. preceding propositions, as_ 


in the two following, with the tables annexed. In these, the solu- 


. tonis expressed by a fourth proportional to-three given lines ; S 5. 


but if the given parts. be expressed by numbers from trigono- 
metrical tables, it may be y Ghtained arithmetically” by the common 
Rule of Three: , 


ie * 
‘ ? : ‘ 
rt i : EE ¢ 


Note, in the tables the following abbreviations are used, R is put forthe 


Radius; T for Tangent; and S for Sine.. Degrees, minutes, seconds, &c. 
are written in this manner; 30° 25’ 13”, ke. which signifies 30 degrees, . 
hoe SSeS minutes, 13 seconds, &e : : 


pone 


“_ 
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PLANE TRIGONOMETRY. | 
SOLUTION OF THE CASES OF RIGHT ANGLED TRIANGLES. 


GENER AL PROPOSITION. 


IN a right angled triangle, of the three sides and 


three angles, any two being given besides the right 


angle, the other three’ may be found, except when the 


two acute angles are given, in which case, the ratios 
of the sides are only given, being the same with the 
ratios of the sines + the angles opposite to them. 


It is manifest from ja _ 1. that of the two stiles and hypothe- 
nuse if any two he given, the third may also be found. 
manifest from 32. 1. that if one of the acute angles of a right- 


angled triangle be given, the other is also given, for it is the 


complement of the former toa right angle. 

If two angles of any triangle be given, the third is also given, 
being the supplement of the two aren angles to two right 
angles. 


propositions, as in the following table = 


It is also. 


The other cases may be resolved be help of the preceding | : . 


f ' GIVEN. ’ ? SOUGHT. ; ite 
1) Two sides, AB) The. an- AL: AC: >R: BG 2 B. ot 
AD nie gles B, C. {which Ci is the complement. 
2 AB,BCa side andl "Phe aid BCs BA Gk BES. off. 
- {the hypothenuse. gles B, C. which B is the complement. 
3 | AB,B,asideand| The other! R: T,B:: BA : AC. 
| jan angle. jside AC; ° Se ae 
4| ABandB,asidel The -hy-| S,C:R::BA: BC. 
jand an angle. pothenuse . 
|BC. : 
s| BC and B,the| The sidel R:S,B::BE:CA. 
hypothenuse andjAC. 3 5 
jan enelse: 


These five eases are. resolved by prop. }. 
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PLANE TRIGONOMETRY. AY oni eee 


: SOLUTION OF THE CASES OF OPPIAA ANGLED TRLANGL ES. 


f 


GENERAL PROPOSITION. 


Fda ablique angled triangle, of the three sides 
_. and three angles, any three being given, the other 
_ three may be found, except when the three angles 
 .are given; in which case the ratios of the sides are 
_ only given, being the same: with the ratios of the 


- sines of the angles opposite to them, 


Me * GIVEN, '. SOUGHT, 

+ If A, B,and theres BC, AC. |} S, C:°S, A: : AB: BC] Fig. 16. 

fore C, andthe side). jand also, 8, C : S, B,: : AB| 1: 
AB. | A; (24) | 


/° 2) AB, AC, and Bi Thean}. AC + AB :: S, B: S, C. 
i two sides and anjzles A andi(2.) This case admits of two 
angle opposite toifC. solutions ; for C may be great- 
jone of them. er or less than a quadrant. 
(Cor. to def. 4.) 


“AB; AC, and Ay The anj;AB4+AC : AB—AC. : : T, 
two sides and theigles B andC+B: T, C—B: 3. the sum 
included angle. _. |C- e ae 
€ and difference of the angles C, 
B being given, each of them is 
given.(7.) Otherwise. Fig. 18. 
Fae, Carve gee. Marans Ba, 9 + | OF 
jand also R. : T, ABC—45° 
3. gua ma ag T, B- pe (4.) 


shoreione| B and on are given 
as before, (7.) | 


~: eae 


a aah 7 ‘ ‘ o ~ 
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oy 


SOUGHT. 


ie aS. : 


a y: we AS te ba, ACRER 4 
pie ee “ihe ~~ {ABg::R: CoS, C. If ABg) 
Da : cB, be Bevetct than ABg, 
EM Ss By Fig. 16. 4 
. G ra 2 ACXCB : . ABg—ACg| 
Bye is naan et eRe SOBy 2 Res Goe.S,: CC. 
. 4 | AB, BC, CA the! A, B, C,|ABg be greater any, aces : 
he _.\ {three sides, ~ the three — CBq. Fig. 17. (4.). ‘a 
is pies angles. as ' Otherwise. es ‘ 
‘ > ae ‘Let ABEBC LAC 2 Pl 
ce PxP—AB = 7P—AC Se 
; yds shi P—BC:: Ry : Trt C, “andl 4 
Bi s ‘ hence C is known. (5.) . ~ ee 
7 5 » Otherwise, * 2a 
} be : Let AD be. perpendicular } 
ee: BG Fee! “to BC. 1. If ABg be less} 
X Rie et than. ACg+CBy. Fig. 16. 
hae IBC: BA+AG:: BA—AC} 
. Mads Ah BDDC, and BC the sumial 
ue: ve Te be ae ot ge of BD, DC is given 5 there-| 
ee acs GaptieD ce each of them is given, 
2 Pees Wa Re Ss ABg be greater than 
aa AB GF ORG: et AT BE: 
; Per See ge ‘  ABAFAC : : BA—AC: : BD) 
| --1+DC ; and BC the difference 
‘ saa of BD, DC-is given, there: 
; _, ffore each of them~is given 
Perit eer de}: URS Sates 
f wit eepeh oe A i ae » And: CA:.::CD*:: Rt Ce 
Cs GM 2 S.C: (1.) and ©. being found, 
C Hage -and B are found. by ‘ca 
‘ ‘nad OES eke _ Re or 38. ee 
2 ‘ a ie 4 a ‘ A rite pee 
Mier , dg, eee one 
C4 ¥ eae Pa 
; “- oa Ho 
: oe ee fry 3 ee 
oy es pg he f asa #2 ws 
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_ SPHERICAL TRIGONOMETRY. 


| DEFINITIONS. sy 
a - : * ‘ ‘ ee L : ¢ 
| Tue ai ofa circle of the sphere is a point in the superficies 
of the phere, from which all straight lines,drawn to the cir- 
“ cumference of the circle are equal. 
. I : } ° If. os . y 
_A great circle of the sphere i is dny whose plane passes through 
7 the centre of the sphere, and whose centre: therefore is the 
. , Same with. yet of the sphere. ; 
‘; L oe 
3 iil. me 5 
A acta triangle is a figure upoh the superficies of a sphere - 
_ comprehended by three arches of three oes ‘circles, each of 
_ — which is less than a semicircle. — 
ee IV. : 


ug, spherical angle is that which on the sapetieies ofa eniventn is 
contained by two arches of great circles, and is the same with © 
* the inghoation: of the planes of these great circles. 


* PS Se PROR aS a ie 


v4 


“Wore, 


~~ 


if 3 GREAT circles hisect one another. 


“As thes have a common centre their common section ‘ili be 
a iam eigt of each which will bisect them’ 


PROP. Il. FIG. 


“THE arch of a great circle oe the pole and. 
i the ip aia of another is a quadrant. | 


PES OEE ce oe he 


Let ABC be a great circle, afd D its pole; if agreat circle 
DC pass through D, and meet’ ABC in £ the arch DC will be > 

. aquadrant. ~~ 
‘Let the great circle CD ‘meet ABC os in A, and let AC 
_ be: the common section of the great ures MS will pass 


SPHERICAL TRIGONOMETRY. — 


through FE the centre of the sphere : join DE, DA, DC: BY } 
def. 1. DA, DC are equal, and AE, EC are also equal, and DE | 
is common ; therefore (8. 1.) the atigles DEA, DEC are equal; 
wherefore the arches DA, DC are qatel, and consequently each 
of men) isa meee Q. BeDe 5 a 


PROP. IH. FIG. ¥ A ee a 


IF a ear circle. be dbsbribed meeting two ¢ reat 
circles AB, AC passing through its pole A in B, C, 
the angle at the centre of the sphere upon the circum- 


ference BC, is the same with the spherical angle \ 4 


BAC, and the arch BC is called the measure of the 
spherical angle BAC. 7 oH 


Let the planes of the great cir voles AB, AC intersect one am- 
other in the straight line AD passing through D their common 
centre ; join DB, DC. os 

Since A is the pole of BC, AB, AC will be the quadrants, and 
the afigles ADB, ADC right angles ; therefore (6. def. 11.) the | 
angle CDB is. the inclination of the planes of the circles AB, 
AC; that is, (def. 4.) the spherical angle BAC. Q. E. D. Bi 

Cor. If through the point A, two quadrants AB, AC he 
drawn, the point A will be the pole of the great circle BC, pas-~ 7 
sing through their extremities B, C. i 

Foin. AC, and draw AE a straight tine to any other point Ein 
BC; join DE: since AC, AB are quadrants, the angles ADB, 


Bi ADC are right angles, and AD will be perpendicular to the’ 


plane of BC: therefore the angle ADE is a right angle,and | 
AD, DC are equal to AD, DE, each to each; therefore a AC. 
are equal, and A is the pole of BC, by def. 1. Q i. D. | ae 


PROP. IV. FIG. 


IN isosceles spherical triangles, the angles : at the 4 
base are equal. ; 


‘ts ABC be an ene les pa and AC, CB the ea; sides " ; 
the angles BAC, ABC, at the base AB, are equal. 
Let D be the centre of the sphere, and join DA, DB, 


DC: in DA take any point E, from which draw, in the plane 


ADC, the straight line EF at neh anges 2 to ED meRBHE mae: 


cj 


_ SPHERICAL TRIGONOMETRY. 


| a in F, and draw, in the plane ADB, EG at right angles to the 


same ED; therefore the rectilineal angle FEG is (6. def. 11.) 


_ the inclination of the planes ADC, ‘ADB, and therefore is 


the same with the spherical angle BAC: from F draw FH 
perpendicular to DB, and from H ‘draw, in the plane ADB, 
the straight line HG at right angles to HD meeting EG in 
G, and join GF; Because DE is at right angles to EF and 
Ss it is perpendicular to the plane FEG, (4. 11.) and there- 
‘fore the plane. FEG, is perpendicular to the plane ADB, in 
which DE is: (18. 11.) inthe same manner the plane FHG 
is perpendicular to the plane ADB; and therefore GF the 


‘common section of the planes FEG, FHG is perpendicular , 
to the plane ADB; (19. 11.) and because the angle FHG is 


the inclination of the planes BDC, BDA, it is the same with 
the spherical angle ABC ; and the sides AC, CB of the sphe- 
rical triangle being equal, the angles EDF, HDF, which stand 


“upon them at thes centre of the sphere, are equal; and in the 
triangles EDF, HDF, the side DF is common, and the angles ~ 


DEF, DHF are right angles; therefore EF, FH are equal ; and 
‘in the, triangles FEG, FHG the side GF is common, and the 
sides EG, GH will be equal by the 47. 1. and therefore the angle 


FEG is equal to FHG; (8. 1.) that is, the spherical o_ BAC 


is equal to the spherical angle ABC. 
PROP. V. FIG. 


IF, in a: camheneal triangle ABC, two of the angles 
BAC, ABC be equal, the sides BC, AC opposite 


to them, are sta 


; hee ; 
Read the construction and demonstration of the preceding 


‘proposition, unto the words “and the sides AC, CB,” &c. and 
the rest of the demonstration will be as follows, viz. 


And the spherical angles BAC, ABC, being equal, the recti- 


» lineal angles. PEG, FHG, which are the same with them, are 


equal;. and in the triangles FGE, FGH the angles at G are 
right angles, and the side FG opposite to two of the equal angles 


is common; therefore (26. 1.) EF 1s equal to FH; and -in the 
|. Tight’ angled triangles DEF, DHF the side DF is common; 
» wherefore (47. 1.) ED/’is equal to- DH, and the angles EDF, 


-HDP, are therefore equal, (4, 1.) and consequently. the sides 
~ AC, BC of the spherical tae are —. | 


495 


ae 


Ms 


Wor 


pm A - "Ogee F ~ 


Let ABC be a silage wiangley the greater sy abate A is ope ‘ oe 
“posed t to the greater side BC, ’ 


Let ‘the angle BAD be made. equal to the angle By, and | 
then BD, DA will be equal, (5. of this): and therefore AD, 


- DC are equalto BC; but AD, DC are greater than AC, (6.0 i a Es 
aes. therefore BC is grea ter than AC, that is, the greater: es & 


angle A is opposite to the greater side BC. T he converse is isd 
sacl as prop. 19. n ch Q. BOD. gh: 


, 2 a | 
re TRIGONOMETRY. —. 
ea PROP. VL FIG. Be PaaS weit sy 
“AN Y two abe “Of a: cere ee ges ‘ie 
than the. third. Eee rae a ae 
Let ABC be a apherital tiabele any two sides AB, BC will “e 
be greater thanthe other side AC. eee =| 
- Let D be the centre of the sphere ; join DA, DB, DCS ee “a 
. The solid angle at D, is, ere by three plane angles, A 
ADB, ADC, BDC; and by. 20, any two of them ADB | 
*BDC are greater than the third. ‘ADC, that is, any twovsides | a 
AB, BC of the pple tical Grpgie one are Line she, 8 oe 
tard aa | gebag ie 
fea ccothettii PROP. VII. FIG. 4, cy uaiies a 4a 
yg 
THE three sides of a spherical triangle are Tess a 
than a) circle.)). <h i 
Let ABC be a spherical tanita as before, the thige sides a 
AB, BC, AC are less than a circle, Si ae 
‘Let D be the centre of the sphere: the solid angle at D- is‘: an 
contained by three plane angles BDA, BDC;-ADC} which to- | 
gether are less than four right angles, (21. 11.) therefore the —# 
} sides AB, BC, AC, together, au be less than four sual er a 
that is less than a’ circle. ; : a ‘v 
PROP. VII. ‘FIG, oR | 
<a 
Ina spherical triangle the greater ange is Opposite ig 
~ to the oo side ; : and bag ehaieaks 3 7) 
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ha os “PROP. 1x. FICS. case 


. IN pee o opherieal ‘triangle ABC, if the sum of the 2 
sides AB, BC, be ‘greater, equal, or less’ than, a 


semicircle, the Sierait angle at the’ base AC will be 


i”. sereater, ecu, or less than the external’and opposite 
oe GD:: 
Poo AGE walt be greater, eqtial or less than’ two right 


d therefore the sum of the angles A and 


an ngles.. 


Let. ‘AC, AB Srodascata meet in-D. BANE teed Boe aay ‘a 
ey tte | 2 AB, BC be equal to a semicircl@ that is, to AD, BC, 


BD will be equal, that is (4, of this), the angle D; or, the angle 


ee will be equal to the angle BCD. 


2. If AB, BC together be greater than a Sh TENS that is, 


en than ABD, BC will be greater than BD; and there- 


fore (8. of this) the angle > that lsy the angle Aji is greater 
than the angle BCD. 


3. In the same manner is it ting that, if AB BO tecether ; 


be less than a semicircle, the angle A is less than. the “angle 


.) BCD. And since the-angles BCD, BCA are,equal to two 
right angles, if the angle A be greater than BCD, A and ACB 


together will be greater than two right angles. If A be equal 


_ to BCD, A and ACB together will ‘be équal to two right an- 


gles ; and if A’be less than BCD, A and ACB will be less than 
two Tent aeFese Q: E. D. 


~ 


“vi - PROP. x. ‘PIG. 


TF the suaulae points” A, B,C of the spherical tri- 
s ue ABC be the poles of three great circles, the#e 
-\ great circles by their intersections will form another 


triangle’ FDE, which is called supplemental to the 
former; that is, the sides FD, DE, EF are the sup- 
plements of the measures of the opposite angles C, 
B, A, of the triangle: ABC, and the measures rat the 


| - - angles F, D, E of the triangle FDE, will be the sup- 
| ae icnette of. the, macs AS, BC, BA, in ‘the: jee 
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Let AB plipaiaed meet DE, EF in G, M, and AC meet FD; 
FE in K, L, and BC meet FD, DE in N, H. 

Since AG is the pole of FE, and the circle AC pais through « 
A, EF will pass through the pole of AC, (13. 15.1. Th h,), and’ 
since AC passes through C, the pole of FD, FD will pass 


through the pole of AC ; therefore the pole of AC is in the. 


point F, in which the arches DF, EF intersect each other. Ih 
the same manner D is the pole of BC, and E the pole of AB. 

And since F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is, FE and ML together, 
are equal toa semicircle. But since A is the pole of ML, ML 
is the measure of the angle BAC, consequently FE is the sup- 


plement of the measure of the angle BAC. In the same man- 


ner, ED, DF are the supplements of the measures of: the angles 


ABC, BCA. 


Since likewise CN, BH are quadrants, CN, BH together, that 


is, NH, BC together, are equal to a semicircle ; and since Dis 
the pole of NH, NH is the measure of the angle FDE, there-" "74 
fore the measure of the angle FDE is the supplement of the side © 


BC. Inthe same manner, itis shown that the measures of the 


angles DEF, EFD are the supplements of the supe AB, Hos in 
the eek ABC. Q. E. D. | 


x 


PROP. 9% Hc | hale esis, 


"THE three angles of a spherical triangle are ot eat. 


er than two night: angles, sins less than six right 


angles. | ee soe 


The measures of the angles. A, B C, in the unis ABC, 
together with the three sides of the supplemental tr jangle DEF, 
are (10. of this) equal to three semicircles ; but the thre sides 
of the triangle FDE are (7 of this) less than two semicircles; 


‘therefore the measures of the angles A, B, C are greater’ than 
a semicircle ; and hence the angles “Ay B, c are greater than. ~ 


two right angles. - 


Ali the external and bicaraal angles of any angle are. equal i 
_ to six right angles ; therefore all the internal angles are Ae 


than six Mew angles. - 


PROP. XI FIG. Bp BU 


IF from any point C, which is not,the pale of ithe 
great, circle ABD, there be drawn ae of pie 
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diictbel cA; CD, CE, CF, &e. the greatest of these 
is CA; which passes” through H the pole of ABD, 
and CB the remainder of ACB is the least, and oo 
any others CD, CE, CF, &c CD, which is nearer to 
CA, is greater ‘than CE, ‘which i is more remote. - 


Let the common section of the ‘planes of the great circlés 
ACB, ADB be AB; and from €, draw CG perpendicular to 
AB, which will also be perpendicular to the plane ADB (4. 
def. 11.); join GD, GE, GF, CT), CE, CF, CA, CB. 

Of all ‘the straight lines drawn from G to the circumference 
ADB, GA is the greatest, and GB the least (7. 3.); and GD, 
which is nearer to GA, is greater than GE, which is more 
remote. The triangles CGA, CGD are right angled at G, and 


. they haye the.common side CG: therefore the squares of CG, 


GA together, that is, the square of CA, is greater than the 
“squares sof CG, GD together, that is, the square of CD; and CA 
is greater than CD, and therefore the arch CA is greater than 
CD. In the same manner, since GD is greater than GE, and 
GE than GF, &e, it is shown that CD is greater than CE, and 
CE than CF, &c. and consequently the arch_CD greater than 
the arch CE, and the arch CE greater than the arch CF, &c, 
And since GA is the greatest, and GB the least of all the straight 
lines drawn from G to the circumference ADB, it is manifest 
‘that CA is the greatest, and CB the least of all the straight lines 
drawn from C to’the circumference ; and therefore the arch CA 
is the greatest, and CB the least of all the circles drawn through. 

©, “Wear ADB. Q.E. Ds) 


PROB. XIII. FIC. 9. 


4 


-. . JN a right angled spherical triangle, the sides are of 
- the same, affection with the opposite angles; that is, 
| if the sides be greater or less than quadrants, the 
opposite augles will be greater or less than right 
angles. Ne | ok £ 


| Let ABC be a spherical tiianele right angled at A, any side 
AB, will be of the same affection with the opposite angle ACB. 


) Case 1. Let AB be less than a quadrant, let AE bea qua- 


drant, and let EC be a great circle passing: through E, C. . Since 

_ Aisa right angk, and AE a quadrant, E is the pole of the 

oe circle AC; se ECA a rigne Mogi’ but phat is greater 
3k 


a Me, 
yA | bay ss 


\00) ees SPHERICAL TRIGONOMETRY: ce. i. 
i than BCA, bic riitoalas BCA i is less than ‘aoa atiple. QQ: E. ap, a 
Fig. 10, Case 2. Let AB Be greater than a quadrant, make AEa was 3 
drant, and let a er eat circle. pass. thrdugh Cok, ECA i isa right - mm 
anglt as before, and BCA is saree than ECA, that is bien . 


quae a ane Q tee Se aan 3 SAT Eas 

ASS Sa Shas 2 a 

s - oe xs a ha “PROP. XIV. math: eae 

ee ss (a. ig ¥ es 

a ‘a two sides of ® right’ Lea Sphirical fiat ie 

ae be of the samé affection, the hypothenuse will ‘be “a 

Jess than a quadrant; and if they be of different © 
Eevee! tlie hypothenuse will be phoomaes ie a care a 
Cramty: te vee em eee 

Tet "ABC be a right angled aenee sfavitndh if the two ae : 

AB;, AC bt of the same or of different affection, the PS Pape” i 

nuse BC will be less or greater than a quadrant. q 
Pig. 95 ow Case 1. Let AB, AC be each less than a quadrant. Let AE ee 
ay AG be quadrants 5 G will be the pole of, AB, and E the pole © 


of "AC, and EC a quadrant; but by prop. 12, CE is greater 

than’ CB, since CB i is: farther off from CGD thar CE. Inthe ~_ 

‘same manner, it is ‘shown ‘that-CB, in the triangle CBD, where ae 

the two sides cD, BD are “each greater eye euler is less 

than CE, that is, less than a quadrant. Q. E. D \f 

Fig. 16. /Case 2.’ Let AC be Jess, and AB greater, tign a ‘uhdeadt - AG 
i then ‘the hypothenuse BC will be greater than a quadrant ; for. 
Jet AE béa quadrant, then E is the pole of AC, and EC will 

, be a quadrant. ~But CB is greater than. CE dy Bee 12. since. 

1 AC passes ee the es of ABD. Q. E. D ; . 
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PROBE BAT i cd ecogaber, We, a 


“OF the menue of.a eke angled triangle 1 4 
ereater or fess than a quadrant,’ the ee way st of 
“different or the same aflection. 


% 


| yd 
This isthe converse of the ‘preceding, and demonstrated es a 
“the same manners: ics oe rye om 
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PROP. AVE C ~ Batt 


“IN. aie! pheista triangle ABC; j f the pesperdiens 
ie far: AD from A’ upon the base BC, fall within the tri- . 
he angle, the. angles B and C at the base: will be of the. 
| same affection ; and. if the perpendicular fall without 
PS - the triangle, Pee Rae B and € will be of diferent 
a affection: 


— 


ADB ADC are right angled spherical triangles, the seks B, 
€ must each'be of the same affection'as AD. 


angle B is of the’ same affection as AD ; ; and by the -same the 


: ; - angle ACD is of the same affection as AD; therefore the angle 


ACB and AD are of different aRerunn,, and the angles B and 
ACB of different affection. 

“Cor, Hence if the angles B and C ra of Wie same. hifhegign 
the! perpendicular will fall within the base; for, if it did not. 
(16. of this), B and C would be of different affection. And if 
the angles B and C be of opposite. affection, the per pendicular 
- will fall without: the triangle; for, af at did ‘not (16. ‘of this), 
the angles B and C would he ee the same xecctoateae vente Gs t6 
‘sae sania ala SU le ee ES 


ite PROP. xvir. Tic. gt 


no 


of the sphere, as the tangent of the remaining side- 
is tothe tangent of the angle opposes to that side, 


Let. “ABC ‘be a wianenes having. ‘the right angle. at, A; and 
let AB be either of the sides, the sine of the side AB will be 
to- the radius. ag, the tangent ofthe: other side AC to the’ tau- 
gent of the angle: ABC, opposite to AC.» Let/D be the cen- 
tre of the sphere; join ADs.BD; CD,.and let AE bBeedrawn 
perpendicular. to: BD, which therefore will be. the sine of the 
wits -AB,) and froin. the, point Ly let there be, drawn int the 


3 ~ plane: BDC the straight line EF at right anglus to BD; ni¢eting 
t 
Dei in Fy and let_AF he. joined.- Since therefove the straight 


Ress DE is at tight as iee to both b, ‘ and RE it WH)salso “be 


hf Let ‘AR fall ewer the éanple ; den (1s. of ade since Fig. 


2. Let AD fall without the triangle, the en (13. ot this) the Fig. 


y IN right angled XL pherical eden iBone ‘of. a 
_. ther of the sides about the right angle, is to the radius 


' 
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at right angles to the plane AEF &4, 11.), wherefore the: plane 
ABD, which passes through DE, is perpendicular to the plane 
AEF (18. 11.), and the ‘plane AEF perpendicular to ABD, the 
plane ACD or AFD: is also perpetidicular to the same, ABD: 

therefore the common section, viz. the strai@ht line AF, is at 


right angles to the plane ABD (19. 11.): and FAE, FAD are 


right angles (3. def. 11.); therefore AF is the tangent of the 
arch AC; and in the rectilineal triangle AEF, having a right 
angleat A, AE will be to the radius.as AF to the tangent.of the 
angle AEF (1. Pl. Tr.); but AE is thé ‘sine of the arch AB, 
and-AF the tangent of the arch AC, and the angle AEF is the 
inclination of the planes CBD, ABD (6. def. 11.), or the sphe- 
vical angle ABC: therefore the sine of the arch AB is to the 


. radius as the tangent of the arch AC, to the tangent of the 


opposite angle ABC. 
~ Cor. 1. If therefore of the’ two sides,, oe an angle oppo- 
site to one of ih any two be given, the third wy ll also be 
given. 

Cor. 2. And since by this proposition the sine. of the side 


_ AB is to the radius, as the tangent of the other side AC to the 


tangent of the angle ABC opposite to that side; and as the 
radius is, to the co-tangent of the angle ABC, es is the tangent 
of the same. angle ABC to the radius (Cor. 2. def. Pl. Tr.), 
by equality, the sine of the side AB is to. the co- Sed of the 
angle ABC adjacent to it, as the tangent of the orcs side AC 
to the radius. ; 


PROP, XVHI. FIG. 13. 


_ IN right angled spherical triangles the sine of the 


hypothenuse is to the radius, as the sine of either 


side is to the sine of the angle opposite to that side. 


‘Let the triangle ABC be right angled at A, and Iet AC be 


either of the sides; the sine of the hypothenuse BC will be te 
the radius as the sine of the arch AC is to the sine o the angle iy 
* ABC, 


Let D be the centre of the sphere, and let CG be Asian per 
pendicular to DB, which will therefore be the sine of the hy- 
pothenuse BC ; and from the point G let there be drawn in the 
plane ABD the straight line GH perpendicular’ to DB, and let 


CH be joined: CH will be at right angles to the plane ABD, as 


was shown in the preceding proposition of the straight line 
FA: wherefore CHD, CHG are right angles, and CHvis the 


sine Of the arch AC ; and in the triangle CHG, having the right 


.S e > 
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angle CHG, CG is to the radius as CH to the sine of the 5 


angle CGH (1. Pl. Tr.) but since CG, HG are at right an+ 
gles to DGB, which is the common section of the planes CBD, 
ABD, the angle CGH will be equal to therinclination of these 
planes (6. def. 11.) ; that is, to the spherical angle ABC.: The 
sine, therefore, of the hypothenuse CB is to the radius as the 
sine of the side AC is to the sine of the opposite angle ABC. 
ot. D.'; 3 ; : 

_ Cor.. Of these three, viz. the hypothenuse, a side, and the 
angle opposite to that side, any two being given, the third is also 
given by prop. 2. , : 

1 Nel : ; | 5 

» PROP. XIX. FIG, 14. bec: 


IN right angled spherical triangles, the co-sine of — 


the hypothenuse is to the radius as the co-tangent 
of either of the angles is to the tangent of the remain- 
ing angle, | te 


Let ABC be a spherical triangle, having a right angle at A, 
the co-sine of the hypothenuse BC will be to the radius as the 
co-tangent ofthe angle ABC tothe tangent of the angle ACB. 

Describe the circle DE, of which B.is the pole, and let it 
meet AC in F, and the circle BC in E; and since the circle BD 
passes through the pole B of the circle DF, DF will also pass 
through the, pole of BD (13. 18. 1. Theod. Sph.). And since 
AC is perpendicular to BD, AC will also pass through the pole 
- of BD; wherefore the pole of the circle BD willbe found in 
the point where the circles AC, DE meet, that is, in the point 
F: the arches FA, FD are therefore quadrants, and likewise 
the arches BD, BE: in the triangle CEF, right angled at the 
point E, CE is the complement of the hypothenuse BC of the 
triangle ABC, EF is the complement of the arch ED, which is 
the measure of the angle ABC, and FC the hypothenuse of the 
triangle CEF, is the complement of AC, and the arch AD, 
which is the measure of the angle CFE, is the complement of 
AB. Bin | ; 

. But (17, ofthis) in the triangle CEF, the sine of the side 
Cis to the radius, as the tangent ofthe other side is to the 
tangent of the angle ECF opposite to it, that is, in the triangle 
ABC, the co-sine of the hypothenuse BC is to the radius, as 
the co-tangent of the angle ABC is to the tangent ofthe angle 
ACB. ‘QC EOD.* ye 

Cor. 1, Of these. three, viz.(the hypothenuse and the twe 


angles, any two being given,.the third will also be given. 
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‘Cor. 2s. And since by this! proposition the co-sine ‘of the. 
hypothenuse BC is to. the radius_as° the co-tangent of the 
angle ABC to the tangent of the angle ACB. But as the rae 
dius is to the codtinchent of the angle ACB, so is the tangent _ 
of the same to the radius (Cor. 2. def, Pl. Tr.); and, ex 


_ @quo, the co-sine of the hypothenuse BC is to the co-tangent — 


of the angle. oo as the giao of the angle ABC to the iy 


radius, Ss Rage iste so The eee tL ok 


oe Ww PROPOR RIG Ma cleus a 


IN right Sigled: spherical triangles, the co-sine of 


~ an angle is to the radiys,“as the tangent of the side 
adjacent to that angle. is to the tangent 0 “7 the ype, Sa 
Hiegnages | STi alte Ls haareupiar tps 


The same construction remaining} in ‘the nie CEF 
(17. of this), the sine of the side EF is to the radius, as the 


fangent of the other side CE is to the tangent, of the angle CFE ~ 


opposite to it; that is, in the triangle ABC, the co-sine of the 
angle ABC is to the radius as (the co-tangent of the hypothe- 
nuse BC to the co-tangent, of the side AB, adjacent to ABC, or 


-as) the tangent of the side AB to the tangent of the hypothe- 


huse, since the tangents of two arches are faci ptocd propors 
tional to their co-tangents. (Cor. 1. def. Pl. Tr.) 

Cor, And since by this proposition the co-sine of. the angle 
ABC isto the radius, as the tangent of the side ABi is to the 
tangent of the hy pothenuse BC ; and as the radius is to the co- 
tangent: of BC, so is the tangent of BC" to the-radius; by equa- 
lity, the co-sine of the angle ABC will be to the co-tangent of 
the hypothenuse BC, -as the tangent of HE. side AB, adjacent to 
the angle sine to the : aia : 


ia : ' a Ax i f Ses 
Co 


{ 


IN right angled spherical fenples; the co-sine of 
either of the sides is to the radius, as the co-sine of the 
hypathenuse 1 is to. the: Co- sine of a ‘other side. 


The same construction mead in n the triangle CEF, the 
sine of the hy pothenuse CF-as to the radius, as the sine of the 
side CE to the sine of the opposite angle CFE (18. of this) ; 


that is inthe triangle feds the co-sine of the side Saye is 0 the a 
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ic raciui as the ren of the i a BC to the co- “sine ¢ of tite 
es other side: BA. Q. e F 


be he? op oe XXIL FIG. eG te vee 


4 


IN right i aa triangles, the co-sine of 

‘gither of the sides is to the. radius, as the co-sine of 
the angle opposite to that side is to im sine of the 
a) other angle. Bi, 


bys 


‘the same “construction remaining ; in. the triangle ‘CER, the 
sine of the hypothenuse CF is to the radius, as the sine of the 
side EF is to the.sine of the ‘angle, ECF opposite to it; that iss 
in the triangle ‘ABC, the co-sine of the side CA is to the radius 
as the co-sine of the angle. ABC. opposite. to. fh is to ADE, a. of 

Ps the Biper = em Q Es ‘ex 


we ™ 
> r ; x 
vt 4 ve 
eile ’ b> i 
i - seb Faga * ae } : tg ! 
: i 4 + ° ns ) = ; <= ‘sj 
tS be £ * /; ‘ 
if j ; ; 4 # ty M 
t Neen Hye | = 
‘ ee é } 
to! Sime ¥ re * £ 
yy Ne 
yt = Soe’ ~ 
: Y 2 i 1 
Set : as RR Fe 
ae th De OO Ae” Sb? aa vases - 
~ ; * $ 
: J s a 
ie a be { a3 , sf t 
; 3 be aed t 
Po i oe 
pe 23 ffs 
y A . he 7 
. i 7 ‘ 
ws ‘ 4 TORS bee 
wep —, 
8 3 ¥ 
aes + 
49 ; Aah nt 
: wT 4 as is x 
re mo) rh x 
ar M ay 
hx : a . . if 
RAE ag ee | S 
AS, a A 4 
1¢ Peis the ide } { 4 5 a Y y 
ie ee 
a c Cx: i 
= R Cue / i 
WH : rae 4 = ~ 
x > 2 Sas , ed i 
3 ‘ A pee 
\ mao ay 
‘ eet RL ie 
7 Beare! : . 
roe. aes ; 
e “ies ™ \ 4 
a SS ae ay. y 
\, Be hey \* ‘ 
{ ey ‘a wee nis ee ‘ 
,: tas be a Fa ’ 
eb » 
. ee; * ee . . 
r rs / 
> * 4 
. eer ne RES, 
om 
“ 
3 ¢ “S 
J 
ed 
: ; é 
\ f 2 
) ~ - 
- cd 
. 


| 508 


Pig. 15, 


SPHERICAL TRIGONOMETRY. 
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IN any sige ae dotnet triangle ABC, the: csp pte 


of the: hypothenuse, the complements of the’ angles, and the 


two ae are called ‘The circular farts’ of the triangle, as if it 


were following each other in a circular order, from): whatever - 


part we begin: thus, if we begin at the complement of the 


hypothenuse, and proceed towards the side BA, the, parts fol- 


HA 


x 


lowing in order will be the complement of the hypotheriiisa: the | 


complement of the angle: B, the. side BA, the side AC, (for the 


right angle at A is not reckoned among the ‘parts), ands. lastly, 
the complement of the angle C. And thus at whatever part we- 
~begin, if any three of these. five be taken, they either will be 


all contiguous or adjacent, or one of them will not be conti- 


guous to either of the other two: in the first case, the ‘part 


which is between the other two is called the Middle hart, and 


the other two are called Adjacent extremes, In the second casey 


the part which is not contiguous to either of the other two is 


called the Middle part, and the other twa, Opposite extremes. — 
For example, if the three parts be the complement of the hy- 


pothenuse BC, the complement of the angle B, and the side 
BA ; since these three are.contiguous to each other, the com- 
plement of the angle B will be the middle part, and the com- 
plement of the hypothenuse BC and the side BA will be adjacent 
extremes: but if the complement of the hypothenuse BC, and 
the sides BA, AC be taken ; since the complement of the. hypo- 
thenuse is not adjacent to either of the sides, viz. on account 
of the complements of the two angles B and C intervening be- 
tween it and the sides, the complement of the hypothenuse’ BC 
will be the middle part, and the sides, BA, AC, opposite ex- 


tremes.. The most acute and ingenious Baron Napier, the inven- 


tor of Logarithms, contrived the two following rules concerning | 


these parts, by means of which all the cases of right angled 
spherical triangles are resolved with ripe greatest ease. 
#4) we, ie i (4 

e RULE 1) 


A 


wr 


The rectangle contained by the radius and the sine of the mid- 
dle part, is equal to the ree A a connaried by the tehgoae 
the adjacent patts, | 


2 
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| RULE. II. 


Se ee em TP 


. “Phe rectangle. contained bye the radius ahd:the sine of the tid: 

dle part, is equal to the rercangre contained by the co-sines of 

the opposite parts. 

These rules are demonstrated § in the following manner : 

First, Let either of the sides, as BA, be the middle patityand Fig. 16: 

therefore thé compleinent of the angle B, and the side AC will 

be adjacent extremes: ~ And by Cor. 2. prop. 17. of this, S; BA 

is to the Co-T, B.as Ts AC)is to the radius, and therefore Rx 3, 
“BA=Co-T, BxT, AC; 

_ Thesame side BA being the middle part, thie complement, ot 
th e hypothenuse,, and the.complement of the angle Cy are!oppo- 
Site € Saeremes 3. and. by. prop: 18:.S, BC is to the radius, cathy BA 
to S,( ; therefore. RxS, BA=S, BCxsS, C. | 

Secondly, Let the complement of one of the. angles, ‘ais By be 
the middle part, and the complement of the hypothenuse, _ and 
the side BA will be adjacent extremes: and by Cots props..20, 
Co-S, B is to Co-T, BCyas T, BA is to the radius, and therefore 
RxCo-S, B=Co-T, BCXT, BA. -« : 


ee OR ee 
> 


Again, Let. the: complement. of. the angle’ B be the *middl 
part, and. | the complement of the angle C,.and the side-AC- wil 
be opposite. extremes : and by prop. 22.° CoS) AC is to the rat 

dius, as. Co-S, B isto Sekt and ipenelate RxCo-Sy B-=Co-S, 
ACXS,. Goes ty es 

; Thirdly, L et, the cosa plexaans of ony “hyputli¢huse fie the mids 

die par t, and the complements.of the angles B, C,.-will-be-adja+ 
cent extremes » but.by Cor. 2. prop. 19.) Co-S, BC is to Co-T, 
Bas Co-T,, C.to the pedtius 2 thexefore RE. Gos $, BC= Co-T, 

; Cetehag ‘ ; ; 

Again, ape athe. Somuplameanh: a6, the Sober: be the mid 
dle part, « ‘and the sides AB, AC will-be opposite extremes: but 
| by prop. 21. Co-S, AC. is to the.radius,.asCo-S, BC-to-GosS, 
| BA; therefore Bases RC +fio-$ Ss sBAXCo- SAC, AR E. D: 


tf 
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ow a pen angled spherical i iogn of the, three 
‘sides and three angles, any two. being given, ee 


SPHERICAL TRIGONOMETRY. 


SOLUTION OF THE SIXTEEN CASES OF RIGHT ANGLED > 


EERERTCES TRIANGLES. 


“GENERAL PROPOSITION: 


the right angle, the other three may be found.” | 


“ceding propositions. 


used in practice. 


Tn ' the following’ Table the ‘solutions are derived frat the pre- 
It isobvious that the same solutions may 
be derived from Baron Napier’s two ‘rules’ above demonstrat- 
ed, which, as they are easily remembered, ‘are commonly 


: Case; Given 


[So] 


{ 


sack 


a 


Lae 
IAC,. 


B 


)AC,B } 


ICousy Aci R belie dt B: e S, Cc: e by 22. 


AC 


AC i is of the same species with B. 13. 


Wie ie to 


BC 


quadrant, BC will be Jess than a wa BC 
But if they be of different’ affecti 
will be greater than a quadrant. 14. 


IR: Co-S, AC :: SXE3C6-S; Bat aut 
jof the same species ievesth Pd by 22. ‘and 134 


S, C :Co-S, B:: R: Co-S, AC: by 22, and} 


-|R:Co-S,BAs: Co-S, AC: Co-S, BC. ar: mm 
if both BA, AC be'gréater or less than af 


AC 


and.if. BC be.greater or less than a qua- 


drant, BA, AC will be of different or thei . 


same affection: by 15. 


1B 


SBAsHis b CAx 1, BOA. end B is 
of the same eifection with AC, 43. 


See 


a, 


Co-S, BAR: : CoS, BC : Co-S, AC. Ri 


t % 
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Case} Given | Sot 
R:S,BA::T,B:T, AC. 17. And AC 
7 |BA,B AC is of the same affection with B. 13. 
8 | AC, B|BA|T,B:R::T,CA:S, BA, 17. 
R: Co-S, C:: T, BC: T,CA. 20. IF BC be 
less or greater than a quadrant, C and B 
9° | Be, ~ AC will be of the same or different affection.| 
: $213. 
o Co-S,'C :R::T, AC : T, BC. 20, And BC 
10 | AC, © | BC is less or greater than a quadrant, accord- 


same or different affection. 14. 1. 


ing as C and AC or C and Bare of the 


T, BC: R:: T, CA: Co-S, C. 20. If BC 
be less or greater than a quadrant, CA and 


At, IAB and thevefore CA ands Chart “of thie 
-Isame or different affection. 15. 
vn | aa {ReS,BC::S,B:S,AC. 18, And ACi 
12 BC, B {AC of the same sKetion with B. 4 
| . 

13 | AC, B} BC|S,B:S,AC::R:5S, BC. 18. 

Lies: he (Sp BOs Baa 8, B. 18. And Big 
14 | BC, AC B of the same affection with AC. 

Bf T, C: R::Co-T, B: Co-S, BC, 19. And 

according as the angles B and C are of dif- 

cee te BC lrevent or the same affection, BC will be 

' jgreater or less than a quadrant. 14. 
| R = Co-S, BC! : T, C: Co:T, B. 19. If BC 
16 | BC,C | B be less or, gTeater than a quadrant, C and B 


__ }will be of th the same or different affection. 15.’ 


509 


s1q.' _ SPHERICAL TRIGONOMETRY, 


The-second, eighth, and thirteenth cases, which are commons 
ly called ambiguous, admit of two solutions : for in these it is 
not determined whether the side or measure of the angle sought 
be greater or a than a quadr ant. 


PROP. XXIII. FIG. 16. 


IN spherical triangles, whether ayeue angled or 
oblique angled, the sines of the sides are propelnny 
‘to the sines of the angles opposite to them, 


First, let ABC be a right angled triangle, having a right 
angle at A ; therefore by prop, 18, the sine of the hypothenuse 
BC is to the radius (or the sine of the right angle at A) as the 
sine of the side AC tothe sine of the angle B. And in like man- 
ner, the sine of BC is to the sine of the angle A, as the sine of 
AB tothe sine of the angle C; wherefore (11. 5.) the sine of 
the side AC is to the sine of the angle B, as the sine of AB to 
the sine of the angle C. | 

Secondly, let BCD be an oblique angled vin elie the sine 
of either of the sides BC, will be to the sine of either of the 
other two CD, as the sine of the angle D opposite to BC is to 
the sine of the angle B opposite to the side CD. Through the 
point C, let there be drawn an arch of a great circle*CA per- 
pendicular upon BD; and inthe right angled triangle ABC 
(18. of this) the sine of BC is to the radius, as the sine of AC | 
to the sine of the angle B; and in the triangle ADC (by 18, of 
this): and, by inversion, the radius is to the sine of DC as the 
sine of the angle D to the sine of AC: therefore ex zxquo per- 
turbate, the sine of BC is to the sine of DC, as the sine fs the 
* angle D to the sine of the angle B. Q. E. Dd. 


} 


PROP. XXIV. FIG, lf. As. 


IN oblique angled Bespoke triangles having drawn 
a perpendicular arch from any of the angles upon the — 
opposite side, the co-sines of ‘the angles at the base are 
proportional to the sines of the vertical angles. 


Let BCD bea triangle, and the arch CA perpendicular, to 
the base BD; the co-sine of the. angle B will be to the co-sine 
ofthe angle D, as the sine ar the angle BCA to se sine of the 
angle DCA, - 


ities ve 
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For by 22. the. co-sine of the angle B is to the sine of the 
angle BCA as (the co-sine of the side AC is to the radius ; that 
is, by prop. 22. as) the co-sine of the angle D tothe sine of the 
angle DCA; and, by permutation, the co-sine of the angle B 
is to the Ag of the angle D, as the sine of the angle BCA 
to the sine of the angle DCA. Q. E, D. 


Eee 
, 


PROP, XXV. FIG. 17, 18. 


THE: same things remaining, the co-sines of the 


sides BC, CD, are eee to the co-sines of 
the bases ‘BA, AD. 


_ For by 21. the co-sine of BC is to the co-sine of BA, as (the 
co-sine of AC to the radius; that is, by 21. as) the co-sine of 
CD is to the co-sine of AD: wherefore, by permutation, tne 
co-sines of the sides BC, CD are proportional to the'to-sines of 
the bases BA, AD. Q. E. D. 


PROP. XXVI. FIG. 17, 18. 


THE same construction remaining, the sines of 
the bases BA, AD are reciprocally proportional to 
the tangents of the anise B and D at the bases | 


For: by. ive cab sine of BA is to ‘the ratte; as the tangent 


of AC to the tangent of the angle B; and by 17. and inversion, 


the radius is to the sine of AD, as the tangent of D to the tan- 
gent of AC: therefore, ex quo perturbate, the sine of BA is 


to the sine of AD, as the tangent of D to the tangent of B. 


igadoy - PROP. XXVII. FIG. 17, 18. 


‘THE. co-sines of the vertical angles are recipro- 


cally proportional to the tangents of the sides. 


For by prop. 20. the co-sine of the angle BCA is to the ra- 
dius as the tangent of CA is to the tangent of BC ; and by the 


same prop. 20. and by inversion, the radius is to the co-sine of 


the augle DCA, as the tangent of DC tothe tangent of CA: 
therefore, ex quo perturbate, the ca-sine of the angle BCA is 


5it 
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_to the co-sine of the rv" nerrig as the tangent et be is to the « 


tangent of BC. Q. E. D. 


‘LEMMA. FIG. 19, 20. 


IN right angled plain triangles, the Passi cnc 1S 
to the radius, as the excess of the hypothenuse above 
either of the sides to the versed sine of the acute an- 
gle adjacent to that side, or as the sum of the hypo- 
thenuse, and either of the sides to the versed, sine of 
the exterior angle of the triangle. 


Let the triangle ABC have a right angle at B; AC will be 
to the radius as the excess of AC above AB, to the versed sine 
of the angle A adjacent to AB; or as the sum of AC, AB tothe | 


_versed sine of the exterior angle CAK. 


With any radius DE, let a circle be described, and from D 
the centre let DF be drawn tothe circumference, making the 
angle EDF equal to the angle BAC, and from the point F, let 
FG be drawn perpendicular to DE ; let AH; AK be made equal 
to AC, and DL to DE: DG therein is the co-sine of the an- 
gle EDF or BAG, and GE its versed sine: and because of the 
equiangular triangles ACB, DFG, AC orAH is to DF or DE, 


_ as AB to DG: therefore (19. 5.) AC is to the radius DE as 


BH to GE, the versed sine of the angle EDF or BAC: and:since 
AH is to DE, as AB to DG (12. 5.), AH or AC will be to the 
radius DE as KB to LG, the versed sine oF we angle LDF or 
KAC. Q. E. D. | 


¢@ 
A 


PROP. XXVIII. FIG, 21, 22. | 


IN any spherical triangle, the rectangle contained by 
the sines of two sides, is to the square of the radius, 
as the excess of the versed sines of the third side or 
base, and the arch, which is the excess of the sides, 
is to the versed sine of the angle opposite to the base.” 


Let ABC he a spherical triangle, the rectangle contained by 
the sines of AB, BC will be to the square of the radius, as the 
éxcess of the versed sines of the base AC, and of the arch, which 
is the excess of AB, BC to the versed sine of the angle ABC 
opposite to the base. 


gy 


| 
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Let.D be. the centre of.the sphere; and let AD, BD, CD be 
joined, . and let the sines AE, CE, OG of the arches AB, BC, 
‘AC be drawn; let the side BC be yreater than BA, and let BH 
be made equal to BC; AH will therefore be the excess of the 
sides BC, BA; let. HK be drawn perpendicular to AD, and 
since AG is the versed sine of the base AC, and AK the versed 
sine of the arch AH, KG is the excess of the versed sines of the 
base AC, and of the arch AH, which is the excess of the sides 
BC, BA: let GL likewise be drawn parallel to KH, and let it 
‘meet FH i in Ly let Ch, DH be joined, and let AD, FH meet each 
other'in M. 

Since theseiore in “the, triangles CDF, HDF, DC, DH 
are ‘equal} DF is common, and the angle F DC equal to the 
angle FDH, because of the equal arches BC, BH, the base 
HF will’ be’equal to the base FC, and. the angle HFD equal 
to the” right angle CFD: ‘the straizht line DF therefore (4. 
11.) is ‘at right angles to the plane CFH: wherefore the plane 
CFH is at ‘tight angles to the plane BDH, which pisses through 
DF. (%8. ‘P1.).- In like’ manner, since DG is at right angles to 
both GCoand» GL; DG “will “be perpendicular to the plane 
CGL; therefore the plane CGL is at right angles to the plane 
BDH, which passes through DG: and it was shown, that the 

ne? CFH or ‘CFL’ was peipenticular to the satne plane 

DH} therefore the common séction of the planes CFL, 
CGL, viz. the straight line GL is perpendicular to the plane 
BDA (193° 11:), anid therefore CLF is a right angle: in the 
triangle’ CFL having the right angle CLF, by the lemma, CF, 
is to the radius as LH, the excess, viz. of CF or FH above 
FL; is:to'the versed sine of the angle CFL; but the, angle 
©FL is the inclination of the planes BCDy BAD, since FC, 
FE are drawn in them ‘at right angles to the common section 
BF the spherical angle ABC is therefore the sate with the 


~ angle CFL; and therefore CF is to the radius as LH to the 


verdedi'sine'of ‘the spherical angle, ABC ; and since the triangle 
AED: is equiangular (to the triangle MFD, and therefore) to 
the triangle MGL, AE will be to the radius of the sphere AD, 


(as MG to ML; that is, because ofthe paratieis as) GR to LH: 


the ratio therefore which is compounded of the ratios of- AE 
to the radius, and. of CF to the same radius ;.that is, (28. 6.) 
the ratio of the Tectangle contained by AE, CF to the square of 
the radius, is‘the Satie with the ratio compou ded of the ratio 
of GK to LH, and the. ratio of LH to the versed sine of the 


angle ABC ; that is, the same with the ratio of GK to the 


a ha rsed sine of the, angle ‘ABC; therefore; the rectatigle contain- 


by AE, CK, the sines of the sides “AB, BC, is to the square 
of the radius as GK, the excess of the versed sines AG, AR, of. 
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the base AC, and the arch AH, which ‘is the excess of ‘thé sides 
to the versed sine of the angle ABC opposite to the’ seg AC. 
Q. E.D. 7 
PROP. XXIX. FIG. 23. 


THE rectangle contained by half of the aeliels, 


and the excess of the versed sines of two arches, 


is equal to the rectangle contained by the sines of half 
the sum, and half the difference of the same arches, . 


Let AB, AC be any two arches, aa let AD be ‘nade cone 


‘to AC theless; the arch DB therefore is the sum, and the arch 


CB the difference of AC, AB: through E the. centre of the 
circle, let there be drawn a diameter DEF, and AE. joined; and 
CD likewise, perpendicular to it in G;. and let BH, be perpendi- 


cular to AE,” and AH will be the versed sine. of: fhe. arch «AB, 


and AG the versed sine of AC, and HG the excess of these 


- versed sines: let BD, BC, BF be. joined,: and FC. also meeting 


BH in K. 


Since therefore BH, CG are parallel, the alternate angles a 


BKC, KCG will be equal; but KCG, isin a semicircle, and 
therefore a right angle ; Sherctote, BKC is a right. angle; and 


"in the triangles DFB, CBK, the angles FDB, BCK in the same 


segment are equal, and FBD, BKC are right angles; the ‘tri- 
angles DFB, CBK are therefore equiangular ; wherefore, DF is 
to DB, as BC to CK, or HG; and therefore the rectangle con- 
tained by the diameter. DF, and HG is equal to that.contained 
by DB, BC; wherefore the rectangle contained by: a fourth 
part of the diameter, and HG, is equal to that contained by the 
halves of DB, BC: but half the chord DB is the sine of half the 
arch DAB, that is, half the sum of the arches AB, AC; and 
half the chord of BC is the sine of half the arch BC, which is 
the difference of AB, AC. Whence the ores is } iat 


- PROP. XXX. mh 19, 24, 


THE rectangle contained by half of the faaltags 
and the versed sine of any arch, is equal, to ane. Be ir 


-of the sine of half. the same arch. . 


Let AB be an arch-of a: aipcka, C its centre, and oe pe 
BA. being wee let AB» be bisected in D, and It €D be’ 


~ 4 
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ae which wilt be perpendicular to BA, and bisect it in E 


(4..1.), BE. or AE therefore is the sine of the arch DB or AD, 
the half of AB: let BE be perpendicular to AC, and AF will 


be the versed sine of the arch BA; but, because of the similar. 


, triangles CAE, BAF, CA is to Aas, as AB, that is, twice AF, to 
“AF: and by halving the antecedents, half of the radius CA is 
to. Ax, the sine of the arch AD, as the same AE, to AF the 
eversed sine of the arch AB. Wherefore by 16. 6. the Papas 
. tion is manifest. 


PROP. XXXI. FIG. -25. 

Ina ae triangle, the rectangle contained by 
the sines of the two sides, is to the square of the ra- 
‘dius, as the rectangle contained by the sine of the 
_arch which is haif the sum of the base, and the excess 
of the sides, and the sine of the arch, whieh I is half the 
difference of the same to the square of the sine of half 
the angle opposite to the base. 


we 


Let ABC. be a spherical tr iangle, of wikeh the two sides are 
AB, BC, and base AC, and let the less side BA be produced, so 


! "> that BD shall be equal to BC: AD therefore is the excess of ° 


BC; BA} and it’ is to be shown, that the rectangle contained 


Hy ~ “by the sines of BC, BA is to the square of the radius, as the 


_rectangle contained by the sine of half the sum of AC, AD, and 
the sine of half the difference of the same AC, AD to the aguare 
“of the sine of halfthe angle ABC, opposite to the base AC. 
“Since by prop: 28. the rectangle contained by the sines of the 
Sade BC, BA is to the square of the radius, as the excess of the 


» — “wersed sines of the base AC and AD, to ‘the versed sine ofthe 


angle B; that is(1. 6.), as the rectangle contained by half the 
radius, and that excess, to the rectangle contained by half the 
radius, and the versed sine of B; therefore (29. 30. of this), the 


ae rectangle contained by the sines ‘of the sides BC, BA is to the 


square of the radius, as the rectangle dontained by the-sine of 
the arch, which is halfthe sum of AC, AD, and the sine of the 


‘ ; : arch which ‘is half the difference, of the same she AD i isto the 
ay sae of the sine of half the Baa ARE Qué. D 
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SOLUTION OF THE LWELVE CASES OF OBLIQUE ANGLED, * 


SPRE HAGA: TRIANGLES, i 


GENERAL PROPOSITION. 


IN an oblique angled spherical triangle, of the three 


sides and three angles, any Sadie bong piven, the a 


other three may be found. 


Given — Suen <i , 

i | B, D,andiC.. eis BO:: R: Got: B: T, BCA. 3 
iBC,two an- 19. Likewise eee Co-5S, B: 3: BCA: 
eles and a Co-S, D: S, DCA ; wherefore BCD is the 
side oppo- {sum or difference of the angles DCA, 
site one of BCA according as the perpendicular CA} 
them, jfalls within or without the triangle BCD ;/ 
| ~ that 1s (16. of this), according as the an-| . 

\ yeeee gles B, D are of the same or different af- 

fection. M6 

2) ByC,andD,- 1 CoS, BCs R + Cort, B: it, BCA. 19. 
IBC, — two jand also by 24. S, BCA: S,; DCA: Co- 
angles and], S, B : Co-S, D; and according’ as the angle 
the side _ |BC Ais less or greater than. BCD, the per- 
ibetween | |\pendicular CA falls within or without the 

~ tthem. ltriangle BCD; and therefore (16. of this) 


ferent nite ction’ 


3| BC,CD, BD. | R: Co-S,B::T, BO: T, BAY 20. and 
‘land B. | {€o-S, BC’: Co-S, BA: : Co-S, DC: Co- 


jence of BA, DA. 


-4\. BC, DB CD. | R: Co-S, Bs: T, BC: T,.BA, 20; andl 


| » [and B. |Co-S, BA: Cé- S, BCs: Gack DA: €o-4 
A : ie ‘Sy DC. 24.5 and accor ise as DA, AC are 
: ; ~ jof the same or. different affection DC. will 


be less or greater than a quadrant. 14. 


S 


2 ™ 4 S rad 
y = re Sis a 
ee ET re ee a 


the angles B, D will be of the same or dif4.- 


S, DA. 25. and BD is the sum or differ- ie 


; 
Jandccippaes i gary. Seta 


Me i - c 
3 ee a 


<2 Salat ee . 
ea cai ke Se 


bs 
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et, & 


Sought ive 


ee 


i 


DB: ? 
Sar, D>: 1,:B:.! Sy BASS, DAs 36... and 


% R : Co -S,B::T,BC: T, BA~20. and 


ate 


BD is the sum or difference of BA, DA. 


ID. 


S,DA:8,;BA::T,B: T, D; and ac- 


ent affection. 16. s 


R : Co-S, B: oy BC:::T; BA. 20, and] 


cording as BD\is greater or less than BA,} 
‘ Ithe angles B, D are of the same or differ- 


jand T, DC : T, BC : : Co-S, BCA : Co-S, 


Go-5;BC: R : sCo-T, B: T. BGA, 19. 


DCA. '27. the sum or difference of the an- 
gles BCA, DCA is ey to the angle 
BCD. 


IDC. 


(same affection; thatis(13:),if AD and CA 
{be similar, DC will befless than a qua- 
‘ldrant. 14. and if AD, CA @ie not of the 


, erase BC: R: Co-T, B: T, BCA. 19. 


BC: T, DC. 27. if DCA and Bbe of the 


jam affection, DC is greater than a qua- 
drant. 14, 


fwet 


also by 27. Co-S, DCA: Co-S, BGA :: T, 


$8, CD; 8, BS, BC : 8, D. 


} 5 « 


see ean 


‘TS, ABXS, BC: Ry:sS, , ACEADX 
ACAD : Sq ABC. See Pig 25. AD) 


being the difference at the sides BC, BA. 


eee é 
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Bess 


BS Been is ene gt "Bee Fig. 7 tens ’ 
12)'A, B, C.| The} In ae "ciate DEF, DE) EF, FD 
| {Fig. 7. |sides. [are respectively the supplements of the 

. _ |measures of the given angles B, A, Ci 
” jin the triangle BAC ; the sides of the 
. ltriangle DEF are therefore given, and 
ne ‘by the preceding case the angles D, E, 
hy F may be found, andthe sides BC, BA, 
AC are the supplements of the mea- 
sures ofthese angles. 


- = 


The Sd, 5th, 7th, 9th, 10th cases, which are ‘commonly. called 


ambiguous, admit of two solutions, either of which will answer. 
the conditions required ; for, in these cases, the measure of ‘the, 


angle or side sought, may be either greater or less than a quad- 
rant, and the two solutions will be supplements to each other 
(Cor. to def.,4. 6. Pl.-Tr.) 


If from any of the angles of an oblique angled spherical trian- 


ole, a perpendicular arch be drawn upon the opposite side, most 
oF the cases of oblique angled triangles may be resolved by means 
of Napier’ S Paes: 3 ‘eae | 
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